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Section 0.1
What Are We Doing?

Objectives:

e Understand the premises of linear algebra

PROBLEM: SOLVING SYSTEMS OF LINEAR EQUATIONS

In school we are taught how to solve systems of the following form:

l’1+2$2:3
4£L'1+5ZL'2=6

There are two typical methods of solution. One, we can solve for one variable in one equation
(x1 = 3 —2x3), then substitute all instances of that variable in the other equation with what
that variable is equal to. This is called substitution. Two, we can manipulate both sides
of each equation so that the addition of the two equations eliminates one variable entirely:

—4x) — 8xy = —12 (multiplied by — 4)
4x1 + 59 =6 (kept the same)

This latter method is called elimination.
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One way to simplify this method is to simply create a matrix of the coefficients in this
equation (Section 1.1), like this:

1 2] 3

{4 5 6}

Now elimination amounts to adding a scalar multiple of one row to another row:

|:1 2 3:| Ro—Ro—4R; |:]. 2 3:|
—

4 5 | 6 0 -3 | -6

¢

This bottom row now reads “—3x, = —6", which is what we would get from applying
elimination as above. Our next step in solving would involve multiplying both sides of this
equation by —%. In this matrix form, this correlates to multiplying the entire row by a scalar:

1 2 3 R2—>_—>§R2 1 2 3
0 -3 —6 01 2

The bottom row now reads “(0z;+)xy = 27. At this point, we have solved for a variable,
and we can use back-substitution to solve for all the other variables in our system. This
form of a matrix is called row echelon form (Section 1.2).

We can also substitute x5 back into our equation in the first row by doing our row-adding
operation again:

]. 2 3 Ri—R1—2R> 1 0 _]_

{0 1 2} > [0 1 2 }
This form of the matrix is called reduced row echelon form, and the matrix simply holds
the solution to our system of equations: x; = —1, and xy = 2. We have applied what are

called elementary row operations (Section 1.5) to solve a system of linear equations.

ABSTRACTION: LINEAR TRANSFORMATIONS

In the 19th century mathematicians began applying this theory to other systems that acted
like lines. Lines in R? are characterized by two things: point and slope. In particular, lines
through the origin are only differentiated by their slope. These lines L(z) = rx have two
properties that tell us how points interact with addition and multiplication:

L(z +y) = L(z) + L(y)
L(rx) =rL(x)

Note that these two properties prevent the line from breaking off (discontinuity), curling in
one direction or the other (changing slope), or stopping at some point (domain restriction).

There are two other very important mathematical objects that share these two properties:
the derivative and the integral.

(f+g9)=f+d /<f+9)d“’:/fd$+/gdx
(rf) =rf /deivzr/fdx

2
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Objects that satisfy these two properties are called linear transformations (Section 4.1)
- they “act like” lines through the origin. Note that we have replaced the numbers x and y
with functions f and g - we generalize the notion of these two by calling them all vectors,
and the collections in which they live vector spaces (Section 3.1). Just like the systems of
equations we saw in the prior subsection, linear transformations have their own corresponding
matrices based on the systems of equations they create. (There is a caveat here regarding
dimension - Section 3.4.)

APPLICATION: SIGNAL PROCESSING

Because these functions can be written as matrices, we can apply matrix operations to
manipulate the data they contain. The picture below in (a) is a depiction of a signal that a
computer might receive from a peripheral, written as a function:

. . . . .
0 2 4 6 8 10 12 14 16 18 20
(a) Noisy Signal

. . L L L
2 4 6 8 10 12 14 16 18 20
(b) Filtered Signal

We can see that the noise in the signal is filtered out in the picture given by (b). What
has been done is this: the function above has been approximated as a linear combination
(Section 1.3) of trigonometric functions of the form ag+ ay cos(kx)+ by sin(kz) (here ag, ax, by,
are real numbers). Writing more and more terms in this linear combination gives us a better
and better approximation of the original signal until we reach the desired error tolerance.
These are useful since allowing k to be different integers gives us an orthogonal set of
functions (Section 5.5). (Similar methods are used in data compression.)

Remarkably, this application only scratches the surface of where linear algebra can be found.
The theory is perhaps most useful in the study of linear differential equations (Section
6.2), which can even involve partial derivatives (ours will not).

Our course will begin by discussing the theory of matrices, discuss this abstraction of linear
equations to linear transformations, then give introductory theory (orthogonal sets, diago-
nalization of matrices) for where matrices and linear transformations can be applied.
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Section 0.2
The Beauty of Mathematics

Objectives:

e Understand the differences in mathematical pedagogy in calculus versus linear algebra

It’s typical for a mathematics professor to view the subject matter they teach as “beautiful”.
But what does this mean?

Take a look at the picture near the top of the page. Many would find this as a serene image,
and several things can contribute to this.

Perhaps there is an air of familiarity to it: you’ve been at a log cabin and have had pleasant
memories there, or you've seen it in other pictures.

Maybe it’s because of how everything connects: the trees surrounding the cabin give off a
feeling of security, while the colorful flowers portrayed give you a glimpse of how beautiful
the view must be from the front porch.

There is also an absence of hustle, bustle, roads, construction, and crowds - this can evoke
a reaction of peace and seclusion.

A mathematics professor thinks their subject is beautiful for the same reasons you might
think this picture is beautiful. It is familiar, it is beautifully connected, and it is a welcome
distraction from other duties.

Mathematicians often rate their happiness in their profession well above average, and it’s
not just about salary. They find a natural beauty to mathematics and are excited to work
with it each day.
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However, a test question on a math exam can sometimes feel like this:

Question: Color in the picture with the same colors used in the original.

There are a few colors that are obvious from context: the trees and bushes are green, the
log cabin is brown. Just for fun, I re-colorized this photo by plugging it into an Al, and the
AT was able to nail those colors. (It failed at most of the others.)

But what about the colors of the flowers? It’s a lot easier for a mathematician who feels
comfortable with this picture to remember these colors as pivotal to the experience of the
photo, but as someone seeing the photo for the first time you’d have to truly study it to be
able to recollect these details.

There are two bad approaches to remembering the details of this image:

e The “I’ll just wing it” approach: While there are definitely some details you can
gather from the given context, it’s difficult to finish a question completely without
having done some specific study to each type of question.

e The “memorize every detail” approach: While there are definitely some details
you would have to memorize to recall, it’s difficult to recollect everything within a
timely manner to finish an exam!

The best approach to studying for a math exam is somewhere in the middle.
Look for connections between different parts of this course - you'll be surprised how
little you have to remember this way. But there will still be some things you’ll want
to recall, if for nothing else then to just save yourself the time of coming up with them.
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Linear algebra is special because of its reliance on theory over computation.

e Computation is the use of a definition, algorithm, or technique applied to a specific

d 1
problem. Examples: 2 4+ 2 = 4, %xQ = 2, fol rdr = 3

e Theory is the set of ideas that spur computation forward. We cannot reliably compute
unless theory tells us it’s possible. Examples: the definition of the derivative, the
Riemann sum.

Many engineering calculus courses focus nearly exclusively on building computational skills.
In linear algebra we will add in a focus of building theory skills as well. Here’s an example
of what a theory-based question might look like. (You’ll be doing some of this in the context
of linear algebra yourself in this course!)

Question: Write 8% — 4% into a product of prime factors. (For example, 30 =2-3-5.)

This question seems crazy! I have to compute 8%, 4%, subtract the two, and then just hope
I find the right factors? While this might seem wild on the outset, theory says this type of
question can be solved much more easily:

Difference of squares formula: a*> — * = (a — b)(a +b).

But how does this formula apply? Nothing’s being squared, it’s all being raised to the fourth
power! For this we need to be a bit creative: in order to make this formula work with what’s
given, we have to make a decision: let @ = 82 and b = 42,

Note that this works because a? = (8%)? = 8% and 0? = (4?)? = 41, So a® — 1? = 8* — 4%,
Hence we can rewrite

8t —4t=0a®>—b* = (a—b)(a+0)
= (8 —4%)(8° + 47
= (8 —4)(8+4)(8% + 4%) = (4)(12)(80).

On the last line of that string of equalities you can see that we used the difference of squares
formula again, this time on (8% — 4%). While the product we have is not a product of prime
factors, it is now much easier to factor - we only have to factor 4, 12, and 80.

The goal of learning theory is to make computations as easy as possible. Just as
we would have had a rough time factoring this big number without the difference of squares
formula, we would have an incredibly difficult time understanding linear algebra without
discussing quite a bit of theory.

There will be some sections in this course where you see a [ot more definitions and theories
than numbers and computations in this class. That’s okay! We will warm up to this idea a
bit in Section 1-5 and then continue to build upon it in the chapters to come.
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Section 1.1

Matrices

Objectives:

e Define equivalent systems of linear equations

e Solve systems of linear equations using matrices

Recall that a system of linear equations is a collection of equalities of the form

1171 + a19%e + - -+ A1 Ty = by

a21T1 + Q229 + * + + + Aop Ty = b2

Am1T1 + QpaZe + -+ + App Ty = bm
where a;; is a real number for i € [m], j € [n]. (Here and elsewhere [k] := {1,2,...,k}.)

Definition 1.1.1. The coefficient matrix of this system of equations compiles the coeffi-
cients of this system in an array where coefficients in the ith row are terms of the ith equality
and coefficients in the jth column are coefficients of the same variable x;.

a1 A12 Q1n
Q21 Q22 A2n,
Am1 Am2 - Omp

Note that the matrix has m rows and n columns, and the indices of each entry are indexed
by row, then column (instead of column, then row).
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The augmented matrix of this system of equations adds one more column for the constant
terms to the right of the equality. To show that this extra column is not associated with
another variable, we add a vertical line to distinguish this column. Think of the vertical line
as an “equals sign”.

aix a2 Q1n by
21 A22 Q2n, ba
Am1 Ama Amn bm

Example 1.1.1. Solve the below system of equations using substitution and elimination.

3r+2y —z2=-2
—3r—y+z=25
3r+2y+2z=2

We say that two systems of equations are equivalent if they have the same solution set. In
the above example, using elimination allowed us to get equivalent systems of equations to the
original one given. If we restrict our solution methods to leaving constants on the right-hand
side of the equality and variable terms on the left-hand side, there are three operations to
get equivalent systems:

(I) Switch the order of any two equations.
(II) Multiply both sides of any one equation by a nonzero number.

(ITT) Add a multiple of one equation to another equation.
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These three operations correspond directly to the following elementary row operations
that can be applied to an augmented matrix:

(I) Switch any two rows.
(II) Multiply a row by a nonzero number.

(ITT) Add a multiple of one row to another row.

Example 1.1.2. Use elementary row operations to the augmented matrix [A|b] below so
that as; = az; = azs = 0. Then use back-substitution to solve the system of equations.

-3 -1 1 5

Note that our methods are very similar to those in Example 1 - our solution techniques are
in fact identical. This method of solving a system of equations is called Gauss-Jordan
reduction.

Example 1.1.3. Solve the following system of equations using Gauss-Jordan reduction.

2$1+Q?2:8
41’1—3$2:6
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Section 1.2

Row Echelon Form

A Xo

2 X1

Objectives:

e Expand use of Gauss-Jordan reduction to overdetermined and underdetermined sys-
tems

e Recognize row echelon form and use reduction to find equivalent systems in this form

e Discover applications of matrices

We ended up with two types of matrices in the examples in the last section. In Example
1.1.2 we ended in row echelon form, which we could then use to find the solution by
using back-substitution. In Example 1.1.3 we continued from this form to reduced row
echelon form, which gave us the solution outright.= We will want a formal definition to
ensure we end up in this form, because some systems of equations are overdetermined or
underdetermined.

Definition 1.2.1. We say that a system of equations as given at the top of Section 1.1 is
overdetermined if there are more equations than there are variables. We say that a system
of equations is underdetermined if there are fewer equations than there are variables.

NOTE: Overdetermined systems are usually inconsistent (i.e., have no solutions), although
they are not necessarily inconsistent. Underdetermined systems are usually dependent sys-
tems, meaning that they have infinitely many solutions, although they are not necessarily
dependent.

10
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Example 1.2.1. Solve the following system:

ZEl—f—CL’Q:]_
xl—x2:3
—ZE1+21‘2:—2

Example 1.2.2. Solve the following system:

{L‘1+CL’2+ZL‘3+CL’4+ZE5:2
CL'1+SL'2+.T3+2£C4+2£C5:3
$1+ZL‘2+$3+2$4+3$5:2

11
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The final matrix in Example 1.2.1 was in row echelon form:

12
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Here is an example of a matrix in row echelon form. Let * denote a generic number, which
could be zero or nonzero:

(1) ; : : : : Think that there must be a “staircase of zeroes” head-
000 1 x N ing down and to the right. It is okay for the staircase
0000 1 . to be uneven. But the place where you step down must
0000 0 0 be a 1 each time.

The final matrix in Example 1.2.2 was in reduced row echelon form:

Reduced Row Echelon Form
We say a matrix A is in reduced row echelon form if

(i) The matrix is in row echelon form.

(ii) The first nonzero entry in each row is the only nonzero entry in its column.

Here is an example of a matrix in reduced row echelon form:

Once we isolate the “leading ones”, by which we mean
the first 1 on each row, we check to make sure that
they are the only 1 on their respective columns.

S OO O
OO O = O
S O O % ¥
S O = OO
o= O OO
O * X X X

13
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Example 1.2.3. Solve the system

—r1+ 22— 23+ 304 =0
3x1+2m2—x3—x4:0

21‘1—2?2—21‘3—2?4:0

14
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Example 1.2.4. In the downtown section of a certain city, two sets of one-way streets
intersect as shown below. The average hourly volume of traffic entering and leaving this
section during rush hour is given in this diagram. Determine the amount of traffic between
each of the four intersections.

\450 310

610 A X D 640
Xz\ X4

520 B X3 c 600
\480 390,

15
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Section 1.3
Matrix Arithmetic

Objectives:

e Visualize matrices geometrically in R"

e Define operations on matrices in ways consistent with geometric intuition

We are now ready to define a matrix:

Definition 1.3.1. A matrix is an m X n array of real numbers. If the matrix is a 1 x n
matrix, we say it is a row vector. If the matrix is an m X 1 matrix, we say it is a column
vector.

The vector language here is very intentional: while matrices are best introduced as algebraic
objects, they are best understood as geometric objects.

U1
[y

VECTORS: A BRIEF REVIEW Recall that a vector v = :2 is a list

Un
of numbers of length n. (Note that we refer to vectors, without any modifier, as if they
are column vectors - for reasons we will describe shortly.) The dot product of two vectors

U1 w1
U2 Wz .. o . . .

v= .| and w = | . | is given by multiplying corresponding entries and adding the
Un, Wy,

resulting products: v - w = vijwy + vows + - - - + VW,

16
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Here are the vectors v = [ﬂ and w = [_21} :

T2

T

Note that these two vectors make a right angle with each other. This turns out to coincide
directly with the fact that the dot product of v and w equals zero: v-w = 2(—1)+1(2) = 0.

How do matrices work with vectors? The answer can be found in the systems of equations
we’'ve been working with in the previous sections.

Example 1.3.1. Write the system of equations

O.TI—LUQI —1

1 — 02y =2

as a matrix equation of the form Ax = b.

Notice that in this case, the vector b is equal to the vector w given above. Generally the
vector x is unknown - it’s something we have to solve for. Gratefully, thanks to what we’ve
learned in our previous sections, we can solve for x:

We have learned what the matrix A does to the vector v now: it rotates the vector counter-
clockwise by 90 degrees.

17
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So the matrix A does something to vectors! We can now make an even better definition:

Definition 1.3.2. A matrix A is a type of function that maps vectors to vectors. The
matrix product Ax, for an appropriately-sized vector x, is given by

a1 Gz - Qip 1 1121 + Q122 + - - - + A1 Ty
Q21 Qo2 - Qo To 2171 + Q22T2 + ++ - + A2 Ty
Am1 Am2 - Amn Ty Am1T1 + Am2T2 + -+ AmnTn

The matrix equation Ax = b, then, corresponds to the following equality of matrices:

1121 + a0 + - - - + a1y bl
211 + Q92T9 + - - - + A9y, Ty, bg
Am1T1 + Am2X2 + -+ Amndn bn

This is the exact system of equations we gave at the beginning of Section 1.1.

Example 1.3.2. Let A be an m x n matrix and say that we wish to analyze the matrix
equation Ax = b. What must the size of x be? What must the size of b be?

MATRIX ARITHMETIC Now that the matrix has been defined as a function, we
can ask a few questions we normally ask of functions. Can we add two matrices? Can we
multiply a matrix by a constant? Can we compose two matrices? We want our definitions
here to line up with how adding functions work. That is, for functions f, g and matrices
A, B:

<— (A+B)x=Ax+ Bx
) <= (cA)x=cAx
< (AB)x = A(Bx)

Matrix Addition and Scalar Multiplication

Given two m x n matrices A, B and a scalar ¢, we define:

NOTE: In order to add two matrices, the two

a1 +bn - a4 by i i X
(i) A+B i matrices must be of the same size. Otherwise
1 = : .
the addition is undefined.
am1 aF bml o Amn G bmn
@11 Q21 - Aml
S oo T aiz G2 v Am2
Gi) cA=| : - : (i) A" =
Caml st Camn aln a2n .o amn

18
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Briefly, these definitions come about since they mirror exactly how we add and multiply by
scalars a pair of two vectors of the same size. One can think of a matrix A as if it were an
array of column vectors stacked side-by-side:

So we can see that A+ B is formed by simply adding corresponding column vectors together,
and that cA is formed by simply scaling each column vector.

Example 1.3.3. Write the system of equations

3x1+2x2+x3:5
T1 — 229 + D13 = —2
2l‘1+$2-31’3:1

as a matrix equation Ax = b. Then write Ax as a linear combination of column vectors.

To be formal, we give the definition of linear combination:

Definition 1.3.3. If a;, ..., a, are vectors in R™ and ¢y, ..., ¢, are scalars, than a vector v
is equal to a linear combination of the vectors ay, ..., a, if

V =ca; +cas+ -+ cpa,.

This leads us to our first theorem of this course:

Theorem 1.1. A linear system Ax = b is consistent if and only if b can be written as a
linear combination of the column vectors of A.

19



(©2025 John Weeks

Section 1.4
Matrix Algebra

A B AB
ok ok ok 3k * ok * 3k
ko k% k || k¥ k| = | k%
* k% * || k% * ok

* 3k
* ok

Objectives:

e Learn matrix multiplication and the properties of matrix arithmetic

e Recognize the identity matrix and check whether two matrices are inverse to each other

MATRIX MULTIPLICATION We have not yet discussed how to compose two

matrix functions. This process can seem strange until we see it in action:

biv bio

Example 1.4.1. Let A = {all CL12] and B = [
ba1 b2

Q21 A22

} Find ABx, where x = Fl] .

X2

In short, if the product AB is defined, then the (7, j)th entry of AB is equal to

(AB)ij = ainbij + aigbaj + - - + @inby;.

20
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Example 1.4.2. Say that the product AB is defined. What must be true about the sizes of
A and B? What is the resulting size of AB? Must BA also be defined?

Example 1.4.3. Show that, for matrices

1 2 5 6
A_[g 4] and B—{7 8}’

the matrix products AB and BA both exist but are unequal.

The typical commutative property of multiplication that we would expect, therefore, does
not apply to matrices. However, lots of other rules do apply and can be taken for granted:
for matrices A, B, C' of the appropriate sizes and scalars «, 3,

lLA+B=B+A 4. A(B+C) = AB+AC 7. a(AB) = (aA)B = A(aB)
2. (A+B)+C =A+(B+C) 5. (A+B)C=AC+BC 8. (a+pB)A=aA+ pA
3. (AB)C = A(BC) 6. (aB)A = a(BA) 9. a(A+ B) =aA+aB.

21
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IDENTITY AND INVERSES

Example 1.4.4. Can we come up with a matrix O that acts like the number 0 for matrices?
That is, A+ O =0+ A=A, and AO = OA = O? (Note that for this last equation to hold,

O must be an n X n matrix.)

Example 1.4.5. Can we come up with a matrix I that acts like the number 1 for matrices?
That is, Al = A = A? (Note that for this last equation to hold, I =: I,, must be an n x n
matrix.)

22
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The reason we bring up the identity matrix I,, for n X n matrices is this. We have defined
addition, subtraction (since A— B = A+ (—B)), and multiplication of matrices, but we have
not yet defined matrix division. Recall that for non-zero numbers a we define %, or a” !, to

be the number such that 1 1
a— = —a=1.
a a

So given an n x n matrix A, we would like to see if there is a matrix A~! such that
AATT =ATTA=1T.

We say such a matrix A is invertible or nonsingular. An n X n matrix A is singular if it
does not have a multiplicative inverse.

1
Example 1.4.6. Show that E ﬂ and { 30

[\

1] are inverses of each other.
10 5

23



(©2025 John Weeks

Example 1.4.7. Show that {(1) 8} is singular.

The above example shows us that some non-zero matrices can still be singular. The process
of finding the inverse of a matrix is very similar to the Gauss-Jordan elimination technique
we saw earlier: we can solve for each entry of the inverse matrix by reducing the augmented
matrix [A|l,] so that the left-hand side is in reduced row echelon form. If the augmented
matrix now reads [/,,|B] for some matrix B, then A is invertible and B = A~

-1
Example 1.4.8. Use Gauss-Jordan reduction to find [?)) ﬂ :

24
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Example 1.4.9. Use the properties of inverses to show that (AB)™' = B~1A~1.

We close with a few properties of transpose matrices that we may take for granted:

L (AT =A

2. (@A)t = aAT

3. (A+B)T = A" + BT
4. (AB)T = BT AT

25
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Section 1.5

Elementary Matrices

by =

O = O

0]
0
1]

O~ O
o O -

0
0|, B, =
|

OOM
S = O

0] C ]
0|, By=10
1]

Objectives:

e Recognize elementary matrices and use them to determine invertibility of a matrix

e Use elementary matrices to calculate the LU factorization of a matrix

Now that we have learned matrix multiplication, we can write each of our row operations
(I)-(III) from Section 1.1 as matriz transformations. Let’s do one together.

Example 1.5.1. Write the row operation (II) as a matrix transformation. Say we have a
3 x 3 matrix A and that we multiply the first row by some non-zero scalar a to get a new
matrix B. Find the matrix E such that FA = B.

Example 1.5.2. Show that applying the matrix transformation to the matrix

O = O
O O =
_ o O

A:

c
f | switches the first two rows of A.
7

Q@ Q2
> o

26
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a b c
f | is equal to d e f 1.
g—4a h—4b 1 —4c

o

Example 1.5.3. Verify that

O =
o = O
— o O
Q@ Q.
>0 o

~.

Each of the matrices Fq, F5, and E5 given in our examples above are elementary matrices.

Definition 1.5.1. An elementary matrix is a matrix that is obtained by performing a
single elementary operation (I)-(III) on an identity matrix.

Example 1.5.4. Show that E, F», and Ej3 are all invertible.

We have proven the following theorem:

Theorem 1.2. All elementary matrices are invertible, and the inverse of an elementary
matrix is also an elementary matrix.

Recall in Section 1.1 that we said that a system of equations was equivalent to another if
they have the same solution set. This is the same notion as being able to get from one system
to another by applying a sequence of row operations. This inspires the following definition
for matrices:

Definition 1.5.2. A matrix B is row equivalent to a matrix A if there exists a finite
sequence Ei, Es, ..., E} of elementary matrices such that

B = EyEx--- B A.

27
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Example 1.5.5. Prove the following theorem: if A is an n x n matrix, the following state-
ments are the same:

This leads us to the following result: the system Ax = b of n linear equations in n unknowns
has a unique solution if and only if A is nonsingular, in which case x = A™'b.

Example 1.5.6. Solve the system

21’1 + 4]72 =10
31’1 + Ty = —20.

28
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2 4 2
Example 1.5.7. Let A= |1 5 2|. Using only row operation (III), find a matrix U in
4 -1 9

row echelon form that is equivalent to A. Then write A = LU, where L is the product of
elementary matrices of row operation (III).

This is called a decomposition of matrices, where a matrix A is written as a product of
less-complicated matrices. The matrix L is said to be lower triangular, since all entries
above the main diagonal are zero. The matrix U is said to be upper triangular, since all
entries below the main diagonal are zero. This decomposition where all diagonal entries of
the matrix L are 1’s is called the LU factorization of the matrix A. For large matrices, it
is less computationally expensive (i.e., takes less time) to first factorize the matrix into its
LU decomposition before analyzing its data further.

29
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Section 2.1

Determinants

N
Q\
o
=

Objectives:
e Calculate the determinant of n x n matrices

In the previous section, we found some equivalent ways to state that a matrix A is invertible.
We will be able to add one more statement to that theorem in Example 1.5.5 in this chapter:
a matrix A is invertible iff det(A) # 0.

A determinant of order 2 is defined to be

S|

e d = ad — bc.

A determinant of order 3 can be defined in terms of order 2 determinants:

a; Qag asg
S B by b by b
1 02 03 | =a

Cy C3 C1 Cy C3
&1 C2 C3

This is only one of the ways to define this determinant. While our scalar values here come
from the first row, we will show how we can proceed similarly down any row or column of
this matrix in Example 2.1.2.
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Example 2.1.1. Find the determinant of the matrix A =

Tt W N
> = Ot
(@I NORRTEN

Example 2.1.2. Find the determinant of the matrix A =

Ot W N
o O O
D N =~

Example 2.1.3. Show that a 2 x 2 matrix A is row equivalent to [ if and only if det(A) # 0.
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We continue defining the determinant of a matrix recursively, just as we did going from
order 2 to order 3. For an order 4 matrix, pick any column or row of the matrix. Then
for each entry in that column or row, multiply that entry times the determinant of order 3
formed by deleting the entire row and column that entry is in. The signs of each term will
be determined by the matrix of signs:

+ - + -
-+ - 4+
+ -+ |
-+ - +

where the matrix is formed by starting with a + in the top-left corner, then alternating signs
for every row and column traversed. The sum of these terms is the determinant of the
larger matrix. We can do a similar process to find the determinant of larger matrices.

15 3 -7 3
6 0 -9 2 4
Example 2.1.4. Write the determinant of A= [6 0 1 —2 —4| as a linear combina-
91 8 -9 3
1 0 -8 5 5

tion of determinants of order 4.

We won’t discuss this further in this course, but one other definition for the determinant

Z], form the column vectors {(ﬂ and {Z} of the

matrix. Then |det(A)| is equal to the area of the parallelogram formed by these column

is the following: given a matrix A = {z

vectors starting at the origin in R2. If the angle from {ﬂ to {Z] is less than 180 degrees,

the determinant is positive; otherwise the determinant is negative. A similar definition can
be made in larger dimensions.
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Section 2.2
Determinant Properties

a, + ca;

a, + L

2

Objectives:

e Determine how row operations affect the determinant of a matrix

e Establish that determinants are linked to invertibility of a matrix

a b 0 1
Example 2.2.1. Let A = [c d L0

associated to row operation (I) where we switch the two rows of this matrix. Find det(E;A).

] Then suppose F; = [ } is the elementary matrix
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a b c a 0 0
Example 2.2.2. Let A = |d e f| be a general 3 x 3 matrix, and let F, = |0 1 0
g h 1 0 01

be the elementary matrix associated to multiplying the first row of this matrix by a nonzero
scalar o. Find det(E,A).

a b c
Example 2.2.3. Let A = |[d e f| be a general 3 x 3 matrix. Then consider F3 =
g h 1
1 00
0 1 0| to be the elementary matrix associated to adding « times the first row to the
a 0 1
third row of the original matrix. Find det(F3A).
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When combining our discoveries above with the fact that, for elementary matrices F,

-1 if E is of type |
det(E) = a#0 if Fisof type I .
1 if £ is of type III

we find the following:
Theorem 2.1. If FE is an elementary matriz, then

det(EFA) = det(E) det(A).
In particular,

(I) interchanging two rows of a matrix changes the sign of the determinant.

(II) multiplying a single row of a matrix by a scalar has the effect of multiplying the value
of the determinant by that scalar.

(III) adding a multiple of one row to another does not change the value of the determinant.

Since det(AE) = det((AE)T) = det(ETAT), we can repeat statements (I) through (III)
about switching columns of the matrix A, since these are the rows of the matrix A7 .

1 2 3
Example 2.2.4. Let A = |1 2 3|. Find det(A) using row reduction and elementary
8 —1 2

matrices.
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We now arrive at the promised result:

Theorem 2.2. An n x n matriz A is singular if and only if det(A) = 0.

Proof. Write A in its row-echelon form U, so that
U - EkEkfl e ElA

for some elementary matrices F; for i € [k]. What must be true if A is singular?

What must be true if A is nonsingular?

]

In a similar way to how we showed that det(EA) = det(E)det(A) whenever E is an ele-
mentary matrix, we can show that det(BA) = det(B) det(A) for arbitrary matrices B and
A.
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Example 2.2.5. Recall that a 3 x 3 matrix A might have an LU factorization of the form

1 0 0 Uy;p U2 U13
lyy 1 0 0 uge wugs
£31 632 1 0 0 U3z

Here the values of ¢;; and wu;; (for ¢,j appropriately defined) are arbitrary real numbers.
Calculate the determinant of LU, using the values given above.
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Section 2.3

Uses of Determinants

3 1 -2 1 -3 _2 rl 1 37
det[ 0 -1 —1] det[Z 0 1} det|2 -1 O
o Ll 2 3} -3 , o L1z s)] -8 |1 2 13] 54 .
1 1 -2 -18 ' 11 -2 -18 rn 1 -27 -18
det[Z -1 1} det[z -1 ‘11 det|2 -1 -1
1 2 3 1 2 3 1 2 3 |
Objectives:

e Utilize Cramer’s Rule to calculate solutions to systems of equations

Our use of determinants has an application in what is known as Cramer’s Rule.

Theorem 2.2. Let A be a nonsingular n X n matriz, and let b € R". Let A; be a matriz
obtained by replacing the ith column of A by b. If x is the unique solution of Ax = b, then
the ith component of the solution x, x;, is equal to

~ det(A)

€

Proof. We will only show this for an arbitrary 2 x 2 matrix A = [CCL Z] . First note that, by

Question 1 on our Homework 3,

wov-gilt )

Hence by multiplying out the top row of this matrix by b, we get

bid—byb det ({Z; ZD ~det(Ay)
P det(A) T det(4) det(4)

Also

_hictba det ({Z Z;D det(Ay)
2T det(4)  det(4)  det(A)
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Example 2.3.1. Use Cramer’s Rule to solve

T1+ 2T+ 213 =25
2$1+2$2+LE3:6
x1+2$2+3$3:9

Example 2.3.2. Why does Cramer’s Rule only work for nonsingular matrices?
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Section 3.1

Vector Spaces

v+u

u+v
Objectives:

e Identify vector spaces and non-vector spaces

e Explore functional vector spaces and their applications

MOTIVATION: P, n In Section 0.1 we saw that one application of linear algebra
does not have to do with vectors in R" at all. Instead, we replace our object of study with
functions rather than coordinates. The properties we saw with matrices back in Chapters
1 and 2 still carry over into the world of functions, in a manner that we will be discussing
more in Chapter 4: matrices are linear transformations over their respective vector space.

To see how we might be able to connect these two, let’s start by defining the space P,,:

Definition 3.1.1. Given a natural number n € {1,2,3,...}, we define P, to be the set of
all polynomials
18" P a0 4+ ayzt +ag

of degree less than n. Here the values of a; (for i € [n — 1] U {0}) are real numbers.

Note that, for example, 2"~ ! 4+ 2" 2 + ... + 22 + 2 + 2 is in P, by this definition, but it is
not in P,_; since its degree of n — 1 is not less than n — 1. The polynomial 22 is in P, as
long as n > 3, but % is not in P, for any n. The coordinate corresponding to a polynomial
p € P, is given by

Qg
ai

P.oag+axt + -4 apot" 2+ ap12™ & : e R™.

Ap—2
_anil_

Note that this mapping uniquely defines a point in R” for every polynomial p € P,. What’s
more, every point in R™ can uniquely yield a polynomial in P, just by putting the numbers
back as coefficients of the original polynomial. This starts helping P, look a lot like R™.
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We can even go farther: how do we add two polynomials in P,? The way we are used to
adding polynomials is combining like terms, like so:

Ao+ a1x+ - 4 Apox™ 2+ ap_qax™ !

+ bo+bix+-F by 0" 4 by gzt
(ag+bo) + (a1 + b))z + -+ (Ap_o +by2)2™ 2+ (an_1 + by_q)a"

This looks a lot like how we would add two vectors in R™:

ag bg ag + bo

aq b1 a; + b1
Ap—2 bn—2 Qp—2 + bn—2
_an—l_ _bn—l_ _an—l + bn—l_

Comparing the summed polynomial and the summed vector once again,

ag + bo
ap + b1
(ap+bo) + (a1 + b))z + -+ (@n-2 + by2)2" > + (an_1 + by_1)z"" & : :
Qp_9 + bnfg
| Gn-1 + bn—l_

we see that this is exactly the same correspondence we started out with!

We can see how multiplying a polynomial by a scalar multiple does the same thing as
multiplying an R™ vector by this same scalar under this correspondence. Any two spaces
which are identical under a correspondence and which add and scalar multiply the same way
are said to be vector space isomorphic to each other - they are functionally the same
space.

We will call both these coordinates and these functions vectors in this chapter. This means
that a vector is more than just a coordinate; it could also denote a function or an abstract
object in what is known as a vector space. This notion of vector space carries with it
all three things we saw above: the collection of objects (vectors), the addition operation
(between vectors), and the multiplication operation (with a scalar). These three things
together define a vector space.
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VECTOR SPACE DEFINITION

Definition 3.1.2. We will define a vector space (V,+,-) to be three things altogether: a
collection of objects V', an addition operation between vectors + (which looks like x + y),
and a multiplication operation between a scalar and a vector - (which looks like o - x, or ax).
We ask for the following axioms to be satisfied:

Al. Forany x,y € V,x+y €V, and

X+y=Yy+x

A2. For any x,y,z €V,
(x+y)+z=x+(y+2).

A3. There is a number 0 € V so that, for all x € V,

x+0=0+x=x.

A4. For any vector x € V there is a vector denoted by —x with the property that

x4+ (—x) =0.

A5. For any a € R, x,y € V, ax and ay are in V', and

alx+y)=ax+ay.
A6. For any o, € R, x € V,
(v + B)x = ax + Px.

A7. For any o, € R, x € V,
(aB)x = a(fx).
A8. For any x € V,

1x = x.

All of these axioms are quite sensible. However, very few combinations of V', +, and - satisfy
them. If one of these axioms fails, the combination (V) +,:) cannot be a vector space. Let
us see some non-examples.
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Example 3.1.1. Define V = {(a, 1) : a € R} to be the line in R? where the second coordinate
is always 1. (This is the line y = 1.) With standard addition + and multiplication -, find all
axioms that show (V,+,-) is not a vector space.

Example 3.1.2. Let V = R” and let + be the standard addition. However, define ® to be
a multiplication between a scalar » and a vector x such that

rox=0

rather than the typical multiplication. Find all axioms that show that (V,+,®) is not a
vector space.
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We now continue to one of our most common examples of a vector space: the functional
vector space.

Example 3.1.3. Let a < b be real numbers, and define C|a, b] to be the space of all contin-
uous functions defined on the closed interval [a, b]. Let 4+ denote standard function addition
and let - denote standard scalar multiplication of functions. Show that (Cla, b, +,-) is a
vector space.

Remember, if something fails one of the axioms, it is not a vector space!

We close with a few properties that all vector spaces share which we can take for granted.
(Can you use the axioms to prove these?)

Theorem 3.1. If V' is a vector space and x is any element of V, then

(i) 0z = 0.
(i1) if ¢+ y = 0, then y= —x as defined in A3.
(i1i) (—1)x = —x as defined in AS.
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Section 3.2

Subspaces

Objectives:

e Identify subspaces of vector spaces
e Discover nullspaces and spans of collections of vectors as subspaces

e Define spans of vectors and spanning sets of vector spaces

Example 3.2.1. Let’s revisit Example 3.1.1. This time, let’s define S = {(a,0) : a € R} to
be the line in R? where the second coordinate is always 0. (This is the line y = 0.) With
standard addition + and multiplication -, show that (S, +,-) is a vector space.

The axioms that didn’t hold last time now hold easily since our vector space S, which is a
line, now also contains the origin. In fact, many of the axioms we checked hold automatically
since S belongs to V = R2, which is already a vector space. We define a subspace to be
a subset S of a larger space V' which is by itself a vector space when equipped with the
addition and multiplication of V. So for example, the line y = 0 is a subspace of the vector
space (R? +,-).
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If we take out the axioms that automatically hold, we are left three small axioms to test,
given below:

Subspace Test

Let (V,+,-) be a vector space. For a given subset S C V, S is a subspace of V if and only
if all of the following are true:

(i) 0 S.
(ii) ax € S whenever x € S and for any scalar o

(i) x +y € S whenever x,y € S.

That is, if S is a nonempty set closed under vector addition and scalar multiplication, then
S is a subspace of V.

NOTE: A subset S C V only needs to fail one of these properties in order to not be a
subspace.

Example 3.2.2. Let S = {(x, 72, 23)7 : 21 = 25}. Is S a subspace? Prove or disprove your
answer.

Define the space of n-times differentiable functions C"[a, b] to be the space of continuous
functions on [a, b] whose nth derivatives are defined and also continuous.

Example 3.2.3. Show that |z| is in Cla,b] but not in C'[a,b]. Then show that z|z| is in

1 if:czO)

Ca, b] but not in C%[a,b]. (Hint: L|z| = - '
[a,b] but not in C*[a,b]. (Hint: J-|x| = sgn(x) {—1 ifx <0
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The space C"[a, b] is non-empty since the zero function is infinitely differentiable. Since the
sum and scalar multiplication of n-times differentiable functions is also n-times differentiable,
C™[a,b] is a subspace of Cla, b] by the Subspace Test.

Example 3.2.4. Let S be the set of all f in C?[a, b] such that
(@) + fx) = 0.

Show that S is a subspace of C?|a, b].

Example 3.2.5. Let A be an arbitrary m x n matrix, and define the space N(A) given below
to be the nullspace of A:
N(A) ={x e R": Ax = 0}.

Show that N(A) is a subspace of R".
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Example 3.2.6. Determine N(A) if

To describe the nullspace in the above example, we could have also said

1 —1
-2 1
N(A) = span 1] o
0 1
We say that the span of this collection of vectors, span{vy,...,v,}, is the set of all linear
combinations of the vectors vq,...,vy. That is,

span{vy,...,vi} = {oavi + aava + - + vt o € Ryi € K]}

Example 3.2.7. Find the span of the vector E] in R?.
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Example 3.2.8. Let {vy,..., v} be an arbitrary collection of vectors in R™. Show that
span{vy,..., vy} is a subspace of R™.

Example 3.2.9. For the vector space R?, we define e; = [(1)] and ey = {ﬂ to be the

standard basis vectors for R?. Show that {e;,e,} form a spanning set for R? - that is,
show that span{e;, e;} = R
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Example 3.2.10. Can a single vector form a spanning set for R?? If so, give it.

1 4
Example 3.2.11. Is 20,11, 1-1 a spanning set for R3?
4 3 1
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Example 3.2.12. Is {1 — 22,z + 2, 2%} a spanning set for P3?

We close with a few facts to help us remember the nullspace of an m x n matrix A.

e the nullspace N(A) is the collection of vectors x such that Ax = 0. Hence the vectors
x are always in R" (that is, their size is determined by the number of columns of A -
otherwise Ax would be undefined)

e if x; and x5 both solve the equation Ax = b, then
A(x) —x3) = Ax; — Axo =b —b =0,
S0 X1 — X3 € N(A).
e conversely, if z € N(A) and x is such that Ax = b, then

Ax+z)=Ax+Az=b+0=Dhb.

These last two facts yield the following theorem:

Theorem 3.2. If the linear system Ax = b has a solution xy, then y is also a solution if
and only if y = xy + z for some vector z € N(A).

We call the vector xo the particular solution of Ax = b and consider N(A) to be the set of
general solutions. This comes up in the study of linear differential equations.
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Section 3.3

Linear Independence

X3

Objectives:

e Discuss relationships of linearly independent vectors
e Relate linear independence of column vectors to invertibility of matrices

e Discover the Wronskian as a way to find linearly independent functions

1 0 0
Example 3.3.1. Let e, = |0|, ey = |[1]|, and e3 = |0| be the standard basis vectors
0 0 1
1
for R?. Determine whether ¢ e, e,, e, |1 forms a spanning set for R3.
0

While the set above certainly does form a spanning set, it seems a little larger than it needs
1

to be. The vectors eq, e, e3 seem to be able to do all the work - what is the need for |1]7

0

92



(©2025 John Weeks

1
Perhaps we are missing something - is there a vector in R? that we need |1| for?
0
1
Example 3.3.2. Show that [1]| is a linear combination of e, e;,e3. Then say R® > v =
0
1
ai1e] + ey + azes + B | 1|. Show that we could write v as a linear combination of only
0
€1, €2, €3.
This motivates the following definition:
Definition 3.3.1. We say that the vectors vy,...,v, in a vector space V are linearly
dependent if one vector can be written as a linear combination of the others. More formally,

there exist scalars ¢y, co, ..., c,, not all zero, such that
c1vi +cavy + -+ cpv,, = 0.

Example 3.3.3. Show that {0} is linearly dependent.

Example 3.3.4. Show the set from Example 3.3.1 is linearly dependent.
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Example 3.3.5. Show that the set {e;, ey} is linearly independent in R? - that is, show
that if cie; + coeo = 0, then both ¢ and co must be zero.

While the example above is “small enough” to be linearly independent, it is now too small
0

to be a spanning set - there is no way the span of these two vectors e; and e, can reach |0].
1

So {e1, ey, e3} is a minimal spanning set of R?, which we call a basis of R3.

Example 3.3.6. Show that { [ﬂ , B] } is a basis for R2.

In a geometric sense of R? or R?, one can look at the figure at the beginning of this section
for some intuition. Note that in the left graphic, w is linearly dependent on u and v since
it is contained within the same plane that contains w and v. In the right graphic, w can no
longer be written as a linear combination of u and v since it is in a different plane, so it is
linearly independent.
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Note that, once these vectors above are made column vectors of a matrix, linear independence
is equivalent to saying that

Ax = Tia; + Tsas + rzag = 0

has only the trivial solution. We have previously proven that this is equivalent to the
determinant of A being nonzero. So the above example helps us see an easy trick to proving
linear independence. We summarize our results here:

Theorem 3.2. Let aq, a,...,a, be n vectors in R" and let A = [a1 a,n]. Then
vectors aq, ag, . .., a, are linearly dependent if and only if A is singular.
4 2 2
Example 3.3.7. Determine whether the vectors |2, |3|, and | —5| are linearly indepen-
3 1 3
dent.

Example 3.3.8. Determine whether the vectors p;(z) = 2% — 2z + 3, po(z) = 222 + = + 8,
and p3(r) = 22 4+ 8z + 7 are linearly independent in Ps.

55



(©2025 John Weeks

From this last example we have learned that, given n equations and n unknowns (or equiv-
alently an n x n matrix), the matrix of coefficeints is invertible if and only if the column
vectors span and are linearly independent. We formalize this in a theorem:

Theorem 3.3. Let A be an n x n matrixz. Then A is an invertible matriz if and only if its
columns form a basis of R™.

We end this section with a discussion of linear independence in the set C"~V[a, b]. We begin
by assuming we have n functions f1,..., f, that are linearly dependent. That is,

cfi(x) +cafo(z) +- -+ cufulz) =0

for all x € [a,b] and for constants cy,...,c,, not all zero. Taking derivatives of both sides
we get the equation

cfi(@) + cafo(x) + -+ cnfr(x) = 0.

If we continue taking derivatives of both sides as long as we are able to, we get the system

cifi(x) +eafolz) + - +enfulz) =

0
afi(@) + cafo(r) + -+ enfo(w) =0

e f (@) + e fSTV (@) + -+ e fT Y (@) = 0.

For each fixed x, then, we get the matrix equation

fi(x) flz) - falz) | [ 0
fi(x) fole) - fu@) | faz| |0
@) @) e @) L] [0
From just our beginning assumption, we have that the nontrivial solution (cy,cs, ..., c,)T"

solves this system. We say that the determinant of the matrix on the left is called the
Wronskian of fi,..., f,.

In the case that this nontrivial solution exists, the determinant of this matrix (or the Wron-
skian) is equal to 0. If there is no nontrivial solution for some x, however, then this means
our functions fi,..., f, are linearly independent. This gives us the following theorem:

Theorem 3.4. Let f1, fo, ..., [ be elements of C""Va,b]. If there exists a point o in |a, b]
such that W{f1, fa, ..., ful(xo) # 0, then fi, fo, ..., fn are linearly independent.
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NOTE: functions that are differentiable more than n — 1 times are still in the vector space
C®=Va,b]. For example, e € C™~Y for all values n > 2.

Example 3.3.9. Show that e* and e™* are linearly independent in C'(—o0, 00).

Example 3.3.10. Show that the vectors 1, z, 2%, 22 are linearly independent in C'(—o0, 00).
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Section 3.4

Basis and Dimension

X3

s €3
A

Y

[ ]

=
[§S]

/’e1

Objectives:

e Compute various bases for vector spaces
e Discover theorems relating all bases of a vector space together

Example 3.4.1. Use your work in Example 3.2.6 to find a basis for the nullspace of A.

58



(©2025 John Weeks

We reiterate a discovery from the previous section:

Definition 3.4.1. The vectors vy, vy, ..., v, form a basis for a vector space V if and only
if the following are true:

(i) vi,...,v, are linearly independent; and

(ii) vi,...,Vv, span R".

We show that all bases are connected: they all have the same size.

Theorem 3.3. If {vy, vs,...,v,} is a basis for a vector space V', then ANY collection of m
vectors in V', where m > n, is linearly dependent.

Proof. Let uy,...,u,, be m vectors in V', where m > n. Then since these are in V and
{v1,..., v, is a spanning set for V', we have the equations

u;, = a;1Vy +apve + -+ -+ a;pn Vo, for i€ [m}

Now consider a linear combination cju; + couy + -+ + ¢,W,. If we show that there
exist c¢1,...,¢p, not all zero, such that this combination equals zero, then by definition
{uy,...,u,} are linearly dependent and we are done. We just mentioned that each of the
vector uy, ..., u,, can be written as a linear combination of the v; using the coefficients a;;
above. Plugging these into this linear combination, we get that

iy + - Gy, = (Z Clil@‘) Vit (Z Gm@‘) V.
i=1 i=1

Now {vi,...,v,} is linearly independent, so if this equals 0 each of these sums are equal
to 0. But this yields n equations of the form " a;j¢c; = 0 - one for each v; - with m
unknowns, ¢; through ¢,,. Since m > n, this is an underdetermined homogeneous system
and hence has a nontrivial solution ¢y, ..., ¢,,, which gives us our nontrivial solution to the
original linear combination

61u1+---+émum:O.

So these vectors are linearly dependent, and we are done. O

From this immediately follows the following theorem:
Theorem 3.4. All bases for a vector space V have the same size - this is called the dimen-

ston of V.

Proof. We have just shown any collection bigger than a basis is linearly dependent and hence
cannot be a basis. Hence if we have two bases, one cannot be bigger than the other, so they
must be the same size. O]
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Example 3.4.2. Show that the functions 1, z,22,...,2" ! are all linearly independent in P,

the space of all polynomials. Conclude that P is infinite dimensional, meaning that no
finite set of vectors can span P.

The following theorems give us shortcuts to determining when we have a basis for any
finite-dimensional vector space (which we will be dealing with most of the time).

Theorem 3.5. If a vector space V' has dimension n, then

(i) any set of n linearly independent vectors for V is a basis for V.
(ii) any n vectors that span V' form a basis for V.

(iii) no fewer than n vectors can span V', but you can extend the set to form a basis for V
by adding more vectors.

w) any spanning set of more than n vectors cannot be a basis for V', but it can be pared
Y sp g p
down by removing vectors to form a basis for V.
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1 2 1 2 1
Example 3.4.3. The vectors x; = [2|,Xo = |5|,x3= 3|, x4 = |T|,X5= |1]| span
2 4 2 4 0
R3. Pare down the set {x;,...,x5} to form a basis for R3.
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Section 3.5
Change of Basis

14
JX
[ e [ 15
multiplication
x.° T o P * [xl,
C<B
R” R"

Objectives:

e Determine how to write vectors as linear combinations of different bases
e Define the transition matrix of a change of basis and use it to find new coordinates
The standard coordinates of a vector in R? are written as a linear combination of e; and

ey. For example, the vector (7,4) can also be written as 7e; + 4ey. Visually, this set of
coordinates can be seen as the addition of several vectors end-to-end:

\ 4
\4
\4
S

A 4
A 4
A 4
Y

62



(©2025 John Weeks

Given another basis u;, us of R?, we can similar write a vector in terms of these coordinates.
The vector (7,4) is an element of R?, so it can be written as

7
[4] = C1Uu; + CoUy,

7. . :
4 with respect to the basis {uy, ua} is (c1, €2){uy us}-
(If we ask for coordinates of a vector without specifying a basis, we mean the standard
coordinates.)

and we say that the coordinates of

Example 3.5.1. The vectors u; = (3,1) and uy = (2,1) form a basis for R%. Find the
coordinates of the vector v = (7,4) with respect to the basis uy, u,.

As an assistive visual, here are those vectors seated end-to-end ending at (7,4):

/
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Example 3.5.2. Say that (7,4)y, u, are the coordinates for a vector written with respect to
the basis {uy, us}, where these vectors are the same as they were in the previous example.
Find the coordinates of this vector with respect to the standard basis.

The matrix U whose columns are the basis vectors {uy,...,u,} written in terms of the
standard coordinates {ei,...,e,}, is called the transition matrix from {uy,...,u,} to
{e1,...,e,}. This has two good uses:

(I) if we would like the coordinates of a vector x = (z1,72)” in terms of a basis {u;, u,},
we calculate Viy, up = U™ 'x.

(IT) if we are given the coordinates of a vector viy, u,}, we can write this vector in the
standard basis by calculating x = Uv.

Example 3.5.3. Let u; = (3,2)7, uy = (1,1)7, and x = (7,4). Find the coordinates of x
with respect to u; and us.

We can also find the transition matrix between two non-standard bases. This takes two
steps: first we transition one basis into the standard basis ({vi,v,} into {e;,es}), then
transition the standard basis into the second basis ({er, e2} into {u;, us}).
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Example 3.5.4. Find the transition matrix corresponding to the change of basis from
{V1>V2} to {111,112}, where

o] o] e f el

Example 3.5.5. Suppose that in P; we want to change from the ordered basis [1, z, z%] to
the ordered basis [1, 2z, 42% — 2]. Find the transition matrix, then calculate the coordinates
for 22 with respect to this new basis.

65



(©2025 John Weeks

Section 3.6

Row Space and Column Space

i Ry
POt - »
J
.1461216 ® l 0
0
W
Kernel is a Range is a
subspace of V subspace of W

Objectives:

e Define the column and row spaces of a matrix

e Connect row spaces and nullspaces with the rank-nullity theorem

Recall that the nullspace of an m x n matrix A is the set of all vectors x € R™ such that
Ax = 0. This tells us how much of the domain of the matrix A gets sent to zero. A related
opposing set would be the range of the matrix A, which would tell us all of the vectors y
such that, for some vector x, Ax =y. This would be a subset of R™ (rather than R, since
Ax has entries equal to the number of rows of A) and is called the column space of A.
It turns out that the nullspace and the column space (or equivalent, the nullspace and the
row space) have sizes that are strictly related to each other - this will be the rank-nullity
theorem that we will discuss later in this section.

We make the following definitions:

Definition 3.6.1. If A is an m x n matrix, the subspace of R'*" spanned by the row vectors
of A is called the row space of A, row(A). The subspace of R™ spanned by the column
vectors of A is called the column space of A, col(A).

Note that the row space of A is the column space of AT, and vice versa.
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Example 3.6.1. Describe the row and column spaces of A = [

Note that any of our elementary row operations on A only replace rows with linear combina-
tions of the rows. Hence the row space does not change under the elementary row operations.
We will use this to our advantage in this example.

Example 3.6.2. Define the rank of a matrix A to be the dimension of the row space of A.
Find the rank of

1 -2 3
A=12 -5 1
1 -4 -7

We will similarly define the nullity of a matrix A to be the dimension of the null space of
A. The matrix in Example 3.2.6 has a nullity of 2 - as we saw in Example 3.4.1, it has a
basis of 2 vectors. This leads us to the major theorem of this section:

Theorem 3.6 (Rank-Nullity Theorem). If A is an m X n matriz, then the rank of A plus
the nullity of A is equal to the number of columns of A. That is, rank(A) + nullity(A) = n.

Proof. Let U be the reduced row echelon form of A. The system Ax = 0 is the equivalent
to the system Ux = 0 by our first theorem from this section.

If A has rank r, then U will have r non-zero rows and hence r leading 1’s. Consequently the
system Ux = 0 will have n — r free variables.

The dimension of N(A) is equal to the dimension of the free variables, since these form the
general solutions. So nullity(A) = n—r. Since A has rank r, we have rank(A) +nullity (A) =
r =+ (n —1r)=n as desired. O
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1 2 -1 1
Example 3.6.3. Let A= (2 4 —3 0|. Find a basis for the row space of A and a basis
12 1 5

for N(A). Verify that the rank-nullity theorem applies for A.

Let’s look back at the matrix U formed in the proof for the rank-nullity theorem, which
was formed by writing A in reduced row-echelon form. Note that the dimension of the
column space of U is also equal to r, the rank of A, since we can just consider the columns
with leading 1’s to be a basis. However, column space is not preserved in general by row
equivalence. So this doesn’t necessarily say (yet) that dim col(A) + nullity(A) = n.

But let’s play a trick. Let’s delete the columns of U that don’t have leading 1’s. Call that
Up, for “matrix of leading 1’s”. Delete those same columns in A and call it A;. Well, Uy,
is still the row reduction of Ay, so if A;x = 0 has a solution, then U,x = 0 has the same
solution.

Now that we've deleted all the free-variables, the columns of Uy are linearly independent.
So the only solution to Urx = 0 is x = 0. Hence this is the only solution to Ayx = 0. This
implies that the columns of Aj, are linearly independent.

So returning to the matrix A, which has more columns, we know that the dimension of the
column space of A is at least the dimension of the column space of Ay (which is the same
dimension as Uy, which is 7). So the dimension of the column space is at least the rank of

A.
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On the other hand, we can repeat this argument for A”, where row space and column space
switch roles (see our comment right after our first definition). So we have the following:

r = rank(A) = dim col(A”)
> rank(AT)
= dim col(A).

This leaves the following theorem:

Theorem 3.7. If A is an m X n matrix, the dimension of the row space is equal to the
dimension of the column space of A.

Example 3.6.4. Let

1 -2 1 1 2
-1 3 0 2 =2
A= 0o 1 1 3 4
12 5 13 5

Find a basis for the column space of A. (Hint: first row reduce to a matrix U, then delete
the columns in both A and U corresponding to the free variables in U.)
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Section 4.1

Linear Transformations

Codomain

Objectives:

e Define and see examples of linear transformations between vector spaces

e (Calculate ranges and kernels of linear transformations

Recall that a vector space, as defined at the beginning of Chapter 3, is closed under wvector
addition and scalar multiplication. There are plenty of functions on these vector spaces: for
example, the function f(z) = (2%, 23) is a function from R to R? since it takes a real number
x and returns a coordinate (z?, z3) written in terms of the input z.

The function f(x) = (22, 2%), however, does not satisfy the linearity conditions we discussed
in Section 0.1. This is where we asked two questions. For x,y in the domain of f and a
scalar multiple r,

Is fz +y) = f(2) + f()? fla+y) = ((@+)% (2+1)°) # (@ +y%, 27 +°) = f(2)+f(y).

Is f(re) =rf(z)?  f(rz) = ((r2)*, (r)’) # (ra?,ra’) = rf(2).

This means that f is not a linear transformation from R to R2. Even if the function failed
one of these two conditions, the mapping f could not be linear. We formalize that definition
here:

Definition 4.1.1. A mapping L : V — W from a vector space V into a vector space W is
said to be a linear transformation if

L(avy + fvy) = aL(vy) + BL(v2)

for all vy, vy in V and for all scalars o, 5. If V. = W, we may also say L is a linear operator

on V.
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Example 4.1.1. Show that L : R? — R? defined by L(x) = 3x is linear in two different
ways.

A

Example 4.1.2. For a vector x = [ ], show that the mapping L : R? — R? defined by

)
L(x) = x1€q is linear.

1 0

Example 4.1.3. Let L : R? — R? be defined by L(x) = [0 1

] x. Show that L is a linear

operator.
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Example 4.1.4. Show that L : R* — R! defined by L(x) = x1+ is a linear transformation
(not an operator).

Example 4.1.5. Show that the mapping M : R? — R! defined by M(x) = \/2? + 22 is not
linear.

Example 4.1.6. Let [ : C[a,b] — R! defined by

v - | (o) do.

Show that [ is linear.
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Example 4.1.7. Let D : C'[a,b] — Cla, b] be given by

Show that D is linear.

Given a linear transformation L : V' — W we can use the properties of linear transformations
to find where L(0y) goes. (Here we are using 0y to denote the zero vector of V, It may be
different than the zero vector of W, Oy, but they share the same properties of zero vectors
in their respective spaces.) For example, we know from Section 3.1 that 0 - v = Oy for any
vector v € V. So _

L(Oy) = L(0-v) " = 0L(v) = Oy

So a linear transformation always maps Oy to Oy, . This is different than most lines we know,
which can have varying y-intercepts. Linear transformations in R™ always go through the
origin. (However, linear functions of the form y = ax + b do not have to go through the
origin. In this class we will use “transformation” to make the distinction.)

We can use this fact to find out, using the properties of —v, that
Ow = L(Oy) = L(v —v) "2 L(v) + L(—v).
Once we subtract by L(—v) on both sides, it follows that L(—v) = —L(v).

Example 4.1.8. The mapping L : R? — R3? defined by L(x) = (x9, 71,21 + x2)7 is linear.
Find the matrix of L.
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Now that we have established a connection between matrices and transformations in the
previous example, let’s define some corresponding subspaces. See if you recognize what
these definitions would be if the transformation L were replaced by a matrix.

Definition 4.1.2. Given a linear transformation L : V — W, we say the kernel of L is
defined by
ker(L) ={veV:L(v)=0w}.

The range of L is defined as

ran(L) = {w € W :w = L(v) for some v € S}.

One should think of the kernel of L like the nullspace of a matrix. The range of L, on the
other hand, is like the column space of a matrix. We will be connecting these concepts in
the next section. Much like the nullspace and column space of a matrix, we get the following
theorem:

Theorem 4.1. If L : V — W is a linear transformation, then

(i) ker(L) is a subspace of V.

(i1) ran(L) is a subspace of W.

Example 4.1.9. Let L be a linear operator on R? be defined by L(x) = ﬁ;} Find the

kernel and range of L and state their dimensions.

Example 4.1.10. Let D : P; — P53 be the differentiation operator. Find the kernel and
range of D and state their dimensions.
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Section 4.2

Matrices of Transformations

Objectives:

e Represent linear transformations as matrix multiplications

e Use matrices to construct dilations, shifts, rotations, and other transformations in R?

1
rotates a given vector by 90 degrees counterclockwise. Find L(v).

Example 4.2.1. Let v = [2] be a vector and let L : R? — R? be the transformation that

5
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In a similar way to how we found the matrix of the transformation L in the previous example,
we can find a matrix corresponding to any linear transformation:

Theorem 4.2. If L is a linear transformation mapping R™ into R™, there is an m X n
matrix A such that

L(x) = Az
for each x € R™. In fact, the jth column vector of A is given by a; = L(e;).

The matrix A defined in this way is called the matrix transformation of L, or simply the
matrix of L.

Example 4.2.2. Define the linear transformation L : R3 — R? by
L(X) = (.171 + T, To + .Tg)T.

Using the theorem above, find the matrix of L.

We return to Section 3.5 and recall that a transition matrix U from a basis {uy,...,u,} to
{e1,...,e,} helps us transition from the coordinates in one basis to back to the standard
coordinates. Say we wish to write a linear transformation L : V' — W with respect to the
basis £ = {vy,...,v,} in V and the basis F' = {wy,...,w,,} in W.

Recall that before we have to construct the transition matrix U; from E to the standard basis,
as well as the transition matrix U, from F' to the standard basis, then get the coordinate
matrix U, 'U; to go from E to F. We are now inserting a linear transformation into the
middle: once we have transitioned out of the basis of V into the standard basis, we map
our vectors through the transformation L, then map them back into their desired final basis.
This gives us the following:
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veV w=Lv)e W

X=[V]g€ R" Ax = [w]r € R™

Theorem 4.3. Let L : 'V — W be a linear transformation. Let A be the matriz of L.
Further suppose that E = {vy,...,v,} is a basis of V with transition matriz Uy, and F =
{wy, ..., w,} is a basis of W with transition matriz Us. Then the matrix transformation
of L with respect to the bases E and F' is given by

Uy LAU;.

We can follow this path using the diagram given above.

Example 4.2.3. Let L : R? — R3 be the linear transformation defined by
L(x) = (29,21 + 29, 21 — 19)".

Find the matrix representation of L with respect to the ordered bases {uy, us} and {bq, by, b3},
where

u; = (172)T7 Uz = (37 ]-)T7 b; = (17070>T7 by = (]-7 170)T7 b; = (17 L ]-)T

7
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NOTE: If a linear transformation is already given in terms of the bases we need, then the
matrix transformation can be calculated much more quickly quickly.

Example 4.2.4. Let L : R? — R? be a linear transformation defined by
L(ab; + by) = (a + B)b1 + 2bs,

1

where b; = [1

] ,by = l—ll] . Find the matrix representation of L with respect to {by, bs}.

Example 4.2.5. Let L : R — R? be the linear transformation defined by

L(X) = l’lbl + (IQ + l’3)b2,

where by = 1 and by =

{81, €9, 83} and {bl, bg}

_11]. Find the matrix of L with respect to the ordered bases
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Here is a page to take notes on common R? transformations.
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Section 4.3

Similarity

Objectives:
e Discover a common formula used when analyzing linear operators in different bases

We begin this chapter by analyzing linear operators L : V — V and their matrix represen-
tations with respect to non-standard bases.

Example 4.3.1. Let L : R*? — R? be given by L(x) = (22,7 + x3). Write the matrix of L

with respect to the ordered basis { {ﬂ , {_11} }
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Note that our formula for finding the matrix transformation simplifies to
B=UAU

when L is a linear operator and when we are using only one ordered basis rather than two.
If two matrices A and B satisfy the equation above for any invertible matrix U, we say that
A is similar to B (or, equivalently, that B is similar to A, or simply that A and B are
similar).

Example 4.3.2. Let D be the differentiation operator on P;. Find the matrix A represent-
ing D with respect to {1,z,2?}. Then find the matrix B representing D with respect to
{1,2x,42% — 2}.
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2 20
Example 4.3.3. Let L : R* — R3 by defined by L(x) = |1 1 2| x. Find the matrix
11 2

1 -2 1
representing L with respect to the ordered basis —1 1 1]
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Section 5.1
The Dot Product

(a, D)

1Dl

Objectives:
e Review vector geometry: projections, dot product, distance, and orthogonality

MOTIVATION: ORTHOGONAL BASIS n Section 1.3 we discussed that
orthogonal vectors - vectors which make a right-angle to each other when both are placed
in the same plane - are characterized by having a dot product of 0. We say a collection
{v1,...,v,} in R" is an orthogonal basis if the following two things are true:

(i) {v1,...,v,} forms a basis for R™
(i) if ¢ # j € [n], then v, is orthogonal to v;.

Example 5.1.1. Determine whether the following bases are orthogonal bases on R3.

(a) {e1, €2, €5} M {1t o0 010" 011
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Orthogonal bases are more powerful than general bases - not only do their linear combinations
completely cover a space, but the geometry of these linear combinations shows that they are
each at right angles with each other.

Lattice formed by {e;,es, e3} .
Lattice formed by {e;, e, [0 1 1] }

However, we have never seen how to make angles with functional vector spaces. Is there a
way to make an orthogonal basis in a functional vector space? Yes! It is also incredibly
useful, as it gives us an easy way to reconstruct complicated functions by looking at
their simpler projections onto an orthogonal basis. This is exactly the idea behind
Fourier series.

In order to discuss angles in functional vector spaces, we need to generalize the dot prod-
uct into something called an inner product. That is the thrust of this chapter. Before
beginning, let’s do a quick review of vectors.

Algebra of Vectors

Let a = {ay, as, az),b = (by, by, b3) be vectors in R? and let ¢ be a scalar.

) Scalar Multiplication ca = c¢{ay, as, a3) = (cay, cas, cas)
) Vector Magnitude ||a|| = \/a + a3 + a}
(¢) Vector Sum a + b = (a; + by, az + ba, az + bs)
(d) Vector Difference a — b = (a; — by, ay — by, az — bs)
) Unit Vector The vector ﬁ is a unit vector of length 1 in the direction of a.

f) Standard Unit Vectors The vectors i, j, and k are unit vectors in the directions of
the positive x, y, and z-axes, respectively.
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Definition 5.1.1. Let x,y be vectors in R". We define the dot product of two vectors x
and y to be
Xy =X'y =1y + o+ + Tnln-

The magnitude of a vector x is defined as (x - x)Y2 = \/2? + 23 + - - - + 22.
The distance between two vectors x and y is defined to be ||x —y]|.

The angle between two nonzero vectors x and y is defined by

0 = cos™* ( X'y >
Iz [[llyll

(If x,y are unit vectors, meaning that ||x|| = 1 = ||y||, then this formula can be simplified
to merely cos™'(x - y).)

Theorem 5.1 (Cauchy-Schwarz Inequality). If @, y are nonzero vectors in R", then

|2yl < [l=][[y]-

The only time equality holds is if one vector is a multiple of the other.

Proof. Unraveling the angle equation in the above definition and solving for x -y, we get
that
x -y = [[x|[llyll cos 6.

Since |cos 8| < 1, we get that |x-y| = ||x]|[|y||| cos @] < ||x]||||ly|l- If these equality holds, this
must mean that |cosf| = 1, so solving for 6 we get that 6 is either 0 degrees or 180 degrees.
Hence the two vectors are either in the same or opposite directions, meaning the two vectors
are multiple of each other. O

Definition 5.1.2. We define the vector projection of a vector b onto a vector a to be

b-
proj, b = (_a) a.
a-a

The length of this vector is called the scalar projection of b onto a, which can be calculated
b-a

as .
a]

Example 5.1.2. Find the projection of [1, 4}T onto the line y = %x
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Section 5.2
Orthogonal Subspaces

Objectives:

e Decompose R” into subspaces and their orthogonal complements
e Revisit nullspaces and ranges of A, then connect these spaces with nullspaces and

ranges of AT

The concept of orthogonality can also apply to subspaces, as is pictured above. Note that,
in the plane above, any vector in the plane would be considered orthogonal to any vector in
the line. This is an example of the below definition:

Definition 5.2.1. Two subspaces X and Y of R" are orthogonal if x -y = 0 for every
x € X and every y € Y. If X and Y are orthogonal, we write X 1 Y.

We define the orthogonal complement of X, X, to be the set of all vectors in V' which
are orthogonal to every vector in X.

Note that Y+ contains all vectors orthogonal to Y.
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Example 5.2.1. Show that the line Y spanned by [1, -1, 1]T is orthogonal to the plane
rT—y+z=3.
1
Example 5.2.2. Would Y+ =span{ |1| »? Would Y+ = {(z,y,2) e R® : 2 —y+ 2z = 3}7
0
Explain.

Here are some facts about orthogonal complements:

Ifxe X, xeY,and X LY, then x is orthogonal to itself. So ||z||* = x-x =0, so
x = 0.

If S is a subspace of R”, then S+ is also a subspace of R".

If S is a subspace of R", then every vector z can be written uniquely as a sum of
vectors p 4+ o, where p € S and o € S*.

If S is a subspace of R™, then (S+)+ = S.
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This third bullet point will come in handy in the next section, so let’s get an intuitive reason
as to why it might be true with a picture. Note that the vector p below is the projection of
z onto the plane below, while 0 =z — p.

Let’s look at a place where we might be surprised to find orthogonal complements. Before
we do this, we quickly define the cross product of two vectors:

.. . T T .
Definition 5.2.2. Given two non-zero vectors v = [Ul,'UQ,’Ug] and w = [wl,wg,wg] in
R3, we define v x w, the cross product of v and w, to be

i j k
U1 Vg Vs
wr wy ws

we recall that v x w has the property of being orthogonal to both v and w.

1
Example 5.2.3. Find the orthogonal complement of the subspace of R3 spanned by |2
1
1
and |—1
2
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Example 5.2.4. Let A = . Find the bases for N(A), R(AT), N(AT), and R(A).

===
W = =
== DN
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Example 5.2.5. Find the orthogonal complement of R(A) and of R(AT). Then write two
equations connecting pairs among N(A), R(AT)L, N(AT), and R(A)*.

This connection between these subspaces is not coincidental. The subspaces N(A), R(A),
N(AT), and R(AT) are known as the fundamental subspaces of A. Let’s try to get to the
bottom of this fact.

Theorem 5.2. If A is an m x n matriz, then N(A) = R(AT)+ and N(AT) = R(A)L.

Proof. Let x € N(A). Then by definition, Ax = 0, so by isolating each row of this multipli-
cation we get

T T
[ailaai27---7ain] : [$1,$2,---,$n] = a1+ @ipx2 + -+ Ay, =0
for i € [m] being any row of the matrix A.

This row of A would be a column of A”. This means that [aﬂ, Qio, . . ., am} " is in the column
space of AT, or in the range of A”. So the above says that the dot product of any column
of AT and any element in N(A) is zero, which is the definition of orthogonal.

On the other hand, if x € R(AT)*, then x is orthogonal to each of the column vectors of

AT or all the row vectors of A. By retracing our steps through the paragraphs above, this
means that Ax = 0, which means x € N(A). So N(A) = R(AT)* as desired. The second
equation comes from applying this result to B = A”:

N(B) = R(BT)* < N(A") = R((AT)")* = R(A)".

]

10

Example 5.2.6. Find R(A) if A = [2 0

to find N(AT).

} . Then use the Fundamental Subspaces theorem
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Section 5.3

Application: Least Squares Problems

Objectives:
e Use linear regression to find least-squares solution lines to more complicated data lines

At this point we have gathered enough theory to develop a useful tool for data regression.
When given an overdetermined system of equations of the form Ax = b for a fixed matrix
A and vector b, it is typical that we will not find a solution x. This is because we have
more equations than unknowns - there are so many constraints on the set of what x can be.
However, we have now developed a notion of distance in R™, so we can set a new goal:

Find x € R" such that ||b — Ax|| is minimized.

It is possible that the minimum value of ||b — Ax|| is 0. In that case, b — Ax = 0, and the
vector x satisfies the equation Ax = b. Great! In any other case, the vector x will be the
vector such that Ax is the “closest” it can get to b. Let’s define the residual to be

r(x) :=||b — Ax||.

Another context where we are finding the “closest” point to a given line or plane is with
projections... so our picture from our previous section will be useful to bring back.

91



(©2025 John Weeks

b r(X)

R(A)

Note that the vector b is not in the subspace R(A), the range of A. So there is no vector x
such that Ax = b, because b is not in the range of A. However, the vector p - the projection
of b onto R(A) - is very close to b. Indeed, at this point r(x) will be the smallest possible
distance!

Let x be the value of x such that Ax = p. Then note that 7(x) € R(A)*. From our previous
section we know that R(A)t = N(AT). So b — Ax € N(AT), meaning that

AT(b—A%) =0 <+—= AlAx=A"b.

Is this new equation useful? It is: AT A is now an n X n matrix, meaning that there are n
equations with n unknowns. If A has linearly independent vectors, then so does AT A, and
we get the following theorem:

Theorem 5.3. If A is an m X n matriz of rank n, the normal equations
AT Az = ATb

have a unique solution

= (ATA)TATb.
The vector T is the unique least squares solution of the system Ax = b.

Example 5.3.1. Find the least squares solution of the system

33‘1+.T2:3
—2x14+ 319 =1

2!E1 — Ty = 2.
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find the best least squares fit by a linear

Example 5.3.2. Given the data ;:

function.
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Example 5.3.3. Find the best quadratic least squares fit to the data:
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Section 5-4

Inner Product Spaces

b
(f.g) = / FO0g(r) d

Objectives:
e Generalize the dot product for R™ to the concept of inner product for a special class
of vector spaces
e Redefine vector geometry: projections, distance, and orthogonality
The definition in the graphic above is an example of an inner product on C|a,b]. Much
like the dot product, it inputs two vectors (in this case, functions f and g), and outputs a

numerical value. This mapping needs to satisfy a few more conditions in order to be called
an inner product:

Definition 5.4.1. An inner product on a vector space V' is an operation on V' that assigns
to each pair of vectors x,y € V' a real number (x,y) satisfying the following:

(i) (x,x) > 0 with equality iff x = 0; we define ||x|| = \/(x, %) to be the norm of x.
(ii) (x,y) = (y,x) (that is, the order of x and y doesn’t matter in the inner product)

(iii) (-,-) is linear in the first argument; that is,

(ax + By, z) = a(x,z) + S{y, z).
A vector space (V,+, -, (-,-)) with an inner product is called an inner product space.

Note that (ii) and (iii) together combine to show that the inner product is also linear in the
second argument, because

(x,ay + fz) = (ay + fz,%) = aly, x) + 5(z,x) = a(x,y) + {x,2).
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Example 5.4.1. Show that the dot product is an inner product on R

Example 5.4.2. Define (f, g) / f(z)g(z) dx as the inner product on C|—m,7]. Find

(sin(x), cos(x)).
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Given an inner product space V, we say that two vectors u,v € V are orthogonal if
(u,v) = 0. Now that we can define angles in inner product spaces, we can make similar
theorems about inner product spaces that we can in R™:

Theorem 5.3 (The Pythagorean Law). If u and v are orthogonal vectors in an inner product
space V', then
[+ olf* = [luf* + o] *.

Example 5.4.3. Show that sin(z) L cos(x) in C[—m, 7|. Then find ||sin(z) + cos(z)||.
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Theorem 5.4 (Cauchy-Schwarz Inequality). If w and v are any two vectors in an inner
product space V', then
[{u, )| < [Jul][]].

The proof of this theorem is slightly trickier, since we have not defined a bona fide angle
yet. We will do so once we have proven this theorem.

Proof. 1f either u = 0 or v = 0 this is clear, so let u,v # 0. Let p be the vector projection
of u onto v. Then we have two facts:

(i) [Jul|* = [|p||* + ||lu — p||*. (Pythagorean Law)

(u,v)

vl

(i)

= |Ip||- (Definition of scalar projection)

Combining these two facts we get the equation

({u, v))?

W—HP\F la* = [lu—p|*

Multiplying both sides by ||v||* we get
((u, v))? = [[ul?[[v]* = [lu = pIFVI* < [ul*[Iv]]*.

Therefore, taking square roots of both sides gives us that |(u, v)| < ||lul|||v]||, as desired. O

We define the angle 6 between two non-zero vectors u and v to be

9 = COS_l (M) .
[[al[{v]]
Example 5.4.4. Let (f, g) fo x) dz be the inner product on C[0, 1]. Find the angle
between the vectors 1 and x on C'|0 [ , ]
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Example 5.4.5. Find the angle between the vectors 1 and z in the following vector spaces:

(a) C0,1] with the inner product (f,g) = fol fgdx
(b) C[—1,1] with the inner product (f,g) = f_ll fgdz

(c) P, with the inner product (p,q) = p(0)q(0) + p(1)q(1)
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Section 5.5

Orthonormal Sets

N
i
S

1
-1

Objectives:

e Revisit orthogonal sets and find their applications to least squares problems

e Define orthogonal matrices and use them to compute vector projections

We begin by revisiting the definition of orthogonal basis that we introduced in Section 5-1.
Recall that this definition had two components: it asked that our set of vectors {vy,...,v,}
be a basis for a vector space while also having the property that i # j = v, L v;. This
latter property is important enough to merit its own definition:

Definition 5.5.1. Let vy, ..., v, be nonzero vectors in an inner product space V. If (v;, v;) =
0 whenever i # j, then {vy,va,...,v,} is said to be an orthogonal set of vectors.

If we suppose further that ||v;|| = 1 for all 7 - that is, that each vector in the set is a unit
vector - then we say that {vq,...,v,} is an orthonormal set of vectors.

Here are a few facts about these sets of vectors:

o If {vy,...,v,} is an orthogonal set of vectors, then normalizing these vectors by
dividing each one by its length does not change the angles between the vectors - it only

\% v
scales them. So {—1, ceey —n} is an orthonormal set of vectors.
[V V]|
o If {vy,...,v,} is an orthogonal set of vectors, then it is also a linearly independent

set.
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Let’s give a brief explanation of this last item. Suppose we have this orthogonal set {vy,...,v,}
as part of the linear independence equation

vy +covo + - -+ ¢, v, = 0.
Then taking the inner product with v, on both sides, we get
<V1761V1 + -+ Cnvn> = Cl<V1,V1> + Cn<VlvVn> = <V170> = 0.

By definition of orthogonality, the left hand side simplifies down to just ¢;(vy, vi). Since
(v1,vy) is not zero, we must have that ¢; is equal to 0. Repeat this process by taking the
inner product with each v;, we get that all constants equal 0, as desired.

Example 5.5.1. Show that {[1, 1, 1}T, [2, 1, —3}T, [4, -5, 1}} is an orthogonal set in R3.
Then form an orthonormal set of scalar multiples of these vectors.

Example 5.5.2. Show that {1,z} is an orthogonal set in C[—1,1]. Then form an orthonor-
mal set of scalar multiples of these vectors.
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Example 5.5.3. Show that {1, cos(z),cos(2z),...,cos(nz)} is an orthogonal set of vectors
in C|—m, | when equipped with the inner product

(f,9) = %/_ﬂ f(x)g(z)dx.

Then form an orthonormal set of scalar multiples of these vectors. (Hint: cos(kx) cos(jz) =
slcos((k — j)x) + cos((k + j)x)].)
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We say that an orthonormal basis is an orthonormal set that is also a basis. The set we
found in Example 5.5.1 is an orthonormal basis, while the set we found in Example 5.5.2 is
not an orthonormal basis. (We know this because C[—, 7] contains all polynomials, which
we know to be infinite dimensional from a previous section.)

Theorem 5.5. Let {uy,...,u,} be an orthonormal basis for an inner product space V. Let
u, v be vectors in V. Then we have the following results:

(i) v="2"1 (v, w)u;.
(ii) Ifw="> " a;u; and v="> .  bw,, then

(u, v) = Zaibi.
i=1
(iii) (Parseval’s Identity) ||v]|* = >0 ({v, w;))?.
The first is true by orthonormality: since {uy, ..., u,} is a basis, we have v = cyu; +- - -+c,u,
for some constant ¢; for i € [n]. Then

(viyuy) = (crug + - -+ + cpup, ug) = (g, ug) + - - - + ¢ (up, uy).

Note that the only nonzero term in this right-hand side is the first one, which is equal to ¢;
all by definition of orthonormal. Repeating this process for all other vectors u; we get the
result.

The second item follows directly from the first and the linearity of the inner product. The
third item comes from applying the second item to the same vector and calculating (v, v) =
|v]|?, then substituting in the constants (v, u;) from the first item.

1
Example 5.5.4. The set {E, COS(ZQ:)} is orthonormal in C[—m, | with the inner product

given in Example 5.5.3. The function sin*(z) can be written as a linear combination of this
orthonormal set in the following way:

in?(z) — (%) % + (—%) cos(2:).

Using this information, rewrite the integral f:r sin*(r) dz as an inner product and
calculate its value.

We note that ["_sin(z)dz = 7-1 [T sin®(z)-sin®(z) dz = n(sin®*(z), sin®(z)) = 7||sin®(z) .

T (%) . (—%) Jeos(2) 2

Now we can use the Pythagorean Law!

(@l = [ (25) 7 4 [(~2) et
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We notice that, since the set {\/Li, cos(2x)} is orthonormal, both of these vectors

1
V2

Jsin?(z) 2 = (%) ' (-%) 1,18

/ sin(z) dr = 7||sin®(2)||* = %TW

2
have length 1. So = ||cos(2x)|| = 1. So

Therefore,

—T

Example 5.5.5. Continuing from Example 5.5.4: find £ [7_sin*(z) cos(2z) dz.

We begin by rewriting this integral as an inner product.

1 /7r sin®(z) cos(2z) dr = (sin*(x), cos(21)).

™

—T

We cannot use Pythagorean Law here because, in its current form, this expres-
sion cannot be written as a length. Instead, we use the decomposition of sin*(x)
once more:

(sin?(x), cos(2z)) = <<%) % + (—%) Cos(2x),cos(21:)>
_ % <% cos(2x)> + (—%) (cos(2z), cos(2z)).

Since the set {\%, cos(2x)} is orthonormal, we can evaluate these two inner prod-

ucts! The first one is 0, since the two vectors are orthonormal. The second one
is 1, since this is the length of this vector squared which is 1! So

1 /7r sin(z) cos(2x) dr = (sin*(7), cos(2z)) =

™

.0 —

DN | —
[\

Sl

—Tr
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We already have described an n x n nvertible matrix as a matrix where its column vectors
form a basis for R". We have another definition in the case that a matrix’s column vectors
form an orthonormal basis for R":

Definition 5.5.2. An n X n matrix () is said to be an orthogonal matrix if the column

vectors of () form an orthonormal set in R™.

The following properties are true for all orthogonal matrices:

Orthogonal Matrices
If @ is an n X n orthogonal matrix, then

a) the column vectors of () form an orthonormal basis for R™

(

(b) QTQ—I

(c) @

(d) (@x,Qy) = (x,y)
(e) lQx]l = [Ix|

The property “QT(Q = I” holds even when the columns of the matrix form an orthonormal
set rather than an orthonormal basis for our space. That is, whenever a matrix A has more
rows than columns - like in the case of a least-squares problem - it is still true that A7A = I.
Recall that a least-squares solution to the equation Ax = b is equal to x = (ATA)"1ATb.
We can simplify using this property to get:

Theorem 5.6. If the column vectors of an m X n matriz A form an orthonormal set of
vectors in R™, then the solution to the least squares problem Ax = b is

z=(ATA)ATb = ATD.

We can combine this theorem with the items from the first theorem in this section to find
least squares approximations using the process outlined in the next example.
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Example 5.5.6. Find the best least squares approximation to e* on the interval [0, 1] by a
linear function.
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We end this section by discussing trigonometric polynomials, which are polynomials of
the form

to(x) = % + ;(ak cos(kx) + by sin(kx)).
As an extension of Example 5.5.2, we can see that the collection of functions

{% cos(x), cos(22), .. ,Cos(n:L')}

is an orthonormal set in C[—, 7] with respect to the inner product (f, g) = £ [7_f(x
In fact, using more sum-to-product formulas from trigonometry, we can determlne that the
functions {sin(z), sin(2z), ... ,sin(nx)} can also be added to this orthonormal set to give us

{% cos(x), cos(21), . .., cos(na), sin(x), sin (2, . .. ,sin(nx)}

is an orthonormal set in C[—mn, 7.

Even if a function f is not in the span of this set, we can use this set to find a least squares
approximation. Just as in our previous example, the constants ag, by for k € {1,2,...}
above can be found in the following way (we will find ay below):

ap = (f,cos(kx)) = f( ) cos(kx) dx
= (f,sin(kzx)) / f(z)sin(kx) d

Note that (f, %)% (f, 1) by linearity of the inner product, so we define

aoz(f,l):%/_wf(x)dm

since we are already dividing our function by 2 in the trigonometric polynomial formula.
The constants a; and by are called the Fourier coefficients of f.
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Example 5.5.7. Find the best least squares approximation to f(x) = |x| on [—m, 7] by a
trigonometric polynomial of degree less than or equal to 2.

A trigonometric polynomial of degree (at most) 2 is of the form

% + aq cos(x) + by sin(z) + ag cos(2z) + by sin(2z).

We use the formulas from the previous page to calculate:

™

ap = (f(z), 1) = (|z|,1) = %/ || dx = ;/Oﬁxdmzw
a; = (f(x),cos(x)) = (|z|, cos(x)) = %/W || cos(z) dx = %/mecos(x) = —%

—T

b = (f(2),sina)) = {ja]sinz) = ~ / " Ja]sin(z) = 0

—T

A=

as = (f(x),cos(2x)) = (|z|, cos(2x)) = %/W || cos(2z) = %/wacos@x) =—

by = (f(z),sin(2x)) = (|z|,sin(2z)) = %/ |z|sin(2z) = 0

—T

So plugging these in we get our trigonometric polynomial to be

1
cos(x) + 0sin(x) — — cos(2x) + 0sin(2x).
m

SHIS

m
2
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Section 5.6

Gram-Schmidt Orthogonalization

W, = Span{v,, v}}

Objectives:

e Construct an orthogonal basis from any basis using vector projections

e Formulate QR factorizations to solve least squares problems

3 1

Example 5.6.1. Let W = span{x;, x5}, where x; = |6| and x; = |2|. Construct an
0 2

orthogonal basis {vy, vy} for W.
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Example 5.6.2. Let x; = , Xg = ,and x5 = . If W = span{xi, x5, x3} C R%,

—_
_ == O
_ = O O

find an orthogonal basis of W.

This process of orthogonalizing is called Gram-Schmidt orthogonalization. We summa-
rize this process below:

Gram-Schmidt Orthogonalization

Let {x1,...,x,} be a basis for a nonzero subspace W C R™. Then define
V1 = X1
X9 V1
Vo = Xo — Vi
ViV
X3-V1 X3 V2
V3 = X3 — Vi — Vo
Vi v Va2 V3
Xy * V1 Xy * Vo Xy Vy_1q
Vp:Xp— 2 Vi — 2 Vg — +++ — i 2 p—1
ViV Vo * Vo Vp—1-°Vp_1
Then {vy,...,v,} is an orthogonal basis for .
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Example 5.6.3. Let

1 -2 -1
2 0 1
A= 2 -4 2
4 0 0

Find an orthonormal basis for the column space of A.

Example 5.6.4. Starting with the basis {1, z} for P, use Gram-Schmidt orthogonalization
to find an orthonormal basis for P.
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Section 6.1

Eigenvalues and Eigenvectors

Multiplication _ »

/

by7 -
e
/
’
Eigenspace

forA=7

Multiplication ~4 _]

by —4

Objectives:

Eigenspace

forA=-4

(6,-5)

e Compute and recognize the eigenvalues and eigenvectors of a matrix

e Describe the geometry of a matrix transformation in R?

We return to our geometric visualization of matrices. In this chapter we will learn how to
describe what Av is without calculating it exactly. Let’s begin with a little exploration.

1 0
0 —1
any vectors v such that Av = —v?

Example 6.1.1. Let A =

112

. Are there any vectors v such that Av = v? Are there
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Any vector that does not rotate but only scales when mapped through a linear operator -
such as the vectors we found in the previous example - is called an eigenvector, and the
factor it scales by is called its eigenvalue. More formally, we have the following definition:

Definition 6.1.1. Let A be an n X n matrix. A scalar A is said to be an eigenvalue of A
if there exists a nonzero vector x such that

Ax = \x.

The vector x is said to be an eigenvector belonging to A.

1

0 _OJ has an eigenvector [é] with eigenvalue 1

In the previous example, the matrix A = [

and an eigenvector {O} with eigenvalue —1.

1

4

Example 6.1.2. Show that x = {ﬂ is an eigenvector of A = L

_12}. Compute its

eigenvalue.

There is a geometric way to interpret eigenvalues and eigenvectors. In the above, we can

2
1 by a factor of 3. Once we have enough
eigenvalues and eigenvectors we can describe what A does to any vector.

say that the matrix A stretches any vector near

The key to finding eigenvalues and eigenvectors lies in solving the equation Ax = Ax. If
we subtract Ax from both sides, we get Ax — Ax = 0. We could factor out x if both A
and A were matrices. So we multiply x by the identity matrix I on the left and get that
Ax — A\[x = 0, which implies

(A= X)x=0.
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As a result we get the following statements to be equivalent:

A is an eigenvalue of A.

(a
(b) (A — AI)x = 0 has a nontrivial solution.
(

(d
(e) det(A—AI)=0.

)
)

¢) N(A— ) # {0}.
) A — A is singular.
)

This last condition in particular is useful - it is called the characteristic polynomial. We
will see the reason for this naming in the example below:

Example 6.1.3. Find the eigenvalues and eigenvectors of the matrix A = [g _22} :
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Sometimes an eigenvalue can belong to a set of more than one linearly independent vectors.
We say that an eigenspace corresponding to an eigenvalue A is the space of all eigenvectors
of \. We say that \ has geometric multiplicity equal to the dimension of its eigenspace.

2 =31
Example 6.1.4. Find the eigenvalues and corresponding eigenvectors of A = |1 -2 1
1 -3 2
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Section 6.2

Linear Differential Equations

Objectives:
e Solve linear differential equations using matrices

Recall the differentiation operator D : C'[a,b] — Cla, b] defined by D(f) = f’. This operator
can be extended to apply to multiple functions at the same time. For example, for functions
Y1, Y2 € C'a, b], the system of differential equations

can be written as D(Y) = E (w)}’ where Y = Bl] We will simplify this notation by
2

writing Y' = D(Y).

We define the equations below to be a system of first-order linear differential equations:

YL = ant + a2y + -+ a1nyn
3/5 = Q21Y1 + A22Y2 + -+ + G2pYn

Yp = @11 + Qoo + -+ Gon Y-
Simplifying this using our notation above, we get that this system is
Y' = AY,

where A is the matrix of coefficients on the right-hand side of this system.
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Example 6.2.1. Solve the first-order linear differential equation y’ = Ay.

Example 6.2.2. Solve the first-order system of linear differential equations Y’ = \Y.

Example 6.2.3. Now let A be an eigenvalue of A and let x be an eigenvector corresponding
to X\. Show our solution from Example 6.2.2 solves Y' = AY.

Example 6.2.4. Show that, if Y; and Y solve the system Y’ = AY, then so does oY, +
BY 5.
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Let’s apply this theory to an example.

Example 6.2.5. Solve the system

Y = 3y1 + 4y»
Yy = 3y1 + 2ys.

Using this information, solve the initial value problem when given that, when ¢ = 0,
y1 =6 and yo = 1:

Yy = 31 + 4ys
Yo = 3y1 + 2y,.
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Example 6.2.6. Solve the system below:

Yy = 4y + 3y,
yé =12

Further suppose that, when ¢t =0, y; = 1 and y, = 1. Find the solution to the initial value
problem.
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Section 6.3

Diagonalization

n_| n

Objectives:

e Discover matrices which are similar to diagonal matrices
e Use the matrix exponential to solve linear differential equations
A final use for eigenvalues and eigenvectors has us returning to the definition of similar

matrices from before. Recall that we said that row equivalent matrices A and B are similar,
in the sense that there exists some invertible matrix P such that

A=PBP!.

We say that an n x n matrix A is diagonalizable if it is similar to a diagonal matrix. Let’s
see how this could be useful:

Example 6.3.1. Say that a matrix A is similar to the matrix {(1) _01} . Calculate A%0%4,
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This is particularly useful in applications of Markov chains and solving linear differential
equations - we will explore this latter application soon. We can use eigenvalues and eigen-
vectors to discover a large class of matrices that are diagonalizable in this way.

We begin with a theorem that helps connect these two worlds:

Theorem 6.1. If Ay, ..., \; are distinct eigenvalues of an n xn matriz A with corresponding
eigenvectors xy, ..., &y, then @y, ...,z are linearly independent.

Proof. Consider these eigenvectors X1, ...,x; and let r < k be the largest number such that
X1, ...,X, are linearly independent. If » = k, we are done, so let’s assume r < k. Then since
r + 1 is larger than r, the first 4+ 1 vectors must be linearly dependent. So

X1+ oXp + 61X =0
has a nontrivial solution. Applying A to both sides of these equations, we get
i Axy + -+ g AX, + 1 AX 1 = A0 = 0.
These Ax; can be simplified using the eigenvalue equation:
ciAXy + -+ GAXe + G A1 X = 0.
We return briefly to the first equation in our proof and multiply the entire thing by A,;1:
CLArp1X1 + -+ G A X + G A1 X1 = 0.

Here is the trick: notice what would happen if we subtracted these last two equations. The
last terms would cancel out, meaning that we would have no x,,; term. But the other terms
would not, because (for example) A\; — A\.41 # 0 - those two eigenvalues are distinct! This
means that we have shown that x1,...,x, are linearly dependent after all, which contradicts
our choice of r. So there’s no way for r < k, and once again we are done! n

Theorem 6.2. If an n X n matriz A has n linearly independent eigenvectors, then A is
diagonalizable.

Proof. For i € [n], let x; be an eigenvector corresponding to A;. Let X := [Xl Xo - Xn] )
Then

A1
AX = [Axl Axn} = [)\lxl )\nxn} = [:cl xn}
An

This latter matrix is a diagonal matrix with eigenvalues on the diagonal and zeroes elsewhere.
Let’s call it D. So AX = XD.

Since X has linearly independent columns, it is invertible, so we can multiply both sides on
the right by X1, So A = XDX~! and A is diagonalizable by definition. O

Note that combining these two theorems yields: if A has n linearly independent eigenvectors
OR n distinct eigenvalues, then A is diagonalizable. Let’s see an example.
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2 =3

Example 6.3.2. Let A = [2 5

}. Find matrices X and D such that A = XDX 1.

122



(©2025 John Weeks

3 —1 =2
Example 6.3.3. Let A = |2 0 —2]|. Diagonalize A if possible, or explain why diago-
2 —1 -1

nalizing is not possible.
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We close with our application of diagonalization to linear differential equations. Recall from
Example 6.2.1 that we found the solution of the single-variable first-order linear differential
equation to be y(t) = ce™. If we were given an initial value of y(0) = yo, we would plug in
Yo for ¢ to get the solution of the initial value problem to be

y(t) = yoe'™.

In multiple variables, this solution also works. We replace the variables y and yy with their
vector forms, and we replace the value a with the matrix A:

Y (t) = Yo'l

We have not seen the value e* defined before, but we can define it using power series. Recall
that the Maclaurin series for the function e” is defined as

2 1'3

r T
eF=ltat gt

We define the matrix exponential in the same way, replacing z to plug in A:
A% A3
A ...
et =l At o e

In general this can be a cumbersome formula - we now have to solve for an infinite series!
But plugging a diagonal matrix in for this matrix exponential yields a neat formula. Let’s
define D to be the following n x n matrix:

A1
D =
An

The blank space here and elsewhere denotes that the entries off of the diagonal are zeroes.
Then we have

1 1
e? = lim (I+D+—D2+---+—|Dm)
m!

ZL:O %/\If eM
= lim = .
m—0o0
> heo et
Hence
eM
XDXx—1 D? 1 1
A
e n

Let’s see this used in an example.
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Example 6.3.4. Use the matrix exponential to solve the initial value problem

Y' =AY, Y(0)=Y,

S|

where

Example 6.3.5. Solve the initial value problem Y’ = AY, where A = [

v.-[1]

1 -2
0 _J, where
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