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1 JANUARY 2024 Texas A&M

Note: different solution authors use differing notation for “is a (proper) subset of” (C,C) as well
as for “the (closed) ball of radius r at a point «” (B(r,z), B(x,r)); please be sure to interpret this
notation contextually. Another common notation throughout is that of [n] := {1,2,...,n}.

1 January 2024

1. Let F be a Lebesgue measurable set of positive measure. Show that for any 0 < « < 1, there is
an open interval I such that m(EN1T) > am(I).

Proof. One can directly prove this using Lebesgue differentiation theorem. Or one can use the defi-
nition of Lebesgue measure: Assume the statement is not true. Fix ¢ > 0. Let {U;};es be an count-
able family of open interval that covers E, such that m(E) > > .., m(U;) — . We have

m(E) > 1/ay m(UiNE) —c=1/am(E) — ¢,

where we used the fact that |J;c; Ui " £ = E. Let ¢ — 0, we obtain m(E) > 1/am(FE), contradic-
tion. O

2. Let (z,)52; be a sequence in [0, 1], and (¢,,)22; be a sequence of non-negative numbers such that
>0 | ¢n < o0. Show that the series
Z 1z — 2 |1 T — 2 [1/2

n=1
converges for almost every x € [0, 1].

el m is positive, it either converges or tends to co.

Therefore, it suffices to show that the integral

Proof. Since for every x the series > 7

is finite. By Tonelli’s theorem, we have

> o0
Z/ \x—:c|1/2 2= 2 (Van +VI—T,) <4) e < 0.
n=1 n—1

3. Find the sum - -
1

D DY

k=2 n= 2

Proof. Note that we can not use Fubini’s theorem as the double summation does not converges ab-
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solutely.
k _ k — k_—
PRI DRSS R PR 3) i
k=2 n=2 k=2 n=2 n=2 k=2
11— (=1t & 1 1 (—1/n)Kt
D I e D B T PR st
K—00 n2 1+1/n = nn+1)  K-oo n? 1+1/n
= 1 1 1
—|—K1_1>n007; (2K*1)n(n+1) 2’
where we summed up the telescoping series Zf:z m in the last line. O

4. Let f be a Lebesgue measurable function on [0, 1] such that f > 0 a.e. Suppose (E,)52, is a
sequence of measurable sets with the property that

/ fdx — 0.
E,
Prove that m(E,) — 0.

Proof. Let S5 = {f < ¢} for 6 > 0 and ¢ > 0. Since lims_,o, m(Ss) = 0, we can pick a ¢ such that
m(Ss) < e. Now, since fEn fdx — 0, we can pick N > 0 such that for all n > N,

/ fdx < £4.
E,
Now, we have
1 1
m(E, NS5) < — fdx < — fdx <e.
0 JE,nEs 0 JE,
Finally, m(E,) = m(E, N Ss) + m(E, N E§) < m(Ss) + ¢ < 2e. O

5. Recall that a point x is called isolated if {«} is an open set. Show that a compact metric space
with no isolated points is uncountable.

Proof. For any non-isolated 2z € X, {z} is nowhere dense. We then apply Baire category theorem.
O

6. Recall that the graph of a function f: X — Y is the subset {(z, f(z)):2 € X} C X x Y.

(a) State the closed graph theorem.

(b) Give an example of a discontinuous function f : R — R whose graph is closed. Here R has
standard topology.

(¢) Give an example of a discontinuous linear function f : X — Y, where X and Y are both
normed spaces, whose graph is closed.
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Proof. (a) A linear map between two Banach spaces is bounded if and only if its graph is closed.
(b)

0, z=0,
f(x)z{ ko

(c) Let Y = (C[0,1], ]| - |loo) With the uniform norm as usual, X = (C0,1],] - ||1) with the L' norm,
and f : X — Y the indentity map. Then f is unbounded as the L°°-norm is not bounded above
by the L'-norm and f is closed since the L>°-limit and L'-limit of any sequence must be the same
function (suppose they both exist.) O

7. Let (X, M, i) be a measure space with p a probability measure. Show that || f||, is an increasing
function of p for 0 < p < cc.

Proof. The case for infinity norm follows trivially. If 0 < p < ¢ < oo, then by Holder inequality

1 1 1
1Al = L7 2R < U1 I e = 11 F

O

8. Let X and Y be reflexive Banach spaces such that Y* is separable and there exists a continuous
linear transformation T from X to Y with kernel {0}. Prove that X* is separable.

Proof. As Y* is separable,it suffices to show T*(Y™*) is dense in X*. Suppose T*(Y*) # X*, take a
nonzero z* € X*\T*(Y*) and pick a nonzero x € X** = X such that z(z*) = 1 and « vanishes on
T+*(Y*) (Hahn-Banach). Now,

0= (2, T"(y")) = y*(Tx), Vy" €Y7,

therefore Tx = 0 as Y* separate points in Y. As kerT' = {0}, = = 0, contradiction. O

9. Let P be the space of real-valued polynomials, and P,, the subspace of polynomials of degree at
most n. Fix a € R.

(a) Show that for every n, there exists a unique g,, € P,, such that for all f € P,,
1
f@) = [ F@nade
0
(b) Show that there does not exist a Lebesgue integrable h € L([0, 1], dz) such that for all f € P,

1
fla) = | f@hta)da.

Proof. (a) Note that P, is a finite dimensional vector space with inner product (f,g) = [ fgdz, so
it is a Hilbert space. Since any linear functional on finite dimensional space is bounded, the linear
map f — f(a) is bounded and the statement follows from Riesz representation theorem.
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(b) Suppose there is such a h. Since P is dense in C[0, 1], we also have f(a) = fol f(@)h(z)dz for all
f € Cl0,1]. For any f € C[0,1], f > 0, we have fol f(x)h(z)dz = f(a) > 0, so h(x)dzx is a positive

Borel measure and in particular h > 0 almost everywhere. Now let f(z) = (z — a)?,

= 1x—a2xx
0—/0< V2h(a)de,

which implies h = 0 a.e., a contradiction. O

10. For f € C]0,1], denote co(f) the smallest closed convex subset of R containing {f(z) : 0 < z <
1}. Let @ be a linear mapping from C[0, 1] to R such that &(f) € co(f) for each f. Prove that

n? 1

lim @ =9
n00 ((nx—1)2+n2) (1+x2

).

Proof. First, note that as [0,1] is connected and compact, f([0,1]) is also connected and compact
and thus is a closed interval. In particular, co(f) is nothing but the image f([0, 1]).

n? 1 1 1

gzj((nx—1)2—&—712)_@(14—362) =&

((1 e Tha +x2>> - 50 ((1 T ix,i_vil(l +x2>) |

2z 1
2

2x—L1
n

(+(z—5)?) (1+a?)
2

=)

Since € [-1,2] for all z and n, we have |® (L) | < 2forall n. In

(4 (z—5)2) (1+22)

particular, &( - @(ﬁ) — 0 as n — 0. O

2 August 2023

1. Let f:(0,1) — R be a Lebesgue integrable function. For any = € (0,1) define g(z) = fml @d)\(t).
Prove that g : (0,1) — R is integrable and fol fdx = fol gd.

Proof. Since/ Tiss - £ ()]

1
= dA(t)dA(z) = / [£@)|dA(t) = || f]l1, we can apply Fubini. O
onx@n 1 0

(1) Let (X, M, ) be a measure space and let (f,),>1 be a sequence of measurable functions on X.
Define what it means that (f,),>1 converges in measure to a measurable function g.

(2) Give an example of a sequence of measurable functions that converges pointwise but not in
measure.

(3) Let (X, M, u) be a finite measure space and let (f,),>1 be a sequence of measurable functions
on X that converges pointside to g. Show that (f,)n>1 converges in measure to g.



2 AUGUST 2023 Texas A&M

Proof. (2) Consider R with the Lebesgue measure. Take f,,(z) := Ly>p.

(3) limy,—y00 fn(x) = g(z) means that Ve > 0,3IN > 1,Vn > N, |f,(z) — g(x)| < e. Therefore, the set
of converging points of (f,)n>1 is

X=U Nif—gl<e

e N>1n>N

In particular, for all € >0, Uys, N, >y 1lfn — gl < e} = X. Taking the complement, one get

() U fa—gl>ep) =0.

N>1n>N

Since | J,,» y{[fn — 9] > €} is decreasing for N and p is finite, we have limy 00 (U, > n {1 fn — 9] =

e}) = 1(ws1 U n{lfa — gl = €}) = 0. Therefore u({|fn — gl > €}) < p(U,sn{lfn — 9l 2 €}) =
0. O

(1) Let {X;}ier be a collection of topological space. Define what is the product topology on the
Cartesian product [[,.; X;.

(2) Prove that a compact metric space is separable.

(3) Show that every compact metric space is homeomorphic to a closed subset of [0, 1] (equipped
as usual with the product topology).

Proof. (2) For each n > 1, we can pick a finite set [, such that {J, Bi/n () is the whole space.
Now (1,5, F is a countable dense subset, as for any ball B,(z¢), we can pick n such that n <
1/(2r) and a y € F), such that z¢ € By, (y) which then implies y € B,.(2o).

(3) WLOG assume diam(X) < 1. Let (x,,),>1 be an arrangement of a countable dense subset of X.
Consider the map i : X — [0,1]N, i(x) = (d(x,2,))n>1. i is injective: we have x = limy, @, for
some sequence (ng)r>1, and if d(z, z,) = d(y, z,) for all n, then we also have y = limg x,,, = z. @ is
continuous by the property of the product topology as each of its coordinate d(-,z,,) is continuous.
Therefore ¢ is injective continuous function between compact Hausdorff spaces, which must be a
homeomorphism onto its image (which is compact). O

4. In this problem, recall the duality L;(R)* = Loo(R). Let S = {f € Loo(R) : A{z : f(z) >
e =0k

(1) State the Banach-Alaoglu theorem.

(2) Show that S is a weak*-compact subset of Lo (R).

(3) Is S a norm-compact subset of Ly, (R)?
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Proof. (2) Since S is contained in the unit ball of L., (R) which is weak*-compact, it suffices to
show that S is weak*-closed. For this we simply note that

1

Trem P20

fes = VgGLl(R),QZOa.e.,/g(

which is a property preserved under weak*-limit.

(3) No. Consider f, = %]len, then ||fr, — finlloo = % for n # m, hence (f,)n>1 has no converging
subsequence. O

5. Let k € C([0,1] x [0,1]) and f € C(][0,1]) be real-valued continuous functions. Define the function
T(f):[0,1] = R:

T(f)(x) = / k(o) f)dy, =€ 0,1,

(1) Show that T(C[0,1]) € C([0,1]).

(2) Show that T' maps bounded sets to subsets of compact sets.

Proof. (1) |T(f)(z) =T(f)(z")] > fol |k(z,y) — k(2',9)||f(y)|dy. Apply the uniform continuity of k.
(2) Use Arzela-Ascoli Theorem. O

6. Let f : (0,00) = R be continuous and such that for all x > 0 the sequence (f(nz)),>1 converges
to 0. Show that lim,_, f(z).

Proof. Writing Vz,lim,,_, o, f(nz) = 0 in terms of set, we have

R:ﬂ U n{m|f(:1m)|§€}

e N>1n>N

So for each fixed € > 0, Uysi MN,>niz o [f(zn)] < e} = R. Note that for each N, Ex = (1,5 n{z :
|f(zn)| < e} is closed, and (En)n>1 is increasing.

Claim: There exists Ny, a,b € R,a < b such that [a,b] C Ex,.

To see this one can directly apply Baire Category theorem, or one can prove this directly: Assume
the claim is not true. Since EY; is open, it is a union of countable disjoint open intervals. For N =
1, take [a1,b1] C (a},b)) C E$. For N # 2, as (a1,b1) is not contained in Es, (a1,b1) N ES is
nonempty open subset. One can then take [az,b2] C (a},b5) C ES N (a1, b1). Continuing this pro-
cess, we obtain a sequence of decreasing closed interval [an,by] C ES,. By the completeness of R,
Nnlan, by] must be empty, contradicting to the fact that Ny ES = 0.

Now, let F. = {z : |f(x)] < ¢}. We have nEx C F_ for all n > N. In particular, as [a,b] C Ey,,

[na,nb] C F. for all n > Ny. One can then easily check that there exists a ng > Ny such that

[noa,o0) € U, >,,[ma,nb] C F.. (Indeed, one simply need to take ng to be the numerator of a
ng

M a
rational number > < §.) O
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(1) State the Hahn-Banach theorem (for sublinear and linear functionals on a real vector space).
For the next two questions, X is a real normed vector space and we denote by X* the dual

space.

(2) Let C be a convex open set in X that contains 0 and define for all z € X, pe(zr) = inf{a > 0:
x € aC}. Show that pc is a sublinear functional and C' = {z € X : pc(x) < 1}.

(3) Let C be an open, convex, nonempty subset of X and z¢ ¢ C. Show that there is * € X* such
that z*(z) < x*(zo) for all z € C.

Proof. (1) Sublinear: p(z + y) > p(z) + p(y), p(tx) = tp(z) for all z,y € X, ¢ > 0. HB thm: If
f is a linear functional on a linear subspace Y of X such that f < p on Y, then there exists linear
extension f of f on X such that f <pon X.

(2) pe(tz) = tpe(x) is easy to show. If po(x) = «, pc(y) = B, then for any e > 0,z € (o + ¢)C
and y € (8 + ¢)C. Therefore z +y € (o + 8 + 2¢)C and hence pe(x + y) > a + S. It is clear that
{r € X : pc(x) <1} C C. To see the other direction, take z € C. As C is open, there exists a § > 0
such that (1 + d)z is still in C, therefore po(z) < 1/(146) < 1.

(3) WLOG assume 0 € C. Consider the linear functional f : Rzg — R, f(txg) = tpc(xo). Then
f <pc on Rxg. Let f be a linear extension of f such that f < po. Then we have

Vz € C, f(2) < po(z) < 1< polxo).
Finally, we need to check that f € X*. Let Bs(0) € C' N (—C) be an open ball centered at 0 € X,

then by the previous inequality —1 < f(z) < 1 for all z € Bs(0). In particular, f(B1(0)) C (1/6,1/6)
which implies the boundedness of f. O

(1) Given a Banach space (X, || - ||) and a sequence (z,),>1 € X. What does it mean that (z,)n>1
converges weakly to x € X7

(2) Let K be a compact Hausdorff space. Show that a sequence (fy,)n>1 in C(K) converges weakly
iff (fn)n>1 is bounded and converges pointwise.

Proof. See Problem 7, January 2019. O

9. Let 1 <p<qg<ro0and f €[0,1] = R be measurable. Show that

1£lg < IFIGIFI

ha
|
3=

where s =

I
S 1]

1 1
v

g=f5h=f1"%p =p/s, ¢ =r/(1—5)and r' = q. O

1
Proof. Apply the generalized Holder inequality [|gh|.» < ||gl[,||hly by taking — = with
T

10
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10.

(1) Give the definition of an orthonormal basis in a Hilbert space.

(2) Show that if a Hilbert space has a countably infinite orthonormal basis then every infinite or-
thonormal basis is countable.

Proof. (1) {en}ner family of unit vector such that (e, em) = 0m,, and span{ey }ner is dense in

H. (2) If H has an countable orthonormal basis, then it is separable. But if A has an uncountable
orthonormal basis, then it is not separable: let {e, }.c; be an uncountable orthonormal basis, then
{Bi/3(en)}ner is an uncountable family of disjoint open balls. O

3 January 2023

1. Show that there exists a constant ¢ > 0 (and give its value) so that for every measurable function
f:R —[0,00) we have

/f4d)\ = c/ BAN{f > t})dA(t).
R [0,00)
Proof. By Tonelli theorem,

/ AN f > t})dA(t) :/ 4% 1 p(5)>1dA(s)dA(L)
[0,00) Rx[0,00)

= S 4 S) = 4 .

= [ st = [ rax

O

2. Let (X, M, 1) be a measure space. Let (f,)nen be a sequence of integrable functions from X to
R such that lim, . fX |fr. — f|dp for some integrable function f : X — R. Show that for all e > 0
there is A € M satisfying u(A) < oo and for all n > 1,

/ fuldp <.
X\A

Proof. Let us fix e > 0. Since f - 1>, — 0 a.e. when m — oo, we have lim,, fX\{f>m} |flduw = 0.
Therefore, we can take B = {f > mq} for a large enough my, such that fX\B |fldu < e/2. As fis
integrable, u(B) < || fll1/mo < co. Also as limy o0 [y |fn — f|du, we can take N > 1 such that for
alln > N, fX\B |frn = fldp < [ |fn — fldp < &/2. In particular,

| ifddn< [ A= flaut [ ifldu<e vz .
X\B X\B X\B

Now, for each f, with n < N, just like for f, we can pick a measurable subset B,, with finite mea-

sure, and fX\B |fnldp < e. Finally, A := BU|J,y Bn satisfies the statement.

11
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3. Let (fn)nen be a sequence of measurable functions from [0, 1] to R.

(1) Show that if lim,— o |fn — f|dX\ = 0 for some integrable f, then (f,)n,en converges in A-measure

to f.

(2) Show that if (f,)nen converges A-almost everywhere towards a measurable function f : [0,1] —
R, then (f,)nen converges in A-measure to f.

(3) Does the conclusion in assertion (2) still hold if the functions are defined on R instead?

Proof. (1) For alle > 0, \({|fn — f| > €}) < [p|fn — fld\/e — 0 asn — oo. For (2), (3), see
Problem 2 from August 2023. O

4. Recall that a collection F of measurable functions from [0, 1] to R is said to be uniformly inte-
grable if

lim sup/|f|d/\—0

A)*)O fe].‘

(1) Given a non-negative g € L;([0, 1]), show that F, := {f € Li([0,1]) : |f| < g} is uniformly
integrable.

(2) Show that the closed unit ball of Ly([0, 1]) is a uniformly integrable subset of L ([0, 1]).

Proof. (1) For all measurable A, f € Fy, [, |fld\ < [, gd\, hence

lim sup/|f|d)\7 hm /gd)\fO

A(A)=0 feF,
where the last step is due to dominant convergence theorem.

(2) For each f with || f]|2 < 1, one have by Cauch-Schwarz inequality

/A FlAX < (171 (A(A)V2 < (A(A)2,

which converges uniformly to 0 as A(A) — 0. O

(1) Show that a compact metric space is separable.

(2) Prove or disprove that the unit ball of ¢, equipped with the norm topology is separable.

(3) Prove or disprove that the unit ball of ¢, equipped with the weak* topology is separable.
Proof. (1) See Problem 3 from August 2023. (2) FALSE, for any subset S C N, let fs := (1,c9)n-
Then (fs)s is an uncountable family such that ||fs — fs/|| = 1 for all S # S’, hence (By,3(fs))s is

an disjoint uncountable family of open balls, which forces the unit ball of /., to be non-separable in
norm.

12
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(3) TRUE, by Banach-Alaoglu, the unit ball of ¢, is weak*-compact. Also, since the predual ¢; of
l is separable, (£ )1 has a countable family of separating seminorms in the weak* topology, and
hence has a translation-invariant metric. In particular, the unit ball of ¢, with weak* topology

is a compact metric space and thus is separable. See Ch. 5, Exercise 50 from Folland. Indeed, let
(Sn)n>1 be a countable dense subset of (¢1)1, and define the metric on (£5)1:

A(f,0) = Y gel(sun f— )l

n>1
Claim: the topology defined by d coincide with the weak* topology on (fso)1-

First, assume that d(f,,, f) — 0 when m — 0 with f, f,, € (¢x)1. For every s € (¢1)1 and ¢ > 0,
we can choose a s, such that ||s, — s||1 < €/4. Choose also a M > 0, such that for all m > M,
d(fm, f) <2771, We have then |(s,, fm — f)| < 2%d(fm, f) < €/2. Therefore,

(8, fon = PN < (0 = 8, fm = F)| +€/2 < 2[sn — 51 + /2 =¢,

which implies that f,,, — f in the weak™ topology.

On the other hand, assume that f,,, — f in the weak® topology. For each ¢ > 0, choose a N > 0
such that 2,%2 < e. For each i < N, as limy, 00 (S, frn — f) = 0, we can choose a M > 0 such that
[(siy fmn — )| < e/2 for all m > M and ¢ < N. Now, for all m > M,

N N

AW 1) =3 5illon fe = DI+ 30 gellon fn = NI D ef2t sy <

n=1 n>N+1 n=1

6. For f € C[0,1], let
Il = 1)+ sup LW =F@I
0<z<y<l1 Yy—x

(1) Show that {f € C[0,1] : || f|lz < 1} is compact in C[0,1].
(2) Is the set {f € C[0,1] : ||f|lz < oo} dense in C[0,1] or not?

Proof. First, notice that for all f € C[0,1], z € [0, 1],

MEGES U]

<2[fllz-

And for x # y, we have furthermore |f(z) — f(y)| < | — yl|l|f]l-

(1) Let S = {f € C[0,1] : ||fllz < 1}. Then S is uniformly bounded by 2 and uniformly equicon-
tinuous. Hence by Arzela-Ascoli theorem S is precompact. It remains to show that S is closed. But
since for each 0 < z < y < 1, the map i,, : C[0,1] = R, iy, (f) = |f(0)] + W is norm-
continuous, we have

S= () ih((—o01)),

0<z<y<1

which is closed.

13
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(2) Tt is dense, as the set contains the set of all polynomials which is already dense in C[0,1]. O

7. Suppose X is a real Banach space and Y C X is a proper subspace. Show that the following are
equivalent:

(1) For every z € X such that z ¢ Y, there exists a bounded linear functional ¢ on X such that
d(z)=1and, forally € Y, ¢(y) =0.

(2) Y is closed in X.

Proof. (1) = (2): For each z € X\Y, pick a ¢, € X* such that ¢,(z) =1 and ¢, =0 on Y. Then

Y =,cx\y ¢z '({0}) which is closed.

(2) = (1): Use Hahn-Banach theorem. O

(1) Let X be a normed vector space and Y be a subspace of X. Show that if ¥ has non-empty in-
terior then Y = X.

(2) Let X be a banach space and T be a bounded operator on X. Show that if for all z € X, there
exists n € N such that 7" (x) = 0, then there exists d € N such that for all x € X, T(x) = 0.
Proof. (1) Since Y is a subspace, if Y has non-empty interior, then Y contains a neighborhood of 0.

In particular, Y contains an open ball of X and thus must contains X.
(2) Consider S,, = {x € X : T"(z) = 0} then X = U,,>15,. Apply Baire category theorem and
(1). O

9. Let (X, ] - ||) be a normed vector space. A sequence (zp)nen in X is said to be weakly Cauchy if
for all * € X*, (x*(xn))nen is a Cauchy sequence.

(1) Show that a weakly Cauchy sequence (x,,)nen in X is bounded.

(2) Show that for every weakly Cauchy sequence (2, )nen in X, there exists ** € X** such that
(Zn)nen weak*-converges to z** and ||z**|| < liminf,, oo |||

Proof. (1) Banach-Steinhaus. (2) Consider the linear map f : X* — R, f(z*) = limy, 00 2% (2n).
Then by (1), f is bounded, hence f € X** and by definition x,, weak*-converges to f. Finally, the
norm bound follows from the inequality

* _ . * S H * N H . * <1 . * * *
[f(@)] =1 lim 2%(z,)| = lim |27(z,)| = liminf [27(z,)] < lminf |27z, |, ve" e X
O

10. Let (gn)nen be a sequence of non-negative continuous functions on [0, 1] such that for each k €
N U {0}, the limit lim, fol t* g, (t)d\(t) exists. Show that there exists a unique finite positive
Radon measure p on [0, 1] such that for all continuous functions on [0, 1], fol fdp = lim, fol F@®)gn(t)dA(2).

14
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Proof. Let M > 0 be an upper bound of fol gn(t)dA(t). The linear map T : polynomials — R,

T(t*) = lim, oo fol t*g,, (t)d\(t) is bounded by M. We denote the bounded extension of T to
C[0,1] again by T. By Riesz representation theorem, T must coincide with some finite positive
Borel measure p (as [0,1] is locally compact Hausdorff, every finite Borel measure is Radon). O

4 August 2022

Problem 1. Let f:(0,1) — R.

(a) Give the definition of absolute continuity of f.

(b) Show that if E C (0,1) has Lebesgue measure 0 and f is monotone and absolutely continuous,
then f(F) has Lebesgue measure zero.

Proof. (a) Check Folland.

(b) (WLOG let f be monotone increasing.) Let U, = U32,(a?,b?) be a disjoint union of open inter-

vals such that m(U,,) < 1/n and E C U,,. Then since f is absolutely continuous, for all £k € N

M=

F07) — fa?) < <,

1

.
l

so by taking a limit in & Z;‘;l f(}) — f(a}) <e. Note then (since f is monotone) that m(f(U,))
¢ as well. Since f(E) C f(Uyn), m(f(E)) =0.

LI IA

Problem 2. Suppose X is a compact Hausdorff space and f : X — R is continuous. Let € >
0. Show the existence of an open set U C X and a continuous function g : X — R such that
F7'{0}) c U, g(U) = {0}, and ||g — fllu < &, where the norm is the uniform norm.

£)) (note f~1({0}) c U) and V := f~1((—=5.5)). Then UNV* = &, and
he C(X) such that h=10on V¢ and h=0on U.

ve = flve and |(fh)(@)] < | f(2)] for

Proof. Let U := f~1((—5%,
by Urysohn there is some

Define g = fh. Then g is continuous and g(U) = {0}. Also fh
all z € V. Hence

1Fh = flloo < 2(5) =e.
O

Problem 3. Let X be a complete metric space that is uncountable but has a countable dense subset
D. Suppose f : X — X satisfies f(X\D) C D and f(D) C X\D. Show that f cannot be everywhere
continuous on X.

Proof. This is similar to August 2021 #9, but only the first solution can be adapted. WLOG X

is connected; otherwise we can consider an uncountable connected component of X, which would
itself be a complete metric space. (If all connected components of X are countable, then since each
component must contain at least one element of D (since D is dense in X)) it must follow that X is
countable.) Let D = (d;){°, and note |J, f~'({d;}) = X\D. If f is everywhere continuous, each

15
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F71({d;}) is closed (since metric spaces are T7) and nowhere dense (any open set in f~!({d;}) must
contain an element in D). So X = [J,{d;} U U, f~*({d;}) is a countable union of nowhere dense
sets (since {d;} is not open; otherwise X is not connected), and Baire Category Theorem yields a
contradiction. Our only assumption was that f was everywhere continuous, so this must be untrue.

O

Problem 4. Fither give an example of a o-finite measure space (X, M, p) with an uncountable
family (Ax)xen of pairwise disjoint measurable sets Ay € M, each with u(Ay) > 0, or prove that
such an example cannot exist.

Proof. By #1 in January 2010, we should believe this cannot exist, and that proof can be gener-
alized. Let X = (J2°, X; where u(X;) < oo for all i. Let (A7); be pairwise disjoint in X;; then

{j : m(A?) > 1/n} is finite since u(X;) < oo, s0 {j : m(A!) > 0} = U, {j - m(A?) > 1/n} is
countable. Now let A; be disjoint in X; then {i : m(A4; N X;) > 0} is countable by the above, so
{i:m(4;) >0} =U;{i: m(4; N X;) > 0} is countable. O

Problem 5. Let V C C[0,1] be the linear span of the polynomials {x®" : n € N,n > 0}. For which
values of p, 1 < p < +o0, is V dense in LP([0,1]), (defined using Lebesgue measure on [0, 1], of
course)? Prove that your answer is correct.

Proof. By Stone-Weierstrass, V is uniformly dense in {f € C0,1] : f(0) = 0}. Now uniform conver-
gence implies LP-convergence for all p, and it is easy to find continuous functions (f,,) that converge
tolin L? for all 1 < p < oo (take f, = 1 on [1/n,1] and f,(z) = nz on [0,1/n]). Note C[0,1] is
dense in LP?[0, 1] for 1 < p < oo, so in fact C[0, 1] is dense in LP[0,1] for all 1 < p < oco.

However, if span{z®" : n > 0} were dense in L>°[0, 1], then by taking the (Q + Qi)-span of {z?" :
n > 0}, which is uniformly dense (and hence LP-dense) in the complex span, it would follow that
L°°[0,1] is separable. But L>°[0, 1] is not separable, as {1f, 11 },<c[0,1] is an uncountable collection
of L*°[0, 1] functions each of distance 1 away from each other (see August 2017 #4a). So any dense
collection of L*°[0, 1] must contain an element of the 1/2-ball around each of these functions (which
are disjoint) and hence must be uncountable. O

Problem 6. LetT : X — Y be a bounded linear operator between Banach spaces. Let X* and
Y™*, respectively, denote the dual spaces consisting of bounded linear functionals of X and Y. Let
T* :Y* = X* by defined by (T*¢)(x) = ¢(Tx) for ¢ € Y* and x € X. (You may assume and need
not prove that T* is well defined.)

(a) Show that T* is linear and bounded and satisfied ||T*| = ||T||.

(b) Suppose that T is onto Y and show that there exists ¢ > 0 such that |T*¢| > c||¢| for all
peyYr.

Proof. (a) These are all Folland problems and have been proven elsewhere.

(b) Tt is also a Folland problem (Exercise 22¢ of Chapter 5) that whenever T is onto, T* is injective.
We can also show the range of T™* is closed in the following way. Let (¢,,) in the range of T* con-
verge to ¢ € X*, and let ¢, € Y* be such that T*¢,, = ¥, oT = ¢,. Then ¢, oT — ¢ in X*. Now

16
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T is onto, so (¢,,) is in fact Cauchy in Y*, and therefore by completeness there exists ¢ = lim,, ¥,,.
Since T™* is continuous by (a),
T* = lim T*,, = lim ¢,, = ¢.

This proves the claim. Hence the range of 7% is a Banach space in its own right, and the Banach
isomorphism theorem applies and yields a bounded operator (T*)~! : ran(T*) — Y*. Hence for
¢ € Y* there is some ¢ € X* such that (T*)~!(¢)) = ¢, and

*\—1 *\—1 * 1
[T @ < @)~ il = 1T (@)l = 7”@*)_1”\\@5”-

O

Problem 7. Let X be a compact Hausdorff space and let C(X) be the Banach space of all contin-
uous functions from X to C, endowed with the usual uniform norm. Suppose (f,)52; is a bounded
sequence in C(X). Show that this sequence converges to 0 in the weak topology on C(X) if and only
if it converges pointwise to 0, namely,

VeeX lim f,(z)=0.

n— oo

Proof. The most frequently occurring qualifying exam problem has returned. :) See elsewhere, such
as Problem 3 of August 2015. O

Problem 8. Fuvaluate the limit

—T

tim | (1+%) (;7_1) (),

n—00 n

where X\ is Lebesgue measure on R and E = [2,00). Be sure to justify your assertions.

Using DCT. Note that
(1_|_ {) — enlog(l—l-%) < e(n%) = %,
n

In the inequality above we use the fact that, for any y > 0, log(1 + y) < y. (We see these two

quantities are equal when y = 0, and [log(1 + y)] = ﬁ < 1=y wheny>0.)

n =@

Hence the sequence of functions f,(z) = (1+ £)" -5— is bounded above by g(z) = —*5. Using
partial fraction decomposition (see bottom of MCT proof below) we see that g € L'(E), so by DCT
we have that

9
on

n+x n

x
)+
n—+x

an(x) = (1+ 2)"flog(1 + =) = ——] = (1+ )" [log( —1] = log(3)/2.

n-+x

Using MCT. Claim: the sequence of functions

17
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is increasing in n when x > 2. Take the partial derivatives with respect to n to get

x T n+x n
=(1+—)"1
] = (1 ) log(" )+

) = (14 2" flog(1 + %) - 1.

Now note the function f(z) = log(z) + + > 1for all z > 1. This is since log(1) + 1 = 1 and

fl(x)=121-% =231 >0 for z > 1. Hence

x2

n—+x n
)+
n n—+x

—1>0.

log(

So a%an(ac) > 0 for all > 2, proving the claim. Now we may apply MCT and get

. z\" e * 1

(We use that limy, o0 (1 + £)™ = limy,—00(1 + =)™ by setting m = 2.) We further note 1~ =

1 1
2z—1) ~ 2@+1)’ S°

1 1 1 1 1 o
(We use that limp_,o[log(b — 1) —log(b+1)] =0.) O

Problem 9. (a) State the Principle of Uniform Boundedness.

(b) Suppose that X andY are real Banach spaces and that ® : X x Y — R is bilinear, meaning that
it is linear in each variable separately. Suppose that

(i) for all x € X there exists Ay > 0 such that

VyeY [®(z,y)| < Aulyll
(i1) for ally € Y there exists B, > 0 such that
Vee X |®(z,y)| < Byl
Show there is a constant K > 0 such that
VeeX,VyeY [®(x,y)| < Klz|l|yll

Proof. (a) Folland. (b) Basically Folland, exercise 39 of Chapter 5. O

Problem 10. For every natural number n, let V,, denote the subspace of all polynomials of degree
< n, regarded as a subspace of C[0,1]. Let

Voo = | J Vi

n>1

For which n € {1,2,...,00} does there exist a bounded linear functional ¢ on C[0,1] such that
VgV d(g) =4¢'(1)?

18
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Justify your answer.

Proof. See Problem 4 of January 2013, noting the slight alteration. O

5 January 2022

Problem 1. Prove or disprove that if (f,)32, is a sequence of Lebesque integrable functions
Jn:[0,1] = R such that  lim || fu]|z1 () = 0,
n—oo
then for at least one value x € [0,1] we have

lim f,(x)=0.

n— 00

Proof. For n = 2™ + k for m € Nxg, k € [2™], we define

P ,QT]

Then f,(z) /4 0 for any z; indeed, f,(z) = 1 for at least one value in 2™ < n < 2™*1 But [ f, =
1
7

Problem 2. Let A be the set of all real-valued functions on [0,1] for which f(0) =0 and

This counterexample disproves the problem. O

Ilf(t) = f(s)|* <t—s forall 0<s<t<I.

Prove that A is a compact subset of L?[0,1]. Don’t forget to justify that A is closed in L*[0,1].

Proof. The set-up of the problem seems to suggest using Arzela-Ascoli I, but we are asking for this
collection to be compact in L?[0,1], not C[0, 1]. However, A C C[0,1]! This is because if s — ¢ in
[0,1], then |f(t) — f(s)|* — 0 by the condition, so |f(t) — f(s)| — 0 and f(s) approaches f(t).
Also, convergence in C[0, 1] implies convergence in L2[0,1]. (If f, — f uniformly, it is easy to find
a dominating function for f,, and use DCT: if we take g := max{f1,..., fn+1,|fn|+ 1} where N is
chosen such that n > N implies |f,(z) — f(x)| < 1 for all z € [0,1], then |f,| < g and g is in L%.) So
if we show A is compact in C[0, 1], then A is compact in L?[0, 1] as well. (Continuous functions on
a compact interval are bounded, so they are in L?. If (f,) C A, then there is a subnet converging
to f € A C C]0,1], so this subnet converges to f in A C L?[0, 1] as well by the above.) So Arzela-
Ascoli T works fine; we will also need to show A is closed.

Let € > 0 and choose § < ¢*. Then If |t — s| < 6, for any f € A we have |f(t) — f(s)| < |t — s|'/* <
e. This guarantees equicontinuity, and in fact |f(¢)[* = |[f(t) — f(0)|* <t < 1forallt € [0,1],
so |f(t)] < 1, giving a pointwise (in fact uniform!) bound for functions in A. Finally, if f, — f
uniformly for (f,,) C A, we have |f(t) — f(s)[* = lim, |fn(t) — fn(s)|* <t — s (since | - | and (-)* are
continuous functions), so f € A. O

Problem 3. Let E be a subset of R that has positive Lebesque measure and set

S={feLl'R):1gf =0 a.e}.
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Prove or disprove that S is closed in L'(R).

Proof. Let (f,) € L'(R) such that 1gf, = 0 a.e. be chosen such that f, — f € L'(R). We will
attempt to show f € S, thus proving the problem statement.

Let (fn,) C (fn) be chosen such that f,, — f a.e. Then since f,, = 0 a.e. on F and f,, — [ a.e.,
in fact f =0 a.e. on F as well. So f € S. O

Problem 4. Prove of disprove that there is a sequence of real polynomials (p,,)22, such that
1
Jim /O [pn(t)| dt =1,
but such that for all t € [0,1], limy, 00 pr(t) =0

Proof. First note that

! 1 1 1
/ 2"(1—x)de = — = .
0 n+l n+2 (n+1)(n+2)

Define f,(x) := (n+ 1)(n+ 2)z™(1 — x); then by the above fol |pn(z)] dz = 1. Now 2™ will dominate
the behavior of this function for large enough n (polynomial growth is dominated by exponential
growth) whenever x < 1, and 2™ — 0 in this case. Of course f,, (1) = 0 for all n, so we have proven
the problem statement. O

Problem 5. (a) Show (directly from the relevant definitions) that every separable metric space is a
2nd countable topological space.

(b) Suppose p is a Borel measure on a 2nd countable topological space X. Show that there exists a
largest subset U of X that is both open and p-null.

(c) Given an example of a topological space X and a Borel measure p on X for which there is no

largest subset of X that is both open and p-null.

Proof. Before beginning we note the similarity between part (b) of this problem and Problem 2 of
Chapter 7 in Folland. In particular, the complement of this largest subset is called the support of p.

(a) Call this set X. Let (2;);° be a countable dense subset of X, and consider the collection (B(n™!,z;))5%,_;.
This collection is certainly countable. For any z € X, there is some sequence of (x;) converging to

x,s0 x € B(1,z;) for large enough i. Also, if z € U for U open in X, then B(e,z) C U for some

e > 0. Choose z; such that d(z;,z) < £/2 and pick n such that n=! < ¢/2; then B(n™!,z;) C

B(e,z) C U. So this is a countable basis for X.

(b) Let C be the collection of all open, p-null sets in the countable basis for X. (If there are none,
then by monotonicity ¢ > 0 on all open sets, so & is the desired largest subset.) Take the union of
all elements C; in C (which is countable!); then p(JC;) < >, u(C;) = 0. Suppose V is also open
and p-null; then V' = |JU; for U, in the countable basis for X, and p(U;) < p(V) = 0 for all j.
Hence U; € C, so |J; C; D Uj for all j and therefore | J; C; D V. This gives the largest subset we
need.
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(c) Let X be an uncountable set, and let M be the o-algebra of countable and co-countable sets

on X. Define  : M — [0,1] to be 0 on countable sets and 1 on co-countable sets; then certainly
w(@) = 0. What’s more, for disjoint sets (E;)$° C M, at most one set E; is co-countable as any
such set is uncountable (since X is). Hence p(|J E;) is 1 if one such sets E; is co-countable and 0
otherwise (since the countable union of countable sets is countable). This agrees with the sum of
the measures of these individual sets F;, so i is a measure.

Is there a largest p-null set? If we suppose U € M is the largest pu-null set, then U is countable by
definition of u, and since X is uncountable there is some other nonempty countable subset V' C U*,
so U UV is also p-null, giving us our contradiction. O

Problem 6. Let (X, M, ) be a finite measure space and suppose f € LP(u) for some p € (0,00).

Show
Jim 1717 dp = e € X5 f(0) £ 0))
Proof. See Problem 2 of January 2010, amongst others. O

Problem 7. Suppose ()52 is a sequence in a Banach space X that converges weakly to x € X.
Show that

lim inf||z,| > ||=|.
n—oQ

Proof. Let f be the norm-one linear functional guaranteed by Hahn-Banach such that f(z) = ||z||.
Then f(x,) — f(z) = ||z|| by definition of weak convergence. Note |f(zn)| < ||fllllznl = l|znll- So if
(@n,,) C (zy,) such that limy||z,, || = y, then

y = lim |, || > lim |z, = 2],

so any subsequential limit of (||z,||) is greater than or equal to ||z||, completing the proof. O

Problem 8. Let 1 < p < oo and let f € LP(R). Show that

£ ()]

R1+t2dt<oo.

Proof. By Holder inequality, it suffices to show

1
Hm||q<00

1

W) for q S [1700),

where ¢ is the conjugate exponent to p. Since {H% :teR} C0,1], (H%)q <(
so it further suffices to show )
[l
e 1+t

(for the case where ¢ = 00, [[{z/lc = 1 < o0 since 1 + ¢* > 1). But this integral evaluates to
arctan(t) =. O

o0
— 00
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Problem 9. Show that for every positive integer n, there is a regular, Borel, signed measure p on
[0,1] such that for all real polynomials P of degree < n,

P1/2) = [ Pla)duta)
where P’ is the derivative of P.

Proof. See Problem 4 of January 2013, noting the slight alteration. O

Problem 10. Let X be the vector space of all real polynomials in one variable. Prove or disprove
that there exists a norm on X making X into a Banach space.

Proof. See Problem 9 of January 2010. O

6 August 2021

Problem 1. Let (X,Q) be a measurable space and suppose that ()52 is a sequence of real-valued

measurable functions on X. Show that the set of all points x € X for which (f,(x))S2, converges is

a measurable set.

Proof. Compare this with Exercise 3 in Chapter 2 of Folland.

We will say that a function may “converge to £00”, although the result will similar even if we ex-
clude this possibility. We have that limsup f,,(z), liminf f,,(z) are measurable functions. Define

( {0 limsup f,, () = co = liminf f,(z) or limsup f,(z) = —oco = liminf f,(x)
g(z) = .

limsup f, () — liminf f,(z) otherwise

Note that

g ({0}) =(tim sup £, — limnf f,)~*({0})
U ((timsup £,) " ({oc})) N (timinf £,) " ({oc}))
U ((timsup £,) " ({—00}) N (tminf f£,) " ({—o0})).

The first set in this union is measurable since the subtraction of measurable functions is a measur-
able functions, and the other sets are measurable since the intersection of measurable sets is mea-
surable. So g7*({0}) = {x : f, converges} is measurable since the union of measurable sets is mea-
surable. O

Problem 2. Suppose that X is a linear subspace of L*°21([0,1]) that is closed as a subspace of
L1([0,1]). Show that X is closed as a subspace of L?°21([0,1]) and that (X, ||-||2021) is isomorphic
(meaning “linearly homomorphic”) to a Hilbert space.

Proof. We have that X is a subspace of L2°21([0,1]) with the following property: if (f,) C X and
f € L' such that || f, — f|l1 = 0, then f € X. Consider (f,) C X and let f € L*?! C L' (by

22



6 AUGUST 2021 Texas A&M

a linear map) such that ||f, — f|l2021 — 0. Since m([0,1]) = 1 < oo, then by Proposition 6.12 in
Folland || fn, — flli < |Ifn — fll2021, 80 || fn — fll1 — 0 as well, so f € X as desired. By a similar
argument we have that if (f,) is a sequence in X such that || f, — f|l2 — 0 for f € L? C L, we get
f € X as well. Hence X is closed as a subspace in L?, so it may be linearly embedded as a Banach
subspace of L?. By restricting the inner product of L? to the space X, we find that X is isomorphic
to a Hilbert space. O

Problem 3. Regard L>°(0,1) = L'(0,1)*. Prove that if f € L°(0,1), then there is a sequence

(Pn)p1 of polynomials such that (1(g,1ypn)pey converges weak™ to f.

Proof. Choose f € L. By Lusin’s theorem, there is a function ¢,, € C[0,1] and a set E such that
m(E) < 1/n, f = ¢, on E° and ||¢nllco < ||fllco- Let pn be a polynomial such that |¢, — pn| < 1/n.

We note then that |(p, — f)(9)| < 2(||fllss) + 1)(lg]), which is an L* function. So

1
hm|/ |<hm|/ g|+hm/ gl < /li7rln|(pnff)g\lEJrlirILanHlﬁ — 0.

(The first term goes to zero as this integral is finite and the measure of E shrinks to zero.) The re-
sult follows. O

Problem 4. Let a and b be real numbers satisfying a > b > 1. Evaluate

. * n| cos(z)|
lim —_—
n—oo Jo 1+ naxb

Proof. Let y = nx; then note that dy = ndzx. So

o0 o0 o0
meos@l o o [T g [T L4
o l+mnoab o 14+nab o Ll+nabyb

There exists an n > 0 such that n®® > 1, in which case this function is bounded above by 1_&7
This function is integrable (by comparison and p-test on [1,00) and by a bound above by 1 on [0, 1].
So MCT applies (see the variant in Exercise 15 of Chapter 2 of Folland) and

lim de:/ lim de:/ 0dx = 0.
0 0

n—oo fo 14 noxb n—oo xbne 41

Problem 5. (a) State the closed graph theorem.

(b) Let a, > 0 (for n € N). Suppose that for any numbers v, > 0 we have

o0
>
n=1

(oo}

Show that we must have

8
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Proof. (a) See Theorem 5.12 of Folland. If X and Y are Banach spaces and 7' : X — Y is a closed
linear map - i.e., if the graph of T is a closed subspace of X x Y - then T is bounded.

(b) Define T}, : ¢ — R by

T’Y”nlﬁzm

This is clearly a linear map. It is also bounded by our assumption, which in fact tell us

o0

sup [Tk ((yn)nzs)

So by UBP

k
> supllTi] R‘“ére"szpu»Z =

- supnz
0 i)”?
ag

k=1

So > oo, a—lk < oo and we are done. (For the first equality on the second line, look at the paragraph
above the Riesz representation theorem for Hilbert spaces in Section 5.5 of Folland.) O

Problem 6. Prove that if X is a separable Banach space then there is an injective bounded linear

operator from X into 2021,

Proof. Let (2,)$2; C X be dense in X. By Hahn-Banach there exists z € X* such that ||z} || =1
and |z} (z,)| = ||zn||. Define

- x*(x

Z 2k

k=1

for T : X — (2021 We want to show this operator is well-defined; it suffices to show it is bounded.

Let z € X; then

Z |z} (z Zm
HT H2021 - 22021k 1/2021 < ||(EH 22021k 1/2021 S ||£L'||
k=1

(We are using ||z7|| =1.)

We now want to show T is injective. Let (ym)2%5_; C U, —,{zn} be such that y,, — = where 0 =
T(xz) = z}(x) for all k € N.

We claim ||y, || — 0. We note there is some k,,, such that y,, = xzy,, for all m. So

0=z, (@) = [|zg,, (@ — ym)| — |2k, (Ym)]
= |$Zm(ym)| = [lymll < ”xZMHHx - ymH = ||z — ym| — 0.
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Thus, ||z]| < ||z — ymll + ||lym] = 0. So ||z|| = 0 and we are done. O

Problem 7. Prove that if C is a weakly compact subset of C[0,1], then C is a norm compact sub-
set of L*(0,1). You may use the theorem that if a subset of a Banach space is weakly compact then
it is weakly sequentially compact.

Proof. Take an arbitrary sequence (f,,)5; in C. By our assumption of weakly compactness of C
there exists f € C[0, 1] and a subsequence (f,,) such that f,, — f in C[0,1]. Let us replace fy,
with f,,; we will show f,, — f in L?[0,1], completing the proof.

First we claim || f,,||c < 00. Define T}, € C[0,1]** by T}, (1) = [ fn dpu. Note that Yu € C[0, 1]*,

ITo()] < I/fn ~ fdyl +|/fdu\ < N4 Il

where N is some bound guaranteed by the fact that f fn — fdp — 05 this sequence is eventually
bounded, and we may exclude any elements of this sequence that are not. By UBP, sup,, || 15| < oo.
So there is some M > 0 such that |T,,(6,)| = | [ fndds| = [fu(z)] < M. So |[falleec < M, as we
claimed.

Thus, as | [(fn — f) 0| = |fu(z) — f(z)] = 0 for all = € [0,1], and

1fn = 17 < (Ifalloo + 1fllo0)? < (M + || flloo)? € L'(0,1),
by LDCT, limy, o0 [ | fn — f12dm = [limy, o0 | fr — f|?dm = 0. O

Problem 8. (a) Prove that every infinite-dimensional vector space contains a linearly independent
set whose linear span is the whole space.

(b) Prove that every infinite-dimensional Banach space has a discontinuous linear functional.

Proof. (a) Let C be the collection of linearly independent sets of our infinite-dimensional vector
space. Any singleton set (other than 0) is linearly independent, so C is non-empty. Partially order
C by inclusion and let (C,) be a chain in C. Consider |J, C, and assume Z?Zl a;c; for ¢; € U, Ca,
a; in our field. Then since (C,,) is a chain there is some C?, containing all of ¢;, so clearly all o; =
0. Hence by Zorn’s lemma C has a maximal element C'. Assuming the linear span of C is not the
whole space, let v be an element in our vector space not in the linear span (note v # 0). Then we
claim C + v is linearly independent; indeed, if not, then there is some nontrivial solution (¢;) to
Z?:l ;e + agu for some (¢;) C C, n € N. But ag # 0 since C is linearly independent, so we can
write v as the linear span of the other elements of ¢; - a contradiction. This proves the statement.

(b) Let (x,)52; be an infinite linearly independent set. WLOG we may assume ||z, || = 1 for all n.
Define a linear function f on the subspace generated by these x,, such that f(x,) = n. (We may
extend linearly while keeping the function well-defined by definition of linear independence.) Then

| £l > n for all n, so f is unbounded and hence discontinuous. O

Problem 9. Prove or disprove: There is a continuous function f from the reals to the reals such
that for all rational numbers x, f(x) is irrational, and for all irrational numbers x, f(x) is rational.
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Proof. The following disproves the statement above. Assuming the existence of such a function f:
for ¢ € Q, the sets f~'({q}) are closed since f is continuous. Now by definition of f o f~({q})
is the set of irrational numbers. Hence R = {J, .o f~ ({¢}) UU,eq{4}, a countable union of nowhere
dense sets. Baire Category Theorem gives the needed contradiction. O

Problem 10. Let F be a continuous, real-valued function on [0,1] x [0,1] x [—1,1] and for f in the
unit ball of Cr[0,1], define Gy :[0,1] = R by

1
Gils) = / Fls,t, f(£)) dt.
0
Show that {Gy : f € Cr[0,1], || f|| <1} is a pre-compact subset of Cr[0,1].

Proof. Tt’s time to use Arzela-Ascoli I. Note that F' is continuous on a compact set, so it is uni-
formly continuous. Fix ¢ > 0 and choose § > 0 such that d((s1,t1,u1), (S2,t2,u2)) < 6, then
|F(51,t1,u1) — F(SQ’tQ’UQ)‘ < e. Then for |81 — 52| < (;,

Gy (s1) — Gy(s2)| = | / [F(s1.t, () — F(sart, £(1))] dt] < / F(s,t, £(t) — Flso,t, f(2))]dt < e.

(In the first equality, by considering F(t) := F(s1,t, f(t)) and F(t) := F(s2,t, f(t)) we are free

to write [ Fydt — [ Fpdt as [ Fy — Fydt.) This is true irrespective of our choice of f, so {Gy: f €
Cr[0,1], || f|| < 1} is equicontinuous. Also |F| < M for some M > 0, so |G ¢(s)| < sup F(s,t, f(t))m([0,1]) <
M as well, giving a pointwise bound. So Arzela-Ascoli applies and we are done. O

7 January 2021

Problem 1. Let (X, pu) be a finite measure space and f : X — [0,00) an integrable function. For
each n set g,(x) = f(x)" for allz € X. Show that the sequence (g,) converges in L*(11) and
determine the limit.
Proof. See Problem 2 of January 2010, amongst others. O
Problem 2. Let yu be Lebesgue measure on [0,1] and let A be a closed subset of [0,1]. Prove that
w(A) =0 iff there is a sequence (p,) of polynomials such that

(i) pn(x) >0 for all n and x € [0,1],

(i1) fol D dp — 0 as n — oo, and
(i4i) pn(x) — oo for all x € A.
Proof. (<) Say we have polynomials (p,) > 0 such that [ p, — 0 and p,,(z) — co. Then p,, — 0 in
L', so there is some subsequence converging to 0 a.e. But p,(z) — oo for all x, so u(A4) = 0.

(=) Assume p(A) = 0 and A is closed. We will first show that (i), (ii), and (iii) hold where p,, is
replaced with a continuous function f,,. Let U, D A be an open set such that u(U,\A) < -%. Then

n2"*
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Urysohn guarantees a continuous f, : [0,1] — [0,n] such that f,, =n on A and f,, = 0 on US. Then

/fnz/Ame/Un\Afn=nM(Un\A)§:L—>o.

This gives (ii), and (i) and (iii) are immediate by construction. For each n we may define a polyno-
mial p,, such that [|p, — (fn + +)]lec < %; then

Jonz [lou= Gt D1+ [t ) < 2ul0. 1)+ 2+ S0, 0

Since p,, > f, > n for all n, we are done. O

Problem 3. (a) Let X be a normed space and (x,) a sequence in X. For each n sety, = (x1 +
<o+ xp)/n. Show that if (x,) converges then so does (yy).

(b) Consider [0,1] with Lebesgue measure . Show that there exists a sequence (fn) of nonnegative
integrable functions on [0,1] such that f, converges in measure to zero but the averages g, =
(fi+--+ fu)/n do not.

Proof. (a) Assume z,, — = in norm and define y,, := (x1 + - -+ 4+ ,,)/n. Then

e Tn — T T I R O |
o — ol = [ T < 3 -y 3
n n £ n ‘ n . n
i=1 =1 =N

where n > N and N is chosen such that ||zx — z| < § for all n > N. We can also choose Ny > N
such that

Then continuing from above, for n > Ny,

e

19
yn — || Si"_ .

\V]

(b) It’s time for (an alteration of) your favorite sequence:
forai = 2"1[%1 Sir] forn>0,0<i<?2".

We have {x : |foryi| > €} = 2%, so this sequence goes to 0 in measure. However, we note that

2" —1 k=n—1 k=n—1

ok
Z;fiz Z kaﬂ[%7#]= % ok —on 1.

k=0 j=1

So there is a subsequence of fon; - namely (fon_1) - where the averages are all equivalently the
unit function, which does not converge in measure to zero. O

Problem 4. Prove or disprove: {1 and ¢y are isomorphic. (Recall that the Banach space ¢y is the
space of sequences N — C which conerge to zero, with pointwise vector space operations and supre-
mum norm, and that an isomorphism between Banach spaces is an invertible bounded linear map
with bounded inverse.)
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Proof. If £1 is isomorphic to ¢y, then

1
1%
1

oo 2 07 0.

<
(1) oo = 43 dual of L, results (section 6.2)

(2) €5 = ¢ if T 2 41 =2 ¢o, we claim T : ¢4 =2 ¢. We reference Exercise 22 of Chapter 5 of Folland
to see ||T|| = ||T|| and ||T71|| = [|(T~1)|, then calculate

(T g) = (T (goT) =y,
and similarly for T1(T—1)T.

(3) By the Riesz representation theorem on Co(X), ¢ is the set of complex Radon measures on N,
which have finite total variation (section 7.3).

But we claim £, % ¢1 because {, is not separable and ¢; is. Indeed, consider ¢,. For an arbitrary

subset K C N,
1 zeK
xTr) =

is an uncountable family of elements each of distance 1 from each other, so there are uncountably
many disjoint nonempty open balls in /... However, in the space £1, the rational span of the se-
quence
en=(0,---,0, 1 ,0,...)
nth space

is countable and dense in ¢;. O

*

Problem 5. Let (X,d) be a compact metric space and regard C(X)
signed measures on X. Let (u,) be a weak* convergent sequence of Borel probability measures on X.
Recall that the support of a measure on X is the complement of the union of all open sets with zero
measure. Show that if the diameter of the support of u, tends to zero as n — oo then the limit of
(4n) is a point mass. Also, show that the converse is false.

as the space of finite Borel

Proof. (1) We first note that ;(X) =1 since

,u(X):/ld,u:lim/ld,un:limun(X)zl.

(2) If « € supp(w), then dist(x, supp(p,)) — 0. Suppose not. Define A,, = supp(pr,), A = supp(u).
Then there is some € > 0 such that for some subsequence (A,, ), dist(z, A,,) > € for all k. We
will claim pu,, does not converge pointwise to y given this assumption, which we will achieve by
Urysohn’s lemma.

Take B = B(z,e/2) and By = B(X,e/4). Note that B; C B C Ay, for all k. Then there is a
function f € C(X,[0,1]) which is 1 on By and 0 on B¢ D A,,,. We have

[tz [ fan=umy>0ou [du, = [ du, 0
B A

"k
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(3) But there is only one such z that can satisfy dist(z, supp(u,)) — 0 since the diameter of supp(p,,)
goes to 0. Indeed, any two x1 # xo are positive distance e, and the diameter of supp(uy,) is eventu-
ally less than /3, making this impossible.

(1)-(3) guarantee that p is a point mass.

For the converse: define p,, = (1 — %)50 + %61. Then since f € C]0, 1] is bounded,

[ i = 0= 1)+ 1 50) = £0) = [ 1.

But the diameter of supp(p,,) = {0,1} is 1 for all n. O

Problem 6. A sequence (x,) in a normed space X is said to be weakly Cauchy provided that for
each z* € X* the sequence (x*(xy,)) is a convergent sequence of scalars.

(a) Prove that a weakly Cauchy sequence in a normed space is norm bounded.

(b) Prove that a weakly Cauchy sequence in a reflexive Banach space is weakly convergent.

(a) This is a Uniform Boundedness problem. We have &, (z*) = 2*(x,) is convergent for all z* € X.
In particular, sup,, |Z,(2*)| < oo for all z* € X*, and since X* is Banach sup,,||Z,|| < oo. The map
Y X — X*™* is an isometry, so we are done.

(b) Define z** € X** by «**(z*) = lim,, *(x,,) (for 2* € X*). We have 2** is bounded since

|7 (27)] < Tim supl|a™[[[[zn[| < Ml|2"[],
n

where M = sup||z,|| < co by (a). Since X is reflexive, there is some z € X such that & = 2**. Then
r, — x weakly since
¥ (xy) = o (2¥) = T(a™) = 2" (2).

Problem 7. Let K be a nonempty closed convex subset of L2(0,1). Prove or disprove that there
must exist an x in K such that ||z|| = inf e i ||y

Proof. Note that Ly(0,1) can be equipped with an inner product with which it becomes a Hilbert
space. This turns out to be true, either by any solution to Exercise 59 in Folland or by Problem 5
on the January 2011 qualifying exam (which solves a more general problem). O

Problem 8. Prove that if X is a separable Banach space then there is a bounded linear operator
T : 0y — X such that T?y is dense in X.

Proof. Compare this to Exercise 36(b) in Chapter 5 of Folland; we are now tasked with construct-
ing a similar map from L? and showing that such a map is dense in X rather than surjective. How-
ever, {1 C {5, so we need to be careful on how we form our function.

We define

7(5) =3 s,
n=1
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We show this series converges:

o0 o0 (o) 1
SO < S g3 L < oo
n=1 n=1 n=1

(Note |f(n)]> < ||f||3.) T is clearly linear and bounded. To show T2 is dense in X, it suffices to
show it contains (z,,). Define
1 =k
en(k) = { "

0 n#k
Then T'(2"e,,) = xy,. O

Problem 9. Let (X, u) be a finite measure space and let (A,,) be a sequence of measurable subset of
X whose indicator functions xa, converge in L*(u). Show that the limit is a.e. equal to the indica-
tor function of some measurable set.

Proof. Suppose x4, — f in L' for some f € L'. Then there is some subsequence XA,, — [ae
This (pointwise) limit must be 1 or 0, so f is an indicator function outside of a null set N. Note
that £ := NN f~1({1}) is measurable since Lebesgue measure is complete, and f = xg a.e. O

Problem 10. Consider [0, 1] with Lebesgue measure p. For each n define

2" —1

fn = Z (7]-)kXA;C

k=0

where Ay, = [k/2", (k +1)/2"]. Show that f, — 0 weakly in L'[0,1].

Slick proof with orthonormality. Compare this to the Rademacher functions in R.
First note that that L2([0,1]) D L*([0,1]), so it suffices to show that f,, — 0 in L2[0, 1].

However, the functions f,, are orthonormal functions in L?! Indeed, if n # m, f, fm is odd about

T = %, and f2 is the function 1. So we now only need to show that

n—oo

(9, fn) =0,

which is true because by Bessel’s Inequality > - (g, fn) = ||g||*, meaning the tail-end of this series
goes to 0. [

More direct. The simple functions are dense in L>°[0, 1] (see Theorem 2.10), so it suffices to show
/ fn — 0 for measurable sets £ C [0,1].
E

Since the f,, are bounded and we can find an open set U D E such that u(U\E) < ¢, it suffices to
show

b
/f,,—>ova<b
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(we need boundedness of [0, 1] as well). Let (a;), (b;) be sequences of dyadic rationals such that
aj \¢ a, bj /b, and each of a;,b; have denominator 27. Choose i such that a; —a +b—b; < /2.

Then since
b a]‘ b bj bj
s [Cnd [l i<t [l
a a bj a; a;

it suffices to show |f;j fn] = 0 (finally!).

If n > j, then [aj,b;] = Ax U Agyq U -+ U Apys for some k, s, where the value of f on these A-sets
alternates between +1. If s — k + 1 is even, the above integral is 0; otherwise it is in {—1/n,1/n}.

FAAEE R
a]- n

Either way,

O
8 August 2020
Problem 1. Let f € L'(R). Stating any theorems that you use, compute
Jim [ 1f@) " da.
Proof. See Problem 2 of January 2010, amongst others. O

Problem 2. Let f(z) be a real-valued continuous function on [0, 1] satisfying f(0) = 0. Given € >
0, prove that there is a polynomial p(x) such that

1f(x) — 2 %p(x)| 00 < e

Proof. Our favorite theorem Stone-Weierstrass doesn’t quite come into play until we find the right
algebra to use it on. We decide to use the algebra:

A={geCl0,1]: g(x) = z'/?h(z) Yz for some h € C[0,1]}.

Clearly this is a vector space, and (x'/2hy (z))(z'/?ho(x)) = 2'/2(hi(z)ha(X)2'/2). Also g(z) =
1222 = 2 £y = g(y) for x # y. We note g(0) = 0 for all g and apply Stone-Weierstrass to get

A=1{ge€C[0,1]:g(0) =0}

Now we can find a function g = 2!/2h € A such that ||f — g|loc < § and a polynomial p € C[0, 1]
such that [[p — hl[ < 5. So

31



8 AUGUST 2020 Texas A&M

sup | f(x) — x1/2p(I)| <|If — 9glloo + sl[gpl] |x1/2h(x) - :1;1/2p(1:)|
xe|0,

<|If —gllo + sup |22 sup |h(z)—p(z)]
z€[0,1] z€[0,1]

= [If = glloc + LA = plloc <.

Problem 3. Let f : R — R be a Lebesgue integrable function such that

b
/ f(@)dz =0 for every a < b.
Show that f(x) =0 for almost every x € R.

Proof. It doesn’t seem non-trivial to invoke Lebesgue Differential Theorem here: i.e., since f € L' C
Ll

e We have

z+1/n
0= Jin 5 [ swdy=f@)

n—oo 2 —1/n

for a.e. x. However, we might just want to feel better that we maybe didn’t think of this and just
say we thought this other solution was “better suited” for a qual problem :)

Alternative solution: We want to show p({z : f(x) # 0}) = 0. Let us assume f > 0, set E :=
{z : f(z) > 0} and further assume p(E) > 0. We can certainly find a compact set F' C [—m,m]
contained in E such that u(F) > 0. We note U := F° N (—m,m) is open and hence can be written

as a union of disjoint intervals (J,, (an,b,) Then
bn
L=
A F

0:/ f(x)d:c:/f+/f:/f+

-m F U F n;

This contradicts our choice of F'. For general f we may apply this on f* and f—, as both are also
L' O

Problem 4. Let f be Lebesgue integrable on (0,1). For 0 <z < 1 define

o(x) = / U8 d.

Prove that g is Lebesgue integrable on (0,1) and that

/Olg(x) do = /Olf(x) da.

(Hint: first prove the claim under the assumption that f(z) > 0.)
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Proof. If f > 0, one can use Tonelli below:

/Olg(m)dxz/ol (/;t_lf(t)dt) da
:/01 (/Ott_lf(t)da:> dt

= f(t)dt < 0.

Now that we know g is Ly for any integrable f, Fubini also allows us to make the above calculation
for the general case. O

Problem 5. Let X be an infinite-dimensional Banach space. Show that the weak closure of the
sphere Sx = {x € X : ||z|| = 1} is the unit ball Bx = {z € X : ||z|| = 1}.
Proof. This is very similar to Exercise 63 in Chapter 5 of Folland. We will need to make a few ad-

justments to the standard proof for this exercise.

First, we know from Exercise 48 of Chapter 5 of Folland (or Mazur’s theorem, if you are familiar)
that the norm-closed ball Bx is also weakly closed, so @ C Bx. (You may want to prove it.)

To show Bx C S¥, fix # € Bx and let V be a weak neighborhood of z. Then
VO ()T (V) 00 () T (Va)
for some 27 € X*, V; C k open s.t. z}(z) € V; for all ¢ € [n].

Since X is infinite-dimensional, there is some y # 0 such that y € ker(z}) because (;_, ker(z}) has
finite codimension. Then for all t € k, x + ty € V since =7 (z + ty) = 2 (z) € V.

The mapping t — || + ty|| is continuous, and when ||z + ty|| = ||z|| < 1. Ast — oo, ||z + ty|]| — oo,
so by intermediate value theorem there is some ty € k such that ||z + toy|| = 1. Therefore VN Sy D
{z +toy} # @. Hence z € S, yielding the desired equality. O

Problem 6. Let (Ay) be a sequence of measurable subsets of a measure space (X, M, i) and let B,
be the set of all x € X which are contained in at least m of the sets Ay, k € N.

P7 ove that Bm iS measur able and that
k= o

Proof. See Problem 3 of August 2019. O
Problem 7. (a) State Tietze’s Extension Theorem.

(b) Letn € N and let (z;)7_; C [0,1] and (r;)7—; C R be given. Show that there is a continuous
function f :[0,1] — R with the property that f(x;) =r;, j € [n], and

/Olf(x)dxzo.
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Proof. (a) See Theorem 4.16 in Folland. If X is a normal topological space, A C X is closed, and
f+ A — la,b] is continuous, there exists a continuous extension f : X — [a,b]. (We note that there
is an LCH version of this result as well.)

(b) Tietze is not necessary here; although there would exist a continuous function such that f(x;) =
r; by Tietze, more work would need to follow to get such a function where f f = 0, so we take a
different approach. Choose ¢ > 0 such that [z; — 3¢, z; +3¢] N [z; — 3¢, 2, + 3¢] = & for all i # j. We
can further choose ¢ such that for all z; # 0,1, [x; — 3e,2z; +¢] C [0, 1].

Let f =0 on (U,[z; — 3e,2; + 3¢])°. If z; # 0,1, define

0 T, —3<xr<zx—c¢
T4 T4

—O(p;—e)+S(x) x—e<z<uw
f(x)|[m1,—35,r,,+36] = r = r & ! !

Slrite)—H(r) <<zt

(i +3e)+ Z(r) xi+2e<a<w+3e

If 1 = 0, define
Tlf%x 0<z<ce
f@)]jp3e) = 5 — 5z e<r<2.

_3r 4 T
St + 2e < x3¢

Similarly if 2, = 1. (This is a zero function with 2n spikes such that the integral of each spike is the
negative of its adjacent spike.) Then f is continuous, and by construction fol f=0. O

Problem 8. (a) Show that C[0,1] can be naturally viewed as a subspace of L?[0,1] (on [0,1] we
consider the Lebesgeu [it’s a typo but I'm not changing it] measure) by proving that each equiva-
lence class in L?[0,1] contains at most one function in C[0,1] (fived an actual exam typo).

(b) Let T : L*(p) — L?(u) be a bounded linear map satisfying T(C([0,1])) € C([0,1]). Show that the
map f— T(f) from C[0,1] to itself is bounded with respect to the supremum norm.

Proof. (a) We only need to show that, whenever f,g € C[0,1], (f = g a.e.)=(f = g). We know from
theorems in Folland that [|f — g| = 0, meaning that {z : |f — g| > 0} has zero measure. But this is
an open set since |f — g| is continuous, so it is empty.

(b) We will use Closed Graph Theorem and show the graph of T'|¢(o,1) is closed in C[0,1] x C[0, 1].
Suppose (fn,T fr) is a sequence in the graph of this function such that

(fn, Tfn) = (f,9) in C[0,1] x C[0,1].
We want to show g = Tf. Since T is bounded in the L?-norm, we can calculate
lg = Tfll2 < llg = Tfallz + 1T fr — T2

This first term goes to 0 since f,, — g¢ in supremum norm and hence similarly in L?-norm. The
second term also goes to zero since T is continuous on L?. So g = T'f a.e. and by (a) Tf = g. So
T|cpo,1) is C0, 1]-continuous. O
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Problem 9. (a) Let C[0,1] be the Banach space of real-valued continuous functions on [0,1]. Find
the extreme points of the unit ball of C|0,1].

(b) Show that C|0,1] is not isometrically isomorphic to a dual space of a Banach space.

Proof. See Problem 10 of August 2010. O

Problem 10. Let i be a Borel measure on [0,1] with u([0,1]) = 1.

(a) Show that if u is atomless, then for any 0 < r < 1 there is a measurable A C [0,1] with p(A) =
r.

Recall that A C [0,1] is an atom for p if u(A) > 0, and for all measurable B C A, either
u(B) = u(A) or p(B) = 0.

(b) Show that p is atomless iff for each n € N there is a partition of [0,1] into n sets Ay, ..., A,
with w(A;) = L for j € [n].

Proof. (a) Define a function f : [0,1] — [0, 1] using the rule f(x) = u([0,z]). The function f is well-

defined since p is Borel, f is increasing, f(0) = 0, and f(1) = 1. If we show that f is continuous, we

are done by Intermediate Value Theorem.

Since f is increasing, the only discontinuity f can have is a jump discontinuity. Say there exists ¢ €
(0,1] such that lim,_,.- f(z) # f(c). Then for sufficiently large n, f(c) — f(c — 1) = u((c — L,¢])
is well-defined, and lim, .o f(c) — f(c — 2) > 0. Hence p({c}) = lim, oo p((c — 1,¢]) > 0.
But then {c} is an atom, contradicting the fact that u is atomless. A similar argument shows that

lim,_,.+ f(z) = f(c) for all ¢ € [0, 1), showing that f is continuous.

(b) (=) We can find a set A; C [0,1] of u(A1) = L. For k < n — 1, having found A, we can find
Apy1 C [0,1]\(U; 44)¢ such that p(Agt1) = . Then setting A, = (|J; 4i)¢ gives us our result.

1
<) Let u(A) > 0 and pick n such that = < p(A). Then p(AN A;) # 0 for some j. Since (A N
Aj) < L < pu(A), we are done. O

9 January 2020

Problem 1. Show that )
) 43+ 12
lim ——dt =
n—oo Jy  12t6 + 3nt + 2

Proof. First, it is clear that

4¢3 4+ 12
)= ——
fn(®) 12¢5 4 3nt + 2
pointwise. We also have
@43 +12
fu(t) < 916 € L (1,00)
4¢3 412
t) < ——— € LY0,1).
Jall) < Ty € L01)
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(The first equation is dominated by 5z on (1,00); the other by 8 on (0,1).)

43412
iy = { s € 0.1
43412 (1

12t6

In light of this we define

Then |f,| < g € L'(0,00). DCT completes the proof. O

Problem 2. Show for all f € L1(R) that

tim [ 1702) ~ f(a)| do = 0.

Proof. We claim | f(éz)[ly < %|/f|l1. Note this is true for indicator functions on sets [a,b] by u-

substitution

[ tia02)dz = 5 [ 1oun(e) da = Gmla.t),

so it is true for simple functions and hence for all L; functions. In particular, this means that |f(dx)—
f(@)| <f(0z)| + |f(x)] € L1(R). If f € Ly is continuous, then DCT implies

tim [ 1£G2) = f() o = [ 1#(}im oz) ~ f(o)] do =0,
and since the continuous functions are dense in L; we are done.
(One can also do this by assuming f is of compact support to get a similar Li-bound for DCT.) O
Problem 3. For an integrable function f € L1(R), and o > 0 put
E, ={zeR:|f(z)] > a}.

Show that the map o — m(E,) is measurable and that

| is@lde= [ mE)do

Proof. Fix f € L1(R). Define g : [0,00) = R by
g(a) = m(Ea).
We want to show that g is measurable; i.e., we want
g (=00,b) : {ar € [0,00) : g(ar) < b}

to be measurable for all b € R. First: £y = R, and if @ < o/, then E,, C E,. Henceif ¢ €
g 1 (—00,b), then if ¢’ > ¢ we have
9(c') < g(c) <b.

Therefore g~!(—o0,b) is an interval, so it is Lebesgue measurable. Hence g is measurable.
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To finish the problem, note that

o o Tonelli o o o
/ m(Ea) da = / /Rl{z;‘f(z)‘za} drda = / / 1{w:\f(x)|2a} dadx = / |f(33)|d.73
0 0 —oo J0 —oo

O

Problem 4. Let1 < p,q < oo with % —+ % = 1. Using the inequality a*b*=> < Xa + (1 — \)b, for
0<A<1and0 < a,b, prove the Holder inequality.

Proof. This proof is given as the proof of Theorem 6.2 in Folland. We restate the Holder inequality
(the author does not anticipate any equality stipulations require stating or proof): if f, g are mea-
surable functions on X,

1fglly < 1 f1lpllgllq-
If || fllp or |lgllq =0 -orif f ¢ L, or g ¢ L, - this is obvious. If || f||, =1 = ||glq, then

Hng1=L/ UXxNWCwldu==/nOf@ﬂ?)”pﬂg@ﬂﬁ)”qdu

*b”/lf " g [l

= ZIIFIE + = lgllg = 1.
p|| Iz q|| [

In general,

1fglly = 1A pllgllall 77 7= IF < I fllpllgllq-

HfHH\h
O

Problem 5. Show that for e > 0 there is a closed subset E C [0,1] with empty interior, of Lebesgue
measure at least 1 — €.

Proof. The generalized Cantor set is given as an answer for this problem in Folland’s text, and it is
up to us to show such a set has the intended measure (see Exercise 32 in Chapter 1 of Folland).

We reiterate: take a sequence of real numbers (a;) such that > «; < oco. The construction of this
set comes from removing the (open) middle a;th of each interval present at the ¢ — 1th step of our
construction (instead of the middle third) to get a set E;. The intersection ();=, E; will have mea-
sure [[;(1 — o), since removing a;th of the set leaves us with (1 — a;)th of it (apply an induction
argument) Clearly the remaining set will be closed, as it is an intersection of closed sets. Since the
length of the longest (and every) interval is at least halved at each step, it will also have empty in-
terior. We will show there exists a sequence () such that [[;(1 — ;) = 1 — %= for a € (0, 3),
completing the proof.

Define ; := . Then an easy induction argument shows that

n n

1
nmﬂﬂzl—E:ﬁ_hk:1—§§:Q®k
k=1 k=1
n—oo 1 20( «
1— = —1-
- 21T 2a) 1-2a
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Problem 6. Let X be a Banach space and Y a non-trivial closed subspace of X.

(a) Show that for all y* € Y* (the dual of Y) the set
{z7 € X7 o |27 = lly"[| and ™[y = y"}
s weak*-compact.

(b) Show that every extreme point of the closed unit ball of Y* extends to an extreme point of the
unit ball of X*.

Proof. (a) Define
By :={z" € X" : ||| = |ly*|| and 27|y = y"}.

Note Ey« C ||y*||Bx+, so by Alaoglu it suffices to show that E,« is weak*-closed.

*
[e%

To this end, suppose that (z,) is a net in E,« converging weak™ to z*. If y € Y, then noting that

weak*-convergence is pointwise convergence:
2" (y) = limag (y) = limy"(y) = y* (y)-

Hence z*|y = y*. Y is non trivial, so ||z*| > |ly*||. But since (z},) C E,~ C |y*||Bx~, which is
weak*-closed, we have ||z%|| < |ly*||. Since the norm is calculated as the supremum of point-norms,

we get ||z*|| < ||y*||, so Ey+ is weak*-closed and hence weak*-compact.

(b) Suppose y* is an extreme point of By«. Then |y*|| = 1 and E,- is weak*-compact. By Hahn-
Banach E,- # @. Ey- is convex because if 27,25 € E,« and A € [0, 1], then

Az} + (1= Nas)ly = Azfly + (1= Nzzly = "+ (1= ANy" =y"
Since Y is nontrivial, [[Az} + (1 — X)z3| > [|y*||, and also
AT + (1 = Azl < Alzill+ (1= Nzl = lly"|-

So Az} + (1 — N)zj € Ey-. We have gathered that E,- is convex, nonempty, and weak*-compact. So
by Krein-Milman, £} is the weak*-closure of the convex hull of its extreme points.

Now for any extreme point of y* € By~, we know E- is non-empty, so take an extreme point =* on
E,~. We claim z* is an extreme point of Bx-, and since z* extends y* and maintains its norm we
are done. Let a* = Azj = (1 — N)zb for A € (0,1) and 7,25 € Bx~». Then zj|y,z5|y € By~ and
v =a*y = Mfly + (1 — N)ably, so 27|y = 25|V = y*. Clearly ||z3|| = ||l25|| = 1 = ||y*||, so in fact
x], x5 € Ey«. But z* is an extreme point of Ey«, so x* is an extreme point of Bx-. O

Problem 7. (I refuse the notation from the exam and have substituted my own.) Assume that
(X, |I-[l1) s a normed linear space and that'Y is a subspace of X. Assume that ||-||2 is a norm on
Y which is equivalent to ||-||1. Prove that ||-||2 can be extended to an equivalent norm on all of X.

Proof. The following proof uses some results from convex analysis. One may review Section 4.1 of
Conway’s A Course in Functional Analysis as well as Chapter 1 of Rudin’s Functional Analysis.
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Denote by B = B(x,|.|,) and B’ = By,|.|,)- There exist 0 < ¢ < ¢’ such that

cllylly < llyllz < llylls-

Thus,
cBNY cB cdBnNnY.

Let K := conv(B’ U c¢B). K is convex and contains B’, so since X is locally convex it is a neigh-
borhood of 0. Tt is also balanced (i.e., x € K = ax € K for || < 1) because B’ and ¢B are

(in particular, linear scaling is easy since convex, and scalar rotation is possible since multiplying

k =1tbi+ (1 —1t)bg for b, € B'UcB by |a| =1 gives ak = t(aby) + (1 —t)(abz) - proceed by induction
on number of terms). Also, ¢ B C B’ U¢B, and since ¢'B is convex we have

cBC K cdB,

so K is bounded. We now invoke the following theorem:

Let K C V be a convex, bounded, balanced neighborhood of 0. Then
pr c=inf{r >0:z € rK}
is a norm on'V, and ||| = up,, -

(We know the seminorm pg is a norm here since V' is a normed space. Here V may be X or Y; we
will use it in both cases.) We now split the rest of the proof into two:

(1) px is equivalent to ||-||. Observe that

cll-lh = cup = pen < pxc < perp = s = ¢|||1.

(2) pi extends ||-||2 on Y. We want to verify that K N'Y = B’. Clearly B’ C K NY; to show the
opposite inclusion, suppose y € K NY. Then

y=y1 + (1 =Ny

for some A € [0,1], y1 € B’, y2 € cB. Easy to see if A = 1; otherwise

1
y2:m(y—)\y1)€YﬂcBCB’.

So y € B’ since B’ is convex, and K NY = B’. Therefore
wr(y) =inf{r >0:yerK} =inf{r >0:y€rB'} = up (y) = ||yl
O

Problem 8. Let (f,) be a sequence of continuous functions on [0, 1], such that for each x € [0,1]
there is an n, € N, so that f,(x) >0 for alln > n,.

Show that there are an N € N and an open nonempty interval I C [0,1], so that f,(x) > 0 for all
n>Nandx € 1.
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Proof. Baire Category Theorem time! Define
F,:={z: fo(z) >0} = f;l[(),oo) and E, = ﬂ F,.
k=n

Then (E,,) is a sequence of closed sets, and what’s more, since for any x there is some n, such that
fn(z) >0 for all n > n,,

0,1] = G E,.

Since [0, 1] is not a countable union of nowhere dense sets, there is some N such that Ex has nonempty
interior. Pick an interval I C Ey. Then since the (E,) are nested, for all z € I f,(x) > 0 for all
n>N. O

Problem 9. For a bounded sequence (f,) C C[0,1], show that

frn 2 nooo 0 weakly < fn(2) 2nooo 0 for all z € [0,1].

Proof. See Problem 4 of August 2010. O
Problem 10. On the set [0,00] consider the topology T generated by the open sets (in the usual
topology) of [0,00) and the sets of the form [0, 00]\C, with C C [0, 00) compact.

(a) Show that [0, 00] with above defined topology is a compact space.

(b) Show that [0, 00] with above defined topology is metrizable. Hint: consider a continuous, strictly
increasing, and bounded function f :[0,00) — [0, c0).

(c) Show that the linear space generated by the functions of the form e‘"’”z, n=123..., is dense
(with respect to sup-norm) in the space of all continuous functions f : [0,00] — R having the
property that f(co) = 0.

Proof. For context on this space, review the information surrounding Proposition 4.36 in Folland.

(a) Take an open cover U of [0, 00]. There is some U € U containing oo; then U covers U, which is
compact, and the finite subcover (U;)} of U¢ together with U covers [0, co].

(b) We construct a homeomorphism f : [0,00] — [0,1]. Since [0, 1] is metrizable, this will complete
the proof.

Let f: [0,00) — [0,1) be a continuous increasing bijection (such as f(z) = 2 tan~'(z)). Then there
is a continuous extension f(oo) = 1iff f — 1 € Cy([0,00)). But this is clear: since f is increasing,
{z:|f(x)] > e} = [0,tan(5(1 — €))]. Similarly, f~1 is continuous since [0, o0] is compact and [0, 1] is
Hausdorf.

(¢) You already know this is Stone-Weierstrass. It is your favorite theorem, how could you not know?

Let E be the span of these functions. It is easy to see this is an algebra. Also, f(z) = e sep-
arates points of [0, o0] since it is decreasing, and f(co) = lim, e = 0. Stone-Weierstrass
completes the proof. O
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10 August 2019

Problem 1. Let (X, M, pn) be a measure space and f a measurable non-negative function on X.
Define v : M — [0, 00] by

(a)

(b)

V(E) = /E fdu.

Prove that v is a measure.

Proof. Indeed, it’s clear that v(E) = fE fdp > 0 for all E since f is assumed to be non-
negative. It’s equally clear that v(0) = [, fdu = 0.

We are only left to prove countable additivity. Take a countable collection {E;} of pairwise dis-
joint sets in M, so we see for finitely many

N N

N N

k=1"Ek k=1

By the monotone convergence theorem (the finite sums of characteristic functions form an in-
creasing sequence that converges to the infinite sum pointwise), then v is countably additive.
Hence, v is a measure. O

Prove that g € L*(v) if and only if gf € L* (1) and in that case [y gdv = [ gfdp.

Proof. First we show that v < p. Indeed, if u(F) = 0 then choose an increasing sequence of
simple functions f,, such that f, — f. Then by monotone convergence theorem and the defini-
tion of integral for simple functions, we have

v(E) = /Efdu = /E(lim frn)du = lim/Efnd;L =0.

Then we may apply Radon-Nikodym theorem to see that f = Z—Z and see that ¢ € LY(v) if

and only if [, |gldv < oo which is equivalent to [ |g|fdp = [y |g|§—”1du < oo. Since f is

non-negative, this is equivalent to having [ + l9fldp < oo. Radon-Nikodym also tells us that
Jx gdv = [ gfdp. O

Problem 2. (a) State Fatou’s lemma.

Proof. For f, € L™ then

/lim inf f,, <lim inf/fn

(b) State the dominated convergence theorem
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Proof. Let g, g, € LT be measurable, |f,| < g,, p-a.e., fn — f and g, — f p-a.e. with [ g, —
J g <oco. Then [ f, — [ f. Moreover, [ |f — f,| = 0. O

(c) Let fn,gn,hn, [,g,h be measurable functions on R™ satisfying fr, < gn < hn, fn — [ a.e.,
gn — g a.e., and h, = h a.e. Suppose moreover that f,h € L' and [ f, = [ f, [hn — [h.
Prove that g € L' and [ g, = [g.

Proof. We know g, — f, > 0 and h,, — g, > 0. By Fatou’s Lemma,

/g—/f:/liminf( —fn) <11m1nf/ — fn) —hmlnf/gn /f

(A quick note on the last equality: usually liminf([ g, — [ f,) > liminf [ g, — [ f, but any
subsequential limit of [ f, is still [ f, so we get equality here.)

Since [ f < oo, we get [ g <liminf [ g,.

/h—/gz/liminf(hngn) Sliminf/(hn — gn) :/h—limsup/gn,

so [ h < oo implies limsup [ g, < [g. So limsup [ g, < [ ¢ <liminf [ g, and [ g, — [ g.
We have |g| < |h| whenever g > 0 and |g| < | f| whenever g < 0. So |g| < |f| + |h| € L. O

Similarly,

Problem 3. Let {A;}72, be measurable subsets of a measure space and define By, to be the set of
all points which are contained in at least m of the sets {Ag}32 . Prove that By, is measurable and

1 o0
< —
S IC
k=1
Proof. Let C = {F C N| |F| = m} which is a countable infinite set. Then we may express

Bn = ﬂAi.

FeCieF

Therefore, each B,, is measurable.

Then

XB, (@) =1 < > xa,(z) >m,
k=1

so thus mxp,, <> ro, Xa,. Therefore

Bp) = /mme dp < Z/xAk du=/k p(Ag).
k=1 =1
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Problem 4. Let E be a subset of R which is not Lebesque measurable. Prove that there exists an
1 > 0 such that for any two Lebesgue measurable sets A, B satisfying A C E C B one has A(B\A4) >
1, where A denotes Lebesgue measure.

Proof. Since E is nonmeasurable, there exists z € Z such that E, := EN|[z,z+ 1) is nonmeasurable.
So suppose we can construct sequences (A,,), (Bp) s.t. Ap, By, C [z,2+ 1),

An c An+1 c Ez c BnJrl - Bn VTL7

and A(B,\A,) < +. Take A = [J A, and B = (| By; then A(B\A) = 0 and E.\A C B\A. But \ is
a complete measure, so E,\A is measurable, as is AU (E,\A), contradiction. O

Problem 5. Let {Ag}72, be Lebesgue measurable sets in R™ equipped with Lebesgue measure A.

(a) Prove that if Ay C A1 for all k then N(Upe; Ax) = limp— o0 A(Ax)

Proof. We will assume that X is subadditive, so A(J;” Ax) < .77 A(Ax).Then by setting Ay =
(), we have

O
(b) Prove that if Axt1 C Ay for all k and AN(A1) < oo then M(Npe; Ax) = limy_ o0 A(Ax)
Proof. Let B; = A1\A;j so By C By C ..., and AM(41) = A(Bj) + A(4;), and " B; =
Ei\(N;° A;). Then by part (a), we have
= A (ﬂA]) + lim A(B;) = A (ﬂA ) + lim (A(A1) = A(4)))-
1
Since A(A41) < oo, we may subtract it from both sides to yield the desired result. O

(c) Give an example showing that without assuming \(A1) < oo the conclusion of the previous part
does not hold.

Proof. Consider A; = [j,00) so that for each j, A(4;) = oo but (N 4; = 0 so A" 4,) =
0. O

Problem 6. Let X and Y be Banach spaces. Show that the linear space X ® Y is a Banach space
under the norm ||(z,y)|| = ||z|| + ||lyl|. Also determine (with justification) the dual (X & Y)*.

Proof. A bit of a pencil pusher :)

First, ||(z,y)|| is a norm since

W) llzll+ 1yl =0 <= |zl [ly]l =0 <= 2,y =0 <= (z,y) = 0.
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(i) (@1, 91) + (@2, 92) [ = llor + zall + lyr + 2l < 2ol + [yl + 2]l + [ly2]l-
(i) (A2, )l = 1z, M)l = (ALl + ly[]) = AL G, »)-

Suppose >_|[(x;, ;)| < oo. Then so is > ||zl|, D_||lyill, so there exist z € X,y € Y such that
S an =, Y.y, — y in norm. So

n

(o) = 3@ vl = e = Yo wiy = >l

i=1
n n

= o= will +lly =Y _will = 0.
i=1 i=1

We claim (X @ Y)* = X* @Y™, where ¢ ® ¥(z,y) = ¢(x) + ¢(y). First, given ¢ € X*, ¢p € Y*, we
claim ¢ @ 1) is linear:

(@ @ Y)(Az1 + 22), Ay1 + y2) = Ad(@1) + Mp(y1) + d(x2) + ¥(y2)
=Me@P)(w1,92) + (0 B Y) (@ +2,y +2).
It is also clear [|¢ @ || < [[¢[| + [|+]], so this is bounded.

Now let £ € (X @ Y)*. Note
&z, y) = &(x,0) +£(0,y),

and let £x € X*, &y € Y™ be

Exx=¢&(x,0) and &y =£(0,y).

Then [[€x|| = supj,=1/[§(x, 0)[| < [[€]] > [|€y[]. We still need to show the norm is preserved between
these two spaces: i.e., ||¢ ® ¢| = ||¢| + ||¥||. But all we need is some sequences (z,) C X and
(yn) C Y approximating the norm of ¢, in these respective spaces; then ||(¢ @ ©¥)(zn, yn)|| =
l[¢(zn)l| + [1¥(yn) || approaches this sum. So £ = ¢{x & &y O

Problem 7. For each n € N define on £ the linear functional ¢, (z) = n= >} _, x(k). Let ¢ be
the weak* cluster point of the sequence {p,}. Show that ¢ does not belong to the image of £* under
the canonical embedding (1 — (£>°)*.

Proof. See August 2018, Problem 10(c). O
Problem 8. LetT : X — Y be a surjective linear map between Banach spaces and suppose that
there is a A > 0 such that ||Tz|| > A||z|| for all z € X. Show that T is bounded.

Proof. See January 2009, Problem 6, amongst others. O

Problem 9. Let X be a compact metric space and p a reqular Borel measure on X. Let f : X —
[0,00) be a continuous function and for each n € N set f,(x) = f(2)/™ for all x € X. Show that
J frdp — p(supp f) as n — oo where supp f = {z € X | f(z) > 0}.

Proof. See January 2011, Problem 4, amongst others. O
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Problem 10. Let X be a compact metric space and let x € X. Suppose that the point mass 0, is
the weak* limit of a sequence of atomless Radon measures on X (viewing all of these measures as
elements of C(X)*). Show that every neighborhood of x is uncountable.

Proof. Recall: if pi,, — 8, weak®, this means for all f € C(X), [ fdp, — [ fdb,. Suppose U 2 z
open such that U is countable. By Urysohn, 3f € C(X) such that f(z) =1,0< f < 1,and f =0
on U°. Then

1= f(z)= lim/fdun < limsup/xU dpiy, = limsup p, (U).

Thus there is some n such that p,,(U) > 0. Write U = {uy,ua,...}. Then since Y po | pun({ug}) =
tn(U) > 0, there must be some k such that p,({ur}) > 0. So {uy} is an atom for u,, which contra-
dicts the fact that uy is atomless. O

11 January 2019

Problem 1. True or false (prove or give a counter example)

(a) Let E C R be a Borel set, then {(x,y) € R? |z —y € E} is a Borel set in R2.

Proof. TRUE.
Define f(z,y) = x —y : R> — R. This is continuous. Let

A:={SCR| f1(9) is a Borel set of R*}

Then A is a o-algebra (easy to check). If S is open, then f~1(S) is open in R?, thus Borel. So
{open sets} C A and so the Borel algebra is a subset of A. In particular, E € A. O

(b) Let E C Q :=[0,1] x [0,1]. Assume that for every z,y € [0,1] the sets E, = {y € [0,1] | (z,y) €
E} and EY = {z € [0,1] | (z,y) € E} are Borel. Then E is Borel.

Proof. FALSE.

Consider a non-Borel set A C [0,1]. Set E = {(z,z) | * € A}. Then each EY and E, is a
singleton which is Borel, but E' is not. O

(c) A function f : R — R is called Lipschitz if there exits a M > 0 such that Vx,y € R, |f(z) —
f)| < M|z —y|. If A C R is Lebesgue measureable and f is Lipschitz then f(A) is Lebesgue
measurable.

Proof. TRUE.
Since A is Lebesgue measurable, then we can write A = (UJ Kj> U N where each K is a com-

pact set and N has Lebesgue measure zero. Then f(A) = (UJ f(Kj)) U f(IV). It’s clear that

each f(K;) is Lebesgue measurable, since f is Lipschitz. We are only left to see that f(IV) is
also Lebesgue measurable.
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Indeed, for every € > 0 we can write N C U,c By, where each By, is a ball of radius r; and

> m(By) < e. But then by Lipschitz continuity, f(Bj) is contained in a ball of radius M,
where M is the Lipschitz constant of f. Thus, m(f(Bx)) < Mm(Bg) so that m(f(N)) <
MY, m(B) < Me. Let ¢ — 0so f(IN) must have outer measure equal to zero, hence it is a
null set. O

Problem 2. Let (X, F,u) be a measure space. is it true that for every measurable essentially bounded

f X — R we have lim,_, || fllp = || flloo ¢ Give an answer both in the case that p is finite and the
case that p is o-finite.

Proof. 1f p is finite: By Holder, we know that || f||, < |/ f|l; when p < ¢. Also, ||f|l, < [|f]loc for all p.
Therefore, [|f]l, /< [[fllec and so Timy, [[ £, < [[f]lco-

On the other hand, for every € > 0, let £ = {x | |f(x)] > ||flloc — €} and 0 < u(E) < 1 since || f|loo =
esssup | f(z)| < oo. Then ||f]|2 > [, |fIP > (I fllc — €)*1(E). Take p — oo so limy, || fll, > || flls — €,
implying lim,, ||pr > | flloo-

If 41 is o-finite: No, this is not true. Consider f(z) = < on [1,00). Then lim,, || f|l, = 0 # || fllc =
1. O

Problem 3. Let f : R — R Lebesgue integrable and for n € N define

gule)=n [ fin
(z,x+1/n)

(a) Prove that lim, o g, = [ A-a.c.
Proof. This is Lebesgue Differentiation Theorem, with E,. = (z,x + ). O
(b) Prove that for every n € N, [g [gnl|d\ < [5 | f]dA.

Proof.

[ mlaxw) /m/“’llﬂ) DOIAN)
<n//y+1 (#)] dA(t) dA(y)
Tonelli //_7 1] dA(y) dA(E)

=n/ 1A

RT
= [ ir1ax

(¢) Prove lim, o [p |gnldX = [ [fldA.
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Proof. Apply dominated convergence theorem with parts (a) and (b). O

Problem 4. Let f € L'((0,1]2, \2) such that f(o 2% (0] FdA2 =0 for every z,y € (0,1]. Prove that
f =0 Xs-a.e ‘

Proof. First note that

(a,b) x (c,d) = J((0,b—1/n] x (0,d —1/n])\ ((0,a] x (0,1] U (0,1] x (0,])

n

And since all open rectangles generate all Borel sets in R?, then we have that for every Borel set
B CR?, [;fdx=0.

Since every Lebesgue set A is of the form A = BU N where B is a Borel measurable set and N is a
set of measure zero. Hence, [ 4 fdA2 = 0 for any Lebesgue measurable set A.

Now consider AT = {z | f(z) > 0} and A_ = {z | f(z) < 0}. Since both are measurable, then
Jas fdra =0= [,  fdXo. Hence, f =0 Ay-a.e. O

Problem 5. Let )\ be the Lebesgue measure on R. Let E C R be Lebesgue measurable such that
0 < A(E) < oo. Prove that for all 0 < v < 1 there exists an open interval I C R such that

ANENT) > yA(D).

Proof. Choose an open set O D E such that A(E) > yA(O). We can write O = |J, Oy for open and
disjoint intervals O;. Hence

E=En0=EnlJ0O:=JENn0)

Suppose to the contrary that A(E N O;) < yA(O;) for all i. Then
AE) = A (U(E N oi)) =S NENO0:) <73 M0:) =7A(0)

which is a contradiction with the fact that A(E) > yA(O). Hence, it must be that for some &k, A(E N

Problem 6. Let X be a compact metrizable space and {u,} a sequence of Borel measures on X
with un(X) = 1 for every n. Consider the linear map ¢ : C(X) — £°(N) defined by o(f) =
(fX fdun)n. What conditions on the sequence {un} are equivalent to ¢ being an isometry? Provide
justification.

Proof. We claim ¢ is an isometry iff VU C X open, nonempty,sup,, i, (U) = 1.
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(<) If there exists such a set such that pu,(U) < 1 — ¢ for all n for some ¢ > 0, then by Urysohn
(metrizable=-Hausdorff) there is a continuous function f : X — [0, 1] such that f is 0 on U¢. Then

(=) Fix € > 0 and consider

Us={z e X:|f(@)] > flle@ — e}

Then U is nonempty and open in X. So

I/fdunIZI/deﬂmL/UCfdunl
ZI/deunl—l/Ucfdunl

> (Ifllex)y = e)pn(U) = [ fllcx)in(U°).

sup | / Fdbnl = [ flleco — e,

and hence [|¢(f)loo = [[flle(x)- O

Problem 7. Let X be a compact metric space and {fn} a sequence in C(X). Prove that {fn} con-
verges weakly in C(X) if and only if it converges pointwise and sup,, || fn| < co. Also, give an exam-
ple of an X and a sequence {f,} in C(X) which converges weakly but not uniformly.

Proof. By considering f,, — f, we may assume without loss of generality that f,, converges to 0.

=) We know C[0,1]* = M(0,1]. Then f,, — 0 weakly implies [ f,du — 0 for all p € M0, 1].
Choose p = d; so

/fndét = fu(t) =0 Vte|0,1]

(this follows from the fact that weak convergence implies uniformly bounded). Consider
X :C[0,1] — C[0,1]** = M]0,1]*
X(fn)(:u) = /’L(fn)

Since p(fr) — 0 then X(f,)(p) — 0 for all p € M]J0,1]. Since convergent sequences are bounded,
then sup, [X(fu) (1) < M.

By the uniform boundedness theorem, sup,, ||[X(fn)|| < co. By isometry, ||fn] = [IX(fn)|| so sup,, || fn] <
00.
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<) By Dominated Convergence Theorem, f,, — 0 in L' (). So therefore, | [ fodu| < [|fn|d|u] — 0.
So fn — 0 weakly.

Example: Take X = [0, 1] and consider the functions

n z €10,1/n]
falz) =< —nx+2 x€(1/n,2/n]
0 x € (2/n,1]
Then they converge to 0 weakly, but not strongly. O

Problem 8. Let X be a Banach space. Show that if X** is separable then so is X. Also, give an
example, with justification, to show that the converse is false.
Proof. We will show the weaker result that states that if the dual X™* is separable, then so is X.

Let X* be separable. Consider the unit sphere Sx« = {¢ € X* | ||¢|| = 1}. Then Sx- is separable
and so we can let {¢,} be a countable dense subset of Sx=.

For each n € N, choose z,, € N with ||z, || = 1 such that |¢,(z,)| > 1/2. Let D =span{zi,z2,...}.

Then D is countable; ex. we can consider the following set countable and dense subset of D:

n

U <D (@ +ibj)a; | aj,b; € Q

neN | j=1

We want to show that D = X. Suppose it were not, then there ewould be some p € Sx« with
¢|p = 0. Since {p,} is dense, there exists some n such that ||¢ — ¢, || < 1/4. Therefore,

1 1
) <en(@n)l = lon(zn) — 0(@n)| < llon — @llllzall < 1
This is a contradiction and hence, D = X.
example. ¢ is separable, but £°° = ¢{* is not separable. O

Problem 9. (a) Let X be a compact metrizable space. Describe the dual of C(X) according to the
Riesz representation theorem.

Proof. For every ¢ € C'(X)*, there exists a unique finite regular signed measure p on the Borel
subsets of X such that

e(f) = /deu

for each f € C(X). Moreover, ||¢| = |u|(X).
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(b) Consider the spaces X = {1/n | n € N} U{0} and Y = [0,1] with the topologies inherited from
R. Prove that there does not exist a bijective bounded linear map from C(X) to C(Y).

Proof. By contradiction. Suppose there exists a bijective bounded linear map T : C(X) —

C(Y). Then by the Open Mapping Theorem (or more accurately, the corollary that is the Bounded
Inverse Theorem), then T~ is a bijective bounded linear map from C(Y) to C(X). This says

that the two spaces are isomorphic.

Therefore, the transpose map induces an isomorphism from C(X)* = C(Y)*. Le., T+ (f)(y) =
f(Ty) has norm ||T'|| and has a bounded inverse (T+)~1(g)(x) = g(T~'x). We claim C(X)* is
separable while C(Y)* is not.

The point-masses on Y are each of distance 2 from each other, since continuous functions sep-
arate points. Since Y has uncountably many points, (B(1,d,))ycy C M(Y') is an uncountable
disjoint collection of open sets, showing C(Y)* is not separable.

We claim the rational span of (41, )n is dense in C(X)*. Any measure on X N (0, 1] can be ap-

proximated uniformly by rational point-mass functions as X N (0, 1] is totally disconnected (for

example, given p € M(X) and for each = we can choose ¢}, such that [u(2) — ¢}| < 5%%). Now

w(X) =lim u(Upe; X N [1/k, 1]) since p is Radon, so p({0}) = 0 and the proof is complete. [
Problem 10. Let X be a Banach space and Y a subspace of X. Show that ||z + Y| = inf{||z + y|| |
y € Y} defines a norm on X/Y if and only if Y is closed.

Proof. <) Suppose Y is closed. It’s easy to see ||z + Y|| is well-defined and a semi-norm. Suppose
|l + Y| = 0. Then there exists y, € Y such that ||z — y,|| — 0. Since Y is closed, then z € Y.
Therefore, z +Y =Y = 0+ Y which is the zero vector in X/Y.

=) Suppose this is a norm. Take any convergent sequence y,, in Y with y, — y’. Then inf,cy ||y —
Yl < llyn — ¥l = 0 and so ||y’ + Y| = 0. Since this is a norm, then ¢’ + Y =0+ Y =Y and so
y' €Y. Hence Y must be closed. 0

12 August 2018

(Solve any 10 of the following 12 problems)

Problem 1. Let p and v be positive measures on the same measurable space with v finite and abso-
lutely continuous with respect to . Show that for every ¢ > 0, there exists § > 0 such that u(E) < §
implies v(E) < e.

Proof. Suppose for contradiction that Je > 0 such that u(E) < ¢ then v(E) > e for all § > 0 adn
for some E. We'll construct the set E, to be some set with u(E,) < 27". Let F, = [, En so
/L(Fk) < 9kt

Let F' ==, Fx so u(F) = 0. Since v < p, then v(F) = 0.

However, since Fj, is a decreasing sequence, we have
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v( —hmu(ﬂ )—hmyF)Ze.

k=1

Contradiction! O

Problem 2. Let u be a positive measure. Suppose that (f,)°, is a Cauchy sequence in L*(p).
Show that for all € > 0 there exists a § > 0 such that p(E) < § implies

Vn>1 d,u’<e.

You may use without proof the result of problem #1.

Proof. Let € > 0. Since {f,} is Cauchy in L!(u), there exists f € L'(mu) such that f,, — f in
LY(u) as m — oo, since L*(u) is a Banach space.

Define v(E) := | [, fdu’.

Then by Problem 1, there exists some § > 0 such that v(FE) = |fE fdu’ < €/2 when u(E) < §, thenf
or large enough n (say n > N) we have

‘/Efndu‘Z'/E(fn—f—&-f)du‘S‘/Efn—fdp’+‘/15fdu‘<;+;:6

for p(E) < 6.

For each i, N, we can find §; such that ’fE fidu| < € when u(E) < §;. By the same reasoning as
above, if we set 6 = min{dy,...,0n—_1,d} then UE fndu’ < € whenever p(E) < 6 for all n € N. O

Problem 3. Let f:[0,1] = [0,00) be Lebesgue measurable. For n € N define

fn
1+ ™

gn =

(a) Ezplain why fo gn(t)dt exists and is finite for all n.

<1 for all n, then fo gndr < fo 1dz = 1 for all n. O

Proof. Since g, = 1 f 7

(b) Prove that lim,, fo gn(t)dt exists and find an expression for it. Make sure to state which magjor
theorems you are using in your proof.

Proof. Define By = {z |0< f(z) < 1}, By ={z | f(z) =1} and E3 = {z | f(z) > 1}.

If 7 € By then g, () = pips — 0. So by DCT, lim,, [, gndz = [, Odz = 0.

If € Ey then g,(x) = 1£;£ﬁl) = % for all n and so
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1 1
lim [ gndz = / —dzr = —m(E>).
o By 2 2

n

If z € E3 then g,(z) = 1_{_7;,(1920) — 1 and so by DCT,

lim | g,dz= dz = m(E3).
" JE; Es

Thus,

1
1
lim/ gndx = lim gndx —|—/ gndx —|—/ gndx = —m(E3) + m(Es).
nJo nJE Es E3 2
O

Problem 4. Consider C([0,1]) endowed with its usual uniform norm. Prove or disprove that there
is a bounded linear functional ¢ on C([0,1]) such that for all polynomials p, we have v(p) = p’(0),
where p' is the derivative of p.

Proof. DISPROVE.

Consider p, = 1 — (z — 1)" so then ||pn|lec = 1 but p/,(0) = n — oo. If such a ¢ existed, then
n = lp(pn)| = len)|l < ¢|lpn|| which cannot happen. O

Problem 5. (a) Define the product topology on the Cartesian product Uyea X, of a family of topo-
logical spaces (Xo)aca

Proof. The product topology is the weak topology generated by 7, : [[,c4 Xo being the coor-
dinate maps. Its subbase is the collection 7 *(U,) for U, open in X,. O

(b) State Tychonoff’s compactness theorem.
Proof. Tf {X,} is a family of compact topological spaces then Il,c 4 X, is compact. O
(¢) State and prove the Banach-Alaoglu theorem (Hint: Use Tychonoff’s theorem)

Proof. Thoerem: Let X be a normed vector space. The closed unit ball {f € X* | || f|| < 1} is
compact in the weak*-topology.

For all z € X, let D, :={¢ | |¢| < ||z||} € C. Then D, is compact, and by Tychonoff’s theorem,
D :=1l,ex D, is comapct. Define complex function ¢ with ¢(z) < ||z||.

We define B* C D to consist of linear functions of D. We claim B* is closed. Indeed, let {f,}
be a net in B* that converges to f. Then

f(az +by) = lim fo(az + by) = lim(afu(z) + bfa(y) = alim fu(z) + blim fu(y) = af(z) + bf ().

So f € B*. Since closed subsets of comapct spaces are compact, then B* is compact in the
weak*-topology. O

52



12 AUGUST 2018 Texas A&M

Problem 6. Let (X,d) be a compact metric space.

(a) Show that X has a countable, dense set {x, | n € N}.

Proof. If X is countable, we are done. So suppose X is uncountable. Since X is compact, for
alln € N, X can be covered by finitely many balls of radius % For each n, choose such a fi-

nite cover with balls centered at the points {x;'}jvznl Then the collection E := Un{le}év:"l is
countable.
For z € X, for all n € N, x € B(1/n,x7%) for some z} € E so E is dense. O

(b) Let f, : X — [0,00) be fn(x) = d(x,z,). Show that if x,y € X and f,(x) = fu(y) for alln € N,
then x = y.

Proof. We then have that d(x,z,) = d(y,x,) for all n. We know for all m € N we can find z,,
such that d(x, z,,) < 1/m so d(y,z,) < 1/m. So we can find a sequence {z,, }5°_; such that
Ty — x and x, — y as m — oo. But X is a metric space and thus Hausdorff, so limits are
unique. Therefore, x = y. O

Problem 7. Let K > 0 and let Lipy be the set of functions f : R — R satisfying |f(z) — f(y)| <
Klx —yl.

(a) Prove that

d(f1, f2) ZQ 7osup |fi(x) = fal@)|

z€[—7,]]

defines a metric on Lipy

Proof. First, suppose d(f1, fo) = 0. Then Z 02 'supze[_j’j] |f1(z)—f2(z)| = 0 so sup,¢(_; j | f1(x)—
fa(x)| = 0 for all j. Thus, fi(x) = fo(x) for all x.

It’s trivial to see that d(f1, f2) = d(fs, f1)-

Finally,we’ll show the triangle inequality. This again follows directly: |f1(z) — fo(z)| < |f1(x) —
f3(@)| + |f3(z) — f2(z)] for all z. Taking sup on both sodies and multiplying by 277 we get

d(f1, f2) < d(f1, f3) +d(f1, f2)- O

(b) Prove that Lipy is a complete metric space

Proof. Suppose (f,) is a Cauchy sequence in Lipy. Then for every e > 0 there exists N € N
such that d(f1, fm) = Y272, 277 sup,e(_; ;) | f1(x) = f2(x)] < e. Then for each j and = € [, ]
we have |f,(x) — fi(2)] < €.

Thus, {f,(£)} is Cauchy sequence on [—j, j] for each £. But we can find f(x) such that f,(x) —
f(@).

We want to show that d(f,, f) — 0. Since f,(x) — f(z), then for all € > 0 we can find some
N € N such that for all n > N, |fn(z) — f(z)| < e. THen
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o)
d(fns f) 227 sup | fn(z) — |<22 Je = ¢

z€[—j,5]

So d(fa, f) — 0. To see f € Lipy,

[f(@) = fy)| = |lim fu(2) —lim fu(y)| = im[fu(2) = fa(y)] < Klim |z —y| = Kz —y|.

Problem 8. Let X,Y be topological spaces. A map f : X — Y is said to be proper if for every
compact subset K CY, the inverse image f~1(K) is compact.

(a) Suppose X is a compact space and Y is Hausdorff. Prove that every continuous map f: X =Y
18 proper.

Proof. Let K C Y be compact. Since Y is Hausdorff, then K is closed. Since f is continuous,

and Y\ K is open in Y then f~1(Y\K) is open in X. So f~}(K) = X\f 1 (Y\K) is closed.

Since X is compact, f~1(K) is compact. O
(b) Give an example of a continuous map which is not proper.

Proof. Consider the constant function 1 : R — R which sends z — 1. So 171({1}) = R. O

(c) Suppose f : R™ — R™ is a proper continuous map. Prove that f is a closed map, ie. f(C) is
closed in R™ whenever C' is a closed subset of R™.

Proof. Let {y,} C f(C) with y, — y. Define A = {y} U {y,} (compact). Then f~1(A) is
compact, so there exists z,, € f~1(A) N C such that f(z,) = y,. Find a convergent subsequence
Tp, With ,, — 2 for x € C'N f~1(A). By continuity of f, we have f(z) = y. O

Problem 9. Consider the interval [—m, 71| equipped with Lebesque measure p. For n € Z, consider
the functions f, € C([—m,7]) given by fn(t) = e™t.

a) Prove that spang{f, | n € Z} is dense in the space
(a) c

A={f € C([=mx]) | f(=m) = f(m)}
with respect to the uniform norm.

Proof. Let B = spanc{fn} C A C C([—m,n]). Note that B separates points and is closed under
complex conjugates. By Stone-Weierstrass, B is dense in C[—m, 7] hence also dense in B. O

(b) Show that {\fﬁ

} is an orthonormal basis for the Hilbert space L*([—m, ], ).
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Proof. Note that

T 1/2
1 Fs )l = ‘/ gintintgy| | _ o
For n # m,
T . i(n—m)t
<fn7fm> — / eznte—zntdt — ei‘irﬂ —0.
—Tr n—m
So they are orthonormal. 0

(c) Is the following statement true or false?:

“For every f € A, f =limy_00 % Zf:fz_N<f, fn) fn with respect to the uniform norm.”

Give a brief explanation why or why not.

Proof. TRUE.
Claim: Y (f, fn)fn exists. By Pythagorean theorem, s falful| = o 1fs fu) full-
By Bessel’s inequality, > > _(f, fu)fn is bounded so it ex1sts
Let g := f — >, (f, fn) fn so that
(9, fm) = (Fs Fm) = D o) fos ) = (Fo fom) = (Fs fim) =0
By completeness of Hilbert spaces, g = 0. So f =>""__(f, fu)fn- O

Problem 10. Let (X, || - ||) be a normed linear space and let (X*,|| - ||x+) denote its dual Banach
space of bounded linear functionals. Recall that |¢||x+ = sup| ;=1 [p(2)] for p € X*

(a) Prove that for each x € X, there exits ¢ € X* with ||¢||x+ =1 and ||z|| = ¢(x).

Proof. We will prove the more general case: let M be closed and z € X\ M. Then there exists
¢ € X* such that ¢(x) = infyep ||z — y|| and ||¢]| =1 and @[ = 0.

Restrict to the space M +Cx and define ¢(y+Az) = Xinf e ||z —y||. Then ¢(x) = infyen ||z —
yll and @[ =

Since ¢(z) = [z, then 1 = £ = 15 < ||| and

Rl

¢y + A0)| < ()] + [6(A)] = 0+ [Alo ()| = [A] inf |z —yll < [Al[z - Ayl = Az + .

Az
Therefore, ||¢|| = sup,; \, \ﬂ()\y;_y‘)l <1lso ¢l =1

Finally, if we define p(z) = ||z| for z € M + Cz then by Hahn-Banach, ¢ can be extended to 1
on all z with ¢|pr4ce = ¢. To prove the result, set M = {0}. O
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(b) Prove that the linear map ¢ : X — X** given by

s an isometry.

Proof. Fix x € X, so

(@) _ o 1)

lollxe gexs llollx-

By part (a), there exists ¢ € X* such that ||¢||x~ = 1 and ¢(z) = ||=||, which implies that
]| < fle(z) [l x--

Also, for any ¢ € X*, |¢(z)| < ||¢]|x+||x| and so

[le(2)]

ap 2@ lellll=]

[e(z)|] < su < = [l
pex [|ollx- ol
So ||¢e(x)]| = ||=]| and so ¢ is an isometry. O

(¢) A Banach space X s called reflexive if «(X) = X**. Prove that the Banach space
O ={fEN=CIflh =3 [F(k)] < oo}
%

is not reflexive.

Hint: Consider a weak-x cluster point of the sequence (1(fn))nen C (€1)**, where f, € £? is the
unit vector

_J1l/n k<n
p = e

Proof. Compare to Exercise 19 in Chapter 6 of Folland.
We have «(f) =: ¢, € (£>°)* is the map

bul(f)=n"" Zf(j)~

Note that . .
6ul <0 D IFG <0 Y I G)loe = 1) oo
1 1

50 ||¢n]| < 1foralln € N. So (¢,) is in the norm-ball of (£>°)*, which is wk*-compact by
Alaoglu and hence has a cluster point. Define f,, € £*° to be

() = {0 r<m

1 me.
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Then ¢, (fm) — 1 as n — oo for all m. Hence (¢, ) is a convergent subsequence in (¢,,) limit-
ing to ¢ € B((¢*°)*), one must have ¢(f,,) =1 for all m.

Yet if g € ¢, then "% fim(4)g9(4) = D07 g(j) can be made arbitrarily close to 0 for m suffi-
ciently large. So there is no g € £* such that ¢(f) = f(j)g(j) for all f € £°. O

Problem 11. Let (gn)nen € C([0,1]) be a sequence of non-negative continuous functions. Assume
that for each k =0,1,2,... the limit

1

lim 2* g, (z)dx exists.
n— oo 0

Prove that there exists a unique finite positive Radom measure u on [0,1] such that

| f@dute) = iim [ f@gu@rds for ait £ € C0.1).
0 0

Proof. Define M := lim,, fol gn(x)dr < c0. Let A = span{a® | k € N}. For each ¢ € A, by linearity,
lim,, fol &(x)gn(x)dx exists.

By Stone-Weierstrass, A is dense in C10, 1], so for every f € C[0, 1], lim,, fol f(z)gn(x)dx.

Next, let ¢ : C[0,1] — C be defined by ¢(f) = lim fol f(z)gn(x)dx. Linearity is obvious. Moreover,
for every f € C[0,1],

1 1 1
()] = fim [ fan(@)de] <tim [ 11(@)lgu @l < 1 2im | gu@de = M|

Hence, ¢ is a bounded linear functional on C10, 1].

By Riesz-Representation, there exists a positive Radon measure p such that

lim / F(@)gn(2)dz = O(f) = / f@)dp(z)  ¥fecp,1].
O

Problem 12. Let X be a locally compact Hausdorff space equipped with a Radon probability mea-
sure pr. Let E C L2(X, i) be a closed linear subspace and assume that E is contained in Co(X). The
goal of this problem is to prove that dim(E) < oo by justifying the following steps:

(a) There exists a constant 1 < K < oo such that

[fllz < W fllu < Kl £l for all f € E,

where || - ||, denotes the uniform norm. Hint: us the closed graph theorem for one of the inequal-
ties.
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(b)

(c)

For each x € X, there exists a unique g, € E such that ||g,|l2 < K and

f(@) =(f,9z) forall f € E.

Let (fi)icr be any orthonormal basis for E. Then

Z|fi(fﬂ)|2: lg=3 < K2 forall x € X.

icl
(d) dim(E) = |I| < K.
Proof. See January 2017, Problem #5 for a solution to a similar question. O
13 January 2018
Problem 1. Suppose Uy, Us, ... are open subsets of [0,1]. In each case, either prove the statement

or disprove it.

(a)

(b)

If /\(ﬂzozl U,) = 0 then for some n > 1, we have A\(U,) < 1, where \ is Lebesque measure and

U, is the closure of U, in the usual topology on [0,1].

Proof. We will disprove thls statement. Let U,, = C% N [0,
Cantor set of measure 1 — =. Then m((,—, U,) < m(U,)
does not contain an open 1nterval for any n, so U, = C’C =

1], where C,, C [0,1] is a generalized
=L som(N,_,Un) = 0. But G,
[0, ] 1] for all n, which has measure 1.

Another counterexample: Let r,, be an enumeration of the rationals on [0, 1], and set a,, ., =
1/27+m . Set

Un = U(rm — Gn,m,Tm + amm)
m

These are open since they are a union of open intervals. Moreover, since Q C U,, then \(U,,) =
A([0,1]) = 1. But by upper continuity of the Lebesgue measure, then

(ﬂU ) = 115}1/\ (U( — Unomy Tn + amm)) =0.

If N2, U, =0, then for some n > 1, the set [0,1]\U, contains a non-empty open interval.

Proof. TRUE. Recall that the Baire Category Theorem states that under these assumptions, if
each U, is dense in [0, 1] then (2, U, is also dense in [0,1]. Then since we have that (), U,
is not dense, then there must be some n such that [0, 1]\U,, is not dense. This precisely means
that U,, contains a non-empty open interval. O

Problem 2. Let X be a separable compact metric space and show that C(X) is separable.
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Proof. Remark: If X is a compact metric space, then X is separable. So the separable assumption
is superfluous.

Suppose d is the metric on X and () is a dense countable subset of X. For each n € N, de-
fine the functional f, by f,(x) := d(x,x,). Then each f, is a continuous functional. Consider

F = {1, f1, f2,...} and consider the subalgebra generated by the rational span of F', call it Q[F]
(this is still countable, we can consider the span, then consider the set where two elements of it are
multiplied together, then the set where three elements are multiplied together, etc). This is count-
able and dense in A := R[F]. so it is sufficient to show that A is dense in C(X).

We will attempt to use the Stone Weierstrass Theorem:

By definition, R[F] contains the constant function 1. We are left to show it separates points. Take
two points  # y in X. Since {z,} is dense, then there must exist some m such that d(z,z,,) <
2d(z,y) #0. If d(y, zm) = d(x,2,) then

A,0) < e o) + Ay, 2m) = 24(2,2) < Sdl,3),

This cannot be true under our assumption d(z,y) # 0. So then f,,(y) = d(y,zm) # d(z,zm) =
fm (). So fn, separates x and y.

Therefore, by Stone-Weierstrass, A is dense in C(X). But Q[F] is countable and dense in A, so
therefore C'(X) is separable. O

Problem 3. Let f:[0,1] = R be a bounded Lebesque measurable function such that

1
/ ft)e™dt =0
0
for everyn € {0,1,2,...}. Prove that f(t) =0 for almost every t € [0,1].

Proof. Using Stone-Weierstrass to show we can pass to the case fol f)g(t) = 0 forall g € C[0,1]
(this convergence is uniform). But C[0,1] is dense in L?[0,1]. So for any g € L?[0, 1], there is some
(g9n) C C[0,1] such that (-, g,) — (-, g) in (L?)*. Hence in fact (f,g) = 0 for all g € L?[0,1],s0 f =0
a.e.

Another argument: we use Stone-Weierstrass to see fol f(®)g(t) = 0 for all ¢ € C[0,1]. By a stan-
dard density argument, we may pass to the case where g is a step function. We claim that f = 0
a.e.

Assume not. WLOG there exists some E = {z € [0,1] | f(z) > 0} with m(E) > 0 (else consider
=£)-

Since f is bounded, then E, := {x € [1,2] | f(z) = oo} is a null set. Define E,, := {z € [0,1] |
1/n < f(xz) <n}. We can write E = (|J,, Er) UEo. So there exists some N such that m(Ey) = a >
0.

We can write A as a finite disjoint union of open intervals, A = U, I;, such that m(EyAA) < €
and A - EN.
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Put g = >, Xy,, then ffg(x)f(x) = fEN f(z)dz. Since

< Nm(ExAA) < Ne

f@ - [ 1)

En

If we choose € small enough, we see the contradiction since fol g(x)f(x) > 0. O

Problem 4. (a) Prove that every compact subset of a Hausdorff space is closed.

(b)

(c)

Proof. Let A be a compact subset of the Hausdorff space X. To show A is closed, we’ll show
A° = X\A is open. Take z € X\ A. Then for every y € A, there are disjoint sets U, and V,, with
z €V, and y € Uy.

The collection of open sets {U, | y € A} forms an open cover of A. Since A is compact, this
open cover has a finite subcover, Uy, ,Uy,,...,U,, . Let

Since each Uy, and V,, are disjoint, then U and V are disjoint. Also, AC U and z € V.

Thus, for every point « € X\ A we have found an open set V' containing x which is disjoint from
A. So X\ A is open and A is closed. O

Let f: X — Y be a bijective continuous function between topological spaces. Suppose that X is
compact and 'Y is Hausdorff and prove that f is a homeomorphism.

Proof. Let g = f~'. We need to show that ¢ is continuous.

For every V' C X, we have g~ 1 (V) = f(V). We want to show that if V is closed in X then
g H(V) is closed in Y.

Suppose V is closed in X. Since X is compact, V is compact by part (a). So f(V) is compact

since the continuous image of a compact space is compact.

Since Y is Hausdorff, f(V') is closed by the fact that a compact subspace of Hausdorff space is
closed. But f(V) = g~ %(V) so g~ 1(V) is closed. So g is continuous and f is a homeomorphism.
O

Prove or disprove that if X is a dense subset of a topological space Y and if X is Hausdorff in
the relative topology, then Y is also Hausdorff.

Proof. FALSE. Consider Y = {a, b} with discrete topology 7 = {0, {a,b}}. Let X = {a} with
relative topology 7x = {0, {a}}.

Then it’s easy to see X is dense in Y (since every open set containing an element of Y has nonempty
intersection with X, trivially). Since X has only a single element, it’s Hausdorff in the relative
topology trivially. But Y is not Hausdorff. O
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Problem 5. Prove that the following limit exists and compute its value:
Y A N G Vil
Jim | (; TR )¢

Proof. Let us first note an important simplification of the integrand, by considering the Taylor se-
ries expansion of cosx around a neighbourhood of 0.

cosx = i (_1)kx2k
(2k)!
k=0
We now make the following calculation:
[e%e) 2k 1 1 k
/ S A -
o (2K 2 \4

This can be done using integration by parts. Note all terms from this method are of the form Czie 2
—2x

x

for 0 < 4 < 2k and for some constant C. Since lim,_, z'e = 0 for all i we have Cxle=2%|5° =

0—0=0forall 0 <i < 2k. Hence we only need to find the constant belonging to the e~2% term.
Integration by parts gives

(2R (2k)!
¢= 2-(=2)2F 2.4k’

yielding our result. Hence,

ka

o0 [e%) ) 100 1 k
da = —20 gy = - - ,
v ;/ @ 2,2(4) =

We note (by MCT) that Y > Lk,e’% € L! is a dominating function for all limiting functions, so
i=0 (2k)!
n n -1 k .2k [e§] n -1 k .2k oo
lim Z % e~2= gy PET / lim Z % e dy = / (cosz)e 2%,
mmeeJo \ o (2k)! 0 "7\ (2k)! 0

This latter integral is once again solved by integration by parts to yield the value 2/5.

Problem 6. Let X and Y be Banach spaces (over C)

(a) A linear map T : X — Y is called adjointable if T*f € X* for every f € Y*. Prove that T is
adjointable if and only if T € B(X,Y).
Proof. <) if T € B(X,Y) then by definition, for every f € Y*, we have T*f € X*

=) Suppose T*f € X* for every f € Y*. We will use the Closed Graph Theorem. Suppose
Zy, — x in X and that Tz, — y in Y. Then since T* f € X* for every f € Y* we can apply this
to the convergence to see that
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(b)

(c)

f(Txn) = (T"f)(wn) = (T°f)(x) = f(Tx)  VfeY”

By the Hahn-Banach theorem, Y* separates points in Y so therefore, Tz, — Tx. Uniqueness
of limits implies Tz = y and so the graph of T is closed. By the Closed Graph Theorem, T is
bounded. O

Suppose a bounded linear functional 1 : X* — C is weak™- continuous. Show (from the defini-
tions) that there exists © € X such that ¥ (¢) = ¢(z).

Proof. Define the functional

evy, : X" —=C

[ flo)

We want to show that every bounded, linear, weak*-continuous functional 1) : X* — C is of this
form.

Indeed, since 1 is weak*-continuous, then it is weak™® continuous at 0. Thus, the set {f € X* |
[(f)] < 1} is weak* open and must contain a neighborhood of 0. By definition of weak* topol-
ogy, there must exist x1,...,z, € X such that

V(zgy,...,zn):={f e X" | |f(z;)|<Li=1,...,n} C{f e X" ||w(f)] <1}

Then we will next show that (), ker(ev,,) C ker(¢)).

Indeed, let f € ker(evy,,) so |f(x;)| =0 for all i = 1,...,n. Take € > 0 and consider g = % f, so
lg(z;)] = L[ f(z;)] =0 for all i = 1,...,n. In particular, g € V(z1,...,,) and so then we have
if [¢(g)| < 1 then |(f)| < e. But € is arbitrary so ¢(f) =0, i.e. f € ker(¢)).

Now recall the linear algebra trick that says if for linear functionals ker(T') C ker(S) then S is a
scalar multiple of T'. In this case, we get that 1 is a linear combination of the ev,,, i.e. is of the
form ev, where z is a linear combination of the z;’s. If ) = > | a; evy,, then z := Y [ oy, is
the desired element.

Moreover, because the weak™* topology is Hausdorff, z is necessarily unique. O

Let S € B(Y*, X*). Prove that S is weak*-weak*-continuous if and only if S = T* for some
T eB(X,Y).

Proof. <) If S = T* then if f, — f is a weak™ convergent net in Y* then for any y € Y,
faly) = f(y). Therefore,

(Sfa—Sf)(@) = (Tx) (fo — f) = 0.
eX* —0

So S is weak*-weak* continuous.

=) Suppose S : Y* — X* is weak*-weak* continuous. Then the evaluation function on x,
ev,(9) is weak® continuous on Y* (where ev,(S) : Y* — C, (ev,(9))(f) = (Sf)(z)).
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By part (b), we know that ev,(S) is of the form evy(, for some unique 7'(x) € Y. Since T'(z) is
uniquely determined, it follows that T is linear.

We will now check that T' is continuous by the closed graph theorem: if z,, — x adn Tz,, — y
in norm then for each ¢ € Y* we have

And so y = Tz as desired. So T is bounded and therefore, S = T* is bounded as well. O

Problem 7. Let (f,)32, be a sequence of functions f, : [0,1] — R.

(¢)

(b)

(c)

(d)

What does it mean for {fn | n > 1} to be equicontinuous?

Proof. {fn | n > 1} is said to be equicontinuous if for every € > 0, there exists a § > 0 such that
for all z,y € [0,1], if |z — y| < d then |f(x) — f(y)] <e. O

Suppose that for every n, f, is differentiable and |f! (t)| <1 for all t. Prove that {f, | n > 1} is
equicontinuous.

Proof. Since |f},(t)| <1 for all ¢, then for all n, we have by the mean value theorem that

[fn(z) = fn(y)

<1.
|z -y

Hence, for any fixed € > 0, setting § = € and for |z — y| < § then

lfo(@) = fo()| <]z —y|<d=¢

Suppose the hypothesis of (b) holds and assume in addition that |f,(0)] < 1 for everyn > 1.
Prove that there exists a continuous function f : [0,1] — R and a subsequence (fy))5e, con-
verging uniformly to f.

Proof. This is essentially the Arzela-Ascoli Theorem. Since |f,(0)] < 1 for all n and since
|fh ()] < 1 for all t, then |f,(t)] < 2 for all t € [0,1] and for all n. That is, {f,,} is uniformly
bounded. It’s also equicontinuous by part (b). Therefore, Arzela-Ascoli theorem states that
there is a subsequence {f,, } which converges uniformly. Let f be the limit, and we finish by
recalling that the uniform convergence of continuous functions is also continuous.

Note: it might be good to know the Arzela-Ascoli Theorem. O
Show by example that the limit function f need not be differentiable.

Proof. Take fn(x) = /224 1/n so f,(0) = ﬁ < 1 for all n and so {f,} is uniformly bounded.
Next, we can see that f/(z) = \/ﬁ so that for z € [0,1] we have |f, (z)| < /.15 < 1l as
desired.

However, it’s also clear that the limit must be f = || which is not differentiable. O
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Problem 8. Let H be a complex Hilbert space. Given a non-empty set E C H and x € H, put
dist(z, F) = inf{||lz —y| |y € E} and E+ ={x € H | (z,y) =0 Vy € E}.

(a)

(b)

(c)

(d)

Let Ho C H be a closed subspace and x € H. Prove that there exists xog € Ho such that ||z —
x| = dist(z, Ho).

Proof. Let § = dist(z,Hp). Then there exists a sequence (y,,) € Ho such that 6, := ||z — yn|| —
0. We will show that (y,) is Cauchy. Indeed,

0 < [lgn = yml® = ~llyn + ym — 22[1* +2(lyn — | + ym — z||*) < —46" +2(5, +67,) = 0.

where we use the fact that

2

yn‘i’ymi

2
——
EHo

lYn + Ym — 2zH2 =4

Thus, (y,) is a Cauchy sequence and so because we are in a Hilbert space, (y,) converges to
some point xg € H. Since Hy is closed and y,, € H for all n then we get that xg € Hg. Finally,
|z — zo|| = lim ||z — y,|| = limd,, = .

Ezercise: it can be shown if H is convex, then the choice of xy is unique! O
With x and xog as above, prove that x — xg is orthogonal to Hy.
Proof. Let y € Hg be an arbitrary vector with |ly|| = 1, set « := (x — z¢, y). Then since a(x —

70,y) = aa = |a|? and aly,r — x¢) = aa = |a|?, we have

|z = (wo+ay)|* = llo— 20— ayl® = llz —wol* &z —z0,y) —aly, x —x0) +|a|* = | —o|* —|a]*.

So since xg + ay € Hp then ||z — xo — ay|| > || — x¢||. Hence oo = 0.

Therefore, for any nonzero y € Hy we can write

(x —z0,y) = [lyll{x — zo,y/llyll) = lly[|0 = 0.

So (z — zg,y) = 0 for all y € Hy so x — z9 L Hy. O
Prove that H = Ho ® Hg (the algebraic direct sum)

Proof. This follows immediately from parts (a) and (b). Take some arbitrary z € H. We can
find the appropriate xy as above, so x = g + (x — x0) € Ho B Hj-

The fact that it is a direct sum follows from the fact that Ho N Hg = {0}. O

Let E C H be non-empty. Prove that (E+)* = E if and only if E is a closed subspace.
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Proof. If E is closed, then the above parts (a),(b), and (c) apply and prove that (EPerp)t =

E. To see the converse, we will instead show that (E+)* = E. The desired result will then
immediately follow.

Since E C E then - C E* and therefore, (EX)* C (E™)L. Since E is closed, then (B )+ =
Eso (EH)t CE.

Conversely, since E+ is closed for every E (independent of whether E is closed or not) then
(E4)* is closed and so since E C (E+)+, then by the monotonicity of topological closure we
have that £ C (EL)L = (E+)*L.

Therefore, (E+)*+ = E. O

Problem 9. Let V be a vector space over R or C. Recall that a Hamel basis for V is a linearly in-
dependent subset of V' whose linear span equals V.

(a) Let S C V and suppose the linear span of S equals V. Show that V' has a Hamel basis that is a
subset of S.

Proof. Let C be the collection of linearly independent sets in S. This is non-empty since S is
non-empty. A standard Zorn’s lemma argument shows that chains have upper bounds in the
space, so there is some maximal element B in C. We claim the span of B is V. If there is some
v not in the span of B, then since the span of S is V' there must be some s not in the span of B
either. So B U {s} is linearly independent, contradicting maximality of B. O

(b) Suppose V' has an infinite Hamel basis and show that all hamel bases of V' have the same cardi-
nality.

Proof. Suppose that {v;}ier and {u;};ecs are two infinite bases for V. For each ¢ € I, then v; is
in the linear span of {u;};cs. Therefore, there exists a finite subset J; C J such that v; is in the
linear span of the vectors {u;} cs,. Therefore, V' = span({vi}icr) C span{u;};c(ys,. Since no
proper subset of {u;};cs can span V, it follows that J = (J,.; Ji. Therefore |J| < [I].

A symmetric argument shows that |I| < |J]. O
Problem 10. Suppose (X, M, p) is a finite measure space and A C M is an algebra of sets with a
finitely additive complex measure p : A — C such that |W(E)| < p(E) for all E € A. Show that there

exists a complex measure v : M — C whose restriction to A is p and such that |v(E)| < p(E) for all
EeM.

Hint: you may want to consider the subspace V. C L(p) that is spanned by the set of characteristic
functions Xg for E € A, and a certain linear functional on V.

Proof. Solution from Minh Kha.

For each subalgebra U of M, we define Sy to be the set of all simple functions of the form Y. | ¢;Xg
where ¢; € R, E; € U. Then S 4 is a vector subspace of Spg.

i

Now define p : Syq — R such that

n

p(f):SUP{Z|CiP(Ei) | f:ZCz'XEi»EiﬂEjZ@W#j,Ei€M7CiGR} Vf e Su

i=1 i=1
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It’s not difficult to check that p satisfies p(f + g) < p(f) + p(g) for all f,g € Sr and p(tf) = tp(f)
for allt € Rt, f € Sy Thus, p is a seminorm and is just an extension of the total variation of the
measure p when you apply to the function f = 1.

Define a linear map T : S4 — R defined by

T(f) = /X fdu Vf€Sa

This is linear because of the finite additive property of pu. Then |T(f)| < p(f) for all f € S4. By

Hahn-Banach, we get a linear extension of 7" on S, which we denote by T. Moreover, this exten-
sion T : Sy — R satisfies |T(f)] < p(f) for all f € Spy.

Now, we define a finite additive measure v on M by letting v(E) = T(Xg) for all E € M. Thus,
vla=p and [v(E)| < p(E) for all E € M.

To check the countably additive property of v, consider any countable collection of disjoint measur-
able subsets E; € M and so X\ g, = >_; Xg,. Thus, v(U; Ei) = >_, v(E;) since the series ), T'(E;)

?

converges (use |T(f)| < p(f) for all f € Suq and properties of the measure p).

For the complex case, repeat the trick by proving the complex version of the Hahn-Banach theorem
from the real version. O

14 Awugust 2017

Problem 1. Let (Q, A, 1) be a measure space and let {fn} be a sequence of measurable functions
on X. Prove, directly from the definition of convergence almost everywhere, that if Y pl|fal >
1/n] < oo, then the sequence {fn} converges almost everywhere to zero. Deduce that every sequence
of measurable functions that converges in measure to zero has a subsequence that converges almost
everywhere to zero.

Proof. Let E = {z € Q| lim,, | f,(x)| = 0}. We want u(E°) = 0. Let

M = m U{x€Q| | fn(2)] > 1/n}

m=1n=m

Since

u([j {weﬂ||fn<x>|>;}> <Y u({reoinmi=1}) - o

n=m n=m

Therefore, (M) = 0 and

Me=J N {zeQ||ful@)] < 1/n}.

m=1n=m
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Note: fn(z) — 0 if and only if Ve > 0, AN s.t. ¥n > N, |f,(z)] <e.
So for any € M¢ choose 1/N < e s.t. Vn > N we have |f,(z)| < 2 < & <e.

Therefore M© C E, so E¢ C M, implying u(E€) = 0. So then {f,} converges almost everywhere to
zero.

Step 2: We will show that if f,, — 0 in measure, then there exists a subsequence that converges to 0
pointwise almost everywhere.

Suppose for every € > 0, u({z | | fn(z)| > €}) — 0. Choose a subsequence {fy,, } such that if

Bj = {z | |fn;(@) = fa;x (@) > 277}

satisfies pu(Ej) < 277. Let Fy = ;2 Ej so p(Fy) <3072, 277 <2'7F Let F =), Fy so u(F) = 0.

For x ¢ Fj, and for ¢ > j > k then

i—1 i—1
| fn:(2) — fn; (2)] < Z |fre () = frpp, ()] < 225 <277 50 ask— .
=3 =3

So fn, is pointwise Cauchy on = ¢ F, so let

otherwise

~Jlim fp,(z) ¢ F
-

So fn, — 0 almost everywhere and f, — f in measure since

pz | [fn(2) = f(@)] = €}) < pa | |fn(@) = fn,(2)] = €/2}) + p{z | | fn,(x) = f(2)] = €})

-0 —0

and
n{z [1f@)] = €}) < p({z | [f(2) = ful2)] = €/2} + p({z | | fu(2)] = €/2})
—0 —0
so f =0 almost everywhere. Thus, {f,,} converges to 0 almost everywhere. O

Problem 2. Show that there is a sequence of nonnegative functions {fn} in L'(R) such that || f,||L1®) —
0, but for any x € R, limsup,, f,(z) = oco.

Proof. We will explicitely construct such a sequence. Consider the following pattern:

To cover [—1,1] let
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fi = VX1, fo = V1X[01)-

so that || f1l|z1m) = 1 = || f2llL1 (). To cover [~2,2], next let

f3= \@X[&,A.s], fa= \/§X[71.571] co fl0= \/§X[1.5,2]

so then % = fsllcrw) = IfallLrwy = - - - = /10l 1 (r)- Next, we cover [-3, 3] so that

Ju = \/§X[—3,—2.666]7 o fog = \/§X[2.666,3]
so that % = [[fullerwy = ... = [lfasllzr(m). If we continue in this fashion, we get the desired
functions.

Explicitely, for n = Zivz_ll 2i* + k= $(N = 1)(N)(2N — 1) + k where N € N, 0 < k < 2N?, then we
set

Frn = VNX[_Ntk/N,—N+(h41)/N]

so that || fnllL1r) = \/% but for every x € R, it’s clear that limsup,, fn(z) = cc. O

Problem 3. Construct a sequence of nonnegative Lebesque measurable functions {f,} on [0,1] such
that

(a) fn — 0 almost everywhere, and
(b) for any interval [a,b] C [0,1],

b
lim fu(x)dz =b—a.

n—roo a

Proof. We will prove a result in greater generality: there exists a sequence (f,,) that converges to 0
a.e. such that [ f,f — [ f. After proving this statement we will explain how to adapt this argu-
ment to take a shorter amount of time for the qual. Before beginning, we recall “little-o” notation:

Ap

we say a sequence a, = o(f(n)) if lim, Ty = 0.
Claim. For any f > 0 that is continuous on [0, 1], |nf[z m+%}(f(y) — f(x))dy| = 0(%),

For any e > 0, 3N € N such that 0 < § < % then |f(z + ) — f(z)| < £ for all z € [0,1]. Hence for
n>N, nf[m R |f(y) — f(z)|dy < ne; = o(2), proving the claim.

By the exact same method as taken in the claim, | f[m IJFL](f(y) — f(@))dy| = o() as well. We will
use both in what is to come. "

Let f,(z) := ZZ;& nX(x x4, and let €, N be as above. Clearly f, is measurable and satisfies (a)
above. To prove (b), observe that, for n > N,
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Hence | [(ffu = )] < X320 In = o(1).
This holds for all f > 0 which is continuous, so in particular, it will hold for f = X4 3

Shorter proof: Taking the same sequence and the same I as above, note that for each n, there are
at most two values of k for which I, is non-zero (namely, those whose intervals of integration which
intersect with the endpoints a and b). It is easy to see that || < 2 for all k by its definition and

a quick triangle inequality, and this completes the proof. Note we did not use the claim, the state-
ment following it, or the lengthy calculation following the definition of I for this argument. (We
needed slightly stricter bounds for I in the continuous case, which is where most of the work above
comes from.) O

Problem 4. In this problem the measure is Lebesgue measure on [0,1]. The norm on L*°[0,1] is
the essential supremum norm, which for a continuous function is the same as the supremum norm.

(a) Prove or disprove that L°°[0,1] is separable in the norm topology.

Proof. L*°[0,1] is not separable in the norm topology. Consider the collection of functions f, =
X[—r, for real 1 > 7 > 0. Since there are uncountably many such 7 and since || f, — fr/[lc = 1
for any r # r/, it’s impossible to have a countable subset of L>°[0, 1] that is dense in it. O

(b) Recall that L>=[0,1] = (L'[0,1])*. What is the weak* closure in L°°[0,1] of the unit ball of
C[0,1]¢ Prove your assertion.

Proof. We anticipate that the largest this weak™® closure could be is the unit ball of L*°[0, 1]; we
will prove this is the case.

First, since B(C[0, 1]) C B(L®]0,1]),

B(C[0, 1) ** c B(L=[0,1]) = %" B(L*[0,1]).

Claim: B(C10,1]) is weak*-dense in B(L>°[0,1]).
This is guaranteed by Lusin’s theorem. Let f € L°°[0, 1] with || f]jcc < 1. Let (f,) C C[0,1] be

such that || fnllec < [|f]lco and fn = f except on a set A, such that u(A,) < L. For g € L
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and € > 0, there is some N € N such that [ |g| < ¢ whenever u(N) < % (see Corollary 3.6 of
Folland). So

Jie=sullal= [ 17 =sullal+ [ 17 = fllal < 20l

This means B(L>]0, 1]) is contained in the weak*-closure of B(C(0,1]), completing the claim.
O

Problem 5. Prove that if a1, aso,...,an are complex numbers, then

a) [F N ar exp(2mwikt)|Pdt < N ap|?, if 1 <p<2, and
0 k=1 k=1

(0) [} IS0 a exp(2mikt)[Pdt > S JarlP, if 2 < p < oc.

Proof. Note first the following facts:

o {exp(2mikt)} is orthonormal in L?

e For a finite measure space and p < ¢, then

1£llp < p(X)P=H) £l

e For a discrete X and p < gq, || fllq < Ifllp-
Since {exp(wmikt)} is orthonormal, then

N

Z ay exp(2mikt)

k=1

2

N
D laxf”
k=1

2

Then if we let a = (a1,...,ay) and f = Zivzl ay exp(2mikt), we see that for 1 < p < 2, we have

1
/
To see (b), then similarly for 2 < p < oo,

[

Problem 6. Prove that if X is an infinite dimensional Banach space and X* is separable in the
norm topology, then there is a sequence {x,} of norm one vectors in X such that {x,} converges

N p
> anexp(2mikt)| dt = |[fI5 < | fI5 = lalls < [lall}-

k=1

N p
> arexp(rikt)| di = |f[5 > |If1I5 = llal > [all?.

k=1

weakly to zero.
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Proof. Suppose {z}} is a dense, countable subset of X*.
Claim: For every n, then (;_, ker(z}) is non-trivial.

Indeed, assume to the contrary that ();_, ker(z;) = {0}. Then the map

F: X —F"

rYn

is linear and injective. Let {e1,...,em,} be a basis for FI(X). Choose yr, € F~*({ex}). For all z €
X, we can write F(z) = Y.7"  ae;. so F(x — Y ay;) = > ae; — Y a;e; = 0 so x is in the span and
then X must be finite dimensional, contradiction! So the claim holds.

Now, choose z,, € Sx N (,_, ker(z)). Fix 2* € X*, € > 0, so 3N € N such that ||2* — 2} < e
Then for all n > N, z,, € ker(z7}) so

2% (2n)| = (27 = 27) (2n)| < [l27 — 2§ | <€

So then z*(z,) — 0. O

Problem 7. Prove or disprove each of the following statements.

(a) If {fn} is a sequence in C[0,1] that converges weakly, then also {f2} converges weakly.

Proof. YES. Recall that f, € C[0,1] converges weakly if and only if it converges pointwise and
is uniformly bounded.

Suppose f,, — f weakly, let M := sup,, || fu|| < 0o. Then f,, — f pointwise so f2 — f? pointwise
and sup,, || f2]| = M? < co. So f2 — f? weakly. O

(b) If {f.} is a sequence in L?[0,1] that converges weakly, then also {f2} converges weakly. (Lebesgue
measure on [0,1])

Proof. NO. Take f,(2) = 273X (1 /n11(2), 0 fn = f =273 in norm but f2(z) = 27%3X(1 /1) (2)
but
1 1
/ (@) 3de = / &7 X1 /n,1) = log(n) — oo.
0 0
O

Problem 8. Let {f,} be a sequence of continuous functions on R that converges pointwise to a real
valued function f. Prove that for each a < b, the function f is continuous at some point of [a,b].

Hint:  Let En oy = [|fn — fm] < 1/k].

Proof. Fix some [a,b] C [0,1]. By Egoroft’s Theorem, f, — f uniformly outside a set of measure
b’T“. Then f must be continuous outside of this set.
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Note: Likely, the question was meant to prove Egoroff’s theorem, see Folland for that proof! O

Problem 9. Let X and Y be compact Hausdorff spaces and let S be the set of all real functions on
X XY of the form h(z,y) = f(x)g(y) with f in C(X) and g in C(Y).

Prove or disprove that the linear span of S is dense in C(X xY).

Proof. We will use Stone-Weirstrass theorem here. Note that if hi(x,y) = f1(2)g1(y) and he(z,y) =
f2(x)g2(y) are two functions in S, then

(hih2)(z,y) = hi(z,y)h2(z,y) = f1(2)91(y) f2(2)92(y) = (f1.f2)(z)(9192)(y)

where if f1, fo € C(X) then so is f1 fo (and similarly, g1go € C(Y)). So then S is an algebra. Thus,
it follows that span(S) is an algebra as well.

Next, S separates points. Indeed, suppose (z,y) # (¢/,y’) in X x Y. If z # 2’ then choose some
f € C(X) that separates x and z’. Take g € C(Y) to be the constant function g = 1. Then letting
h(z,y) = f(z)g(y) = f(x), h separates the two points. If x = 2’ then y # ¢’ so the same trick
works, setting f = 1 € C(X) and choosing g to separate y and y', letting h(z,y) := f(2)g(y) = g(y)
to then separate points.

Therefore, by the Stone-Weierstass theorem, span(.9) is dense in C(X x Y). O

Problem 10. Let X be a Hilbert space and assume that {x,} is a sequence in X that converges
weakly to zero. Prove that there is a subsequence {yx} of {x,} such that the sequence ||[N~* Zszl vl
converges to zero.

Caution: the same statement is NOT true in all Banach spaces, not even in all reflexive Banach
spaces.
Proof. Note: This is the Banach-Saks Theorem

We shall successively choose the ny in the following manner. Beginning for definiteness with n; = 1,
let ng be the first index such that |(f1, f,)| < 1 (this choice is possible since (f1, fn) — 0 asn —
00). In general, after having chosen f,,, fns,-- -, fn,, we choose ny41 so that

El e

a"'7|<fnlc’fnk+1>| S

| =

|<f’n17fnk+1>| S

Since {f,} converges weakly, then it is bounded and so || f,|| forms a bounded sequence, say || f.| <
M so by expanding the inner product, we get

which then implies

fn1+fn2+'~'+fnk

2<kM2+2><1+4><%+...+2(k:—1)><ﬁ M2 +2
P <

2 < Tk
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Problem 11. Let F C C([0,1]) be a family of continuous functions such that

2

k

(a) the derivative f'(t) exists for allt € (0,1) and f € F.

(b) supscp |f(0)] < oo and supjep SUPye (0,1 |/ (t)] < o0.
Prove that F is precompact in the Banach space C([0,1]) equipped with the norm || f|| = sup,cjo 17 [f(¢)]-

Proof. We will use the Arzela-Ascoli Theorem.

To see I is equicontinuous, fix some € > 0, and let 6 = §; where M = sup s p Supye (0,1 |f' ()] < oo.

Then by the mean value theorem, for any a < b, there exists some ¢ € (a,b) such that f'(c) =
IO o that |f(b) - f(@)] < |f/(0)]Ib— al < M[b—a| < M6 =

To see F' is pointwise bounded, we see that for any b € [0, 1], then for some ¢ € [0, b], we have f(b) =
f'(e)b+ f(0), so that

|f(b)] < M + sup [f(0)].
feF

That is, F' is uniformly bounded!
Then by Arzela-Ascoli, F is compact. O

Problem 12. Let {x,} be a weakly Cauchy sequence in a normed linear space X. Prove that

(a) x, is norm bounded in X

Proof. Let ¢ denote the space of convergent sequences, and consider the map

T: X*—c

Note Z,(z*) = x*(x,,) is convergent for all z* € X*, so sup,, |Z,(z*)| < oo for all z*. By Uni-
form Boundedness, sup,, ||Z,| = sup,, ||z, | < co. O

(b) There exists x** in X** such that x,, converges weak™ to x**, and ||x**|| < liminf ||2,]|.

Proof. Since (z,) is weakly Cauchy, then for every z* € X* the sequence (z*(z,)) is Cauchy,
hence convergent. We can define
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¥ X =5 C

= liylzn " (xy)

*%

Uniform boundedness shows that ||« | is bounded, hence 2** is bounded. Finally,

|2 ()| = liminf |2* (z,)] < lim inf |2*]|||za]| = (hminfﬂan) (||x*|\).

So then [|z**| < liminf ||z, ]|. O

15 January 2017

Problem 1. Let (Q, A, 1) be a measure space. Prove directly from the definition of convergence
almost everywhere that if for alln, p ({z € Q| |fa(z)] > £}) < n=3/2, then f, — 0 p-a.e.

Proof. Let E = {z € Q| lim,, | f,(x)| = 0}. We want u(E°) = 0. Let

M = ﬂl U {zellfal@) > 1/n}

=1ln=m

Since

u<ngn{xem|fn< )| > }) fj ({reainmi=11) < Zn

Therefore, (M) = 0 and

= J Nz eQlfule) < 1/n}.

m=1n=m
Note: f,(z) — 0 if and only if Ve > 0, IN s.t. Vn > N, |f.(z)| < e.
So for any € M¢ choose 1/N < e s.t. Vn > N we have |f,(z)| < 2 < & <e.
Therefore M¢ C E, so E€ C M, implying pu(E°€) = 0. O
Problem 2. Find all f in L'(1,2) such that for every natural number n we have f12 2" f(z)dz = 0.

Give reasons for all assertions you make.

Proof. Let f(x) = 0 on 2 = 1,2. We now consider f € L'[1,2]. Using Stone-Weierstrass to show we
can pass to the case ffg(sc)f(x) =0 for all g € C[1,2].
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By a standard density argument, we may pass to the case where g is a step function. We claim that
f=0a.e.

Assume not. WLOG there exists some E = {z € [1,2] | f(z) > 0} with m(E) > 0 (else consider
=f).

Since f € L'[1,2] then E = {x € [1,2] | f(z) = oo} is a null set. Define E,, := {z € [1,2] | 1/n <
f(xz) <n}. We can write £ = (U,, En) U Ex. So there exists some N such that m(Ey) = a > 0.

We can write A as a finite disjoint union of open intervals, A = U, I;, such that m(EyAA) < €
and A C Ey.

Put g = > 1", X, then flzg(x = [, f(x)dz. Since

- /A o)

If we choose € small enough, we see the contradiction since f12 g(x)f(z) > 0. O

< Nm(ENAA) < Ne

Problem 3. A. Prove that there exists a sequence of measurable functions g, on [0, 1] such that

(a) gn(z) >0 for any x € [0,1];
(b) lim, gn(z) =0 a.e.;
(¢) For any continuous function f € C[0,1],

lim f g d:zr—/f

n—oo

Proof. (Solution from Ting Lu, TeX-ed by John Weeks)

It suffices to assume f is non-negative. Any f € (|0, 1] is uniformly continuous since [0, 1] is
compact. The following lemma will then come in handy:

Claim. With f as above, nfx (oot ] (f(y) — f(z))dy = o(L).

For any e > 0, 3N € Nsuch that 0 < = < =+ then f(z) — f(0) < e. Hence forn > N,
nf[o,%](f(x) - f(0)) < nex

A clear extension to this is that f[l’»ﬂ“r%] (f(y) = f(z))dy = o).
Let g,(z) := ZZ;S nX[k7k+ 1] and let e, N be as above. Clearly g,, is measurable and satisfies
(a) and (b) above. To prove ( ), observe that, for n > N,

k+1
n

Ik =

n

IX(E bt ) f|
k+1

S

=)
=0\ — .
n
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Hence | [(fgn — )| < 35Zg I = o(1). m

B. If g, is a sequence of measurable functions on [0,1] such that (a), (b), and (c) are satisfied,
what can you say about fol sup,, gn (x)dx ?

Proof. TBD O

Problem 4. We say that a sequence {a,}22, in [0,1] is equidistributed (in [0,1]) if and only if for
all intervals [c,d] C [0,1],

Hai,...,an} N e, d|

lim =d—c
n—00 n
(Here |A| denotes the number of elements in the set A.)
Let un = + > 1<n<n Oa, with 4, the point measure at a,, that is, for any subset S € [0,1],
1 ifa, €8
s (s) =4t TS
0 ia, ¢S

Show that {a,} C [0,1] is equidistributed if and only if

1 1
lim / fd,uN:/ fdm,
N—oo Jo 0

for all continuous functions on [0, 1], where m is Lebesgue measure.

Proof. Note that {a,} is equidistributed if and only if

lim {a1,...,an}t N[e d]|

n n

=d-c

if and only if

1 1
lim/ fdun = / fdm  for f simple functions (since we can take f = X[ 4)
nJo 0

=) It’s easy to see if {a,} is equidistributed for f = X 4.

1 1
) o Ha,.cant e d]] B
hlgn/o fd,uN—h]{fn ~ =d—c= ; fdm

Thus, ”=" holds for step functions.

Using Darboux’s definition of integral for f € C]0, 1], Ve > 0 there exists step functions fy, fo such
that f1 < f < f5 and fol (f2 — f1)dx < € where the lower sum is
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1 1 & 1 &
/0 fi(x)dz = lijgn ~ ;fl(an) < limNinf N ;f(an)

and the upper sum is

N
/f2 dacfhm—ngan >hmsu N; an)

Then

N

N
hmsup Z an) — hmln v Z ap)| <e.
1 1

Therefore limy % Eiv f(ay,) exists and by definition must be fol fdu.

<) If we know lim g fol Indpg = fol gndp for all g, € C[0,1]. Let f = X[.,q], choose g, — f in L
and each g, “\ f positive, g, € C[0,1] with gn|c.q) =1 = flic,a-

We want to show limg fol fdug = fol fdm. Indeed,

d d
/ fux - / fdm
d d
/ gndus — / fdm
d d
=/ gnduK—/ fdm
cl c1
S/ gnd,LLK _/ fdm
0 0
1 1
/ gnd,uK _/ gndm‘ +
0 0

[ [ -

1 1
< / gndm —/ fdm‘ — 0.
0 0

Problem 5. Consider the space C([0,1]) of real-valued continuous functions on the unit interval
0,1]. We denote by || f|loo := supyejo,) | f(2)] the supremum norm of f € C([0,1]) and by | f|l2 :==

(fol |f(2)2dx)? the L2-norm of f € C([0,1]). Let S be a closed linear subspace of (C([0,1]), ]| - loc)-
Show that if S is complete in the norm || - ||2, then S is finite-dimensional.

Proof. Let T : (S, - l2) = (S, || - lloo) by T(z) = z. Note that both spaces are complete.

Assume x,, = z in || - ||z and T(z,) — y in || - || then
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IT(zn) = yll2 < IT(2n) = ylloc = 0.

So

lz =yl < lle = T(@n)ll2 + [|T(zn) = yll2 < |z = znlla + [[T(2n) =yl = 0

sox=T(z)=y.

Therefore, by closed graph theorem, we know T is bounded. So there exists some C such that || f]|e <
Clfle-

Now let fi,..., fn be an orthonormal family in S. Then for all fixed x € [0, 1]
fi@)? 4+ fu@)? < N fi(@) o+ A+ fal@) fallo < Cllfi@) fr+ -+ ful@) full2

So then because f,,’s are orthogonal and || fx||3 = 1,

(Fr@)? + -+ ful@)®)? < C? (A @A+ + fa@) £al3) = CPHfr(@)2 + - + ful(2)?)

Then fi(z)? + -+ fo(z)* < C% So

1 1
n=/ fl(x)2+---+fn(x)2dms/ C?dz =C? = n < C?
0 0

Thus, the number of orthogonal family in S is at most C2. So S is finite dimensional. O

Problem 6. Prove that if a function f :[0,1] — R is Lipschitz, with

If(z) = f(y)] < M|z —y]

for all z,y € [0,1], then there is a sequence of continuously differentialbe functions fy : [0,1] — R
such that

(i) |fl(z)] < M for all x € [0,1];
(ii) fn(x) = f(x) for all z € [0,1].
Proof. Tt’s easy to prove f is absolutely continuous = f is of bounded variable = f is differentiable
a.e. = f’ exists a.e.
Also, when [’ exists, |f'(x)] < M.
Then there exists simple @1, @2, ... such that 0 < |[¢1] < [pa] < -+ < || < -+ < |f'] < M and

¢n — [’ uniformly on [0, 1] where f’ exists. Define
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_ /O ot + 10)  f(x) = /0 " Pt + 1(0)

Then |f! (x)| = |¢n(z)| < M and for all = € [0, 1],

|fn - |</ |¢n — \dt—>0

since ¢,, converges to f’ uniformly. O

Problem 7. Given f : R — R bounded and uniformly continuous and K, with K, € L*(R) for
n=12,3,... such that

(i) | Knlls € M <00, n=1,2,3,...
(%)f K,(z)dr — 1 as n — co.

(iii) f{IHwI>5} |K,,(z)| = 0 as n — oo for all § > 0.

Show that K, x f — f uniformly, where

K, + f(z /K — y)dy.

Proof. For all z € R,

5 f () — |<‘K*f - [ dy\ ]/ Koly)f(2)dy — ()

< [ IRllsta - - <>|dy+||f||oo\/ K czy—1]

</ T K WIf @ — y) — F(@)ldy + ce

[ imallf @)~ @yt [ KW - ) - f@)ldy -+
B(0,6)

B(0,5)°

For fB(O 5) | K ()| f(x —y) — f(x)|dy, by uniform continuity we ahve

/ K@@ — ) — f@)ldy < e / K ()ldy < €| Kolly < M
B(0,8)

B(0,6)

For fB(o,é)c | K ()] f(x —y) — f(x)|dy, by the third assumption we have
[ ilfe -y - Sy <20l [ Kalw)ldy < 20e
B(0,5)¢ B(0,6)¢
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Let € — 0, so we’ve got it. O

Problem 8. (a) Construct a Lebesgue measurable subset A of R so that for all reals a < b, 0 <
m(ANJa,b]) <b—a where m is Lebesgue measure on R.

Proof. Enumerate all rational intervals I, I, .... For each I, construct a fat Cantor set N,, C
I, with positive measure.

Since N,, is nowhere dense, there exists some interval I:L C I, and I:L NN, = 0.
Construct another fat Cantor set M,, C I~n and define A := | M,,.

Now, for all I = [a, b] there exists some n such that N,, C I,, C I with N,, N A = ) (can be done
by induction). We see m(AN1I) > m(M,) > 0 and

m(ANT) <m(I\N,) =m{I) —m(N,) <m{)=b-—a.

O
(b) Suppose A C R is a Lebesque measurable set and assume that
(AN (a,8) <
for any a,b € R, a < b. Prove that u(A) = 0.
Proof. Consider an open set U 2 A with m(U\A) < e. Then U = U, (a;, b;) and measurable.
So
mU)=m(ANU)+mUNA°) <m(ANU) +e
Since
= bi—a; 1
ANU) = AN (U (a;,b; = AN (a; b)) < ! L= m(U
mAND) = m (A0 (5 00 00) = Do mlAN (as) < 30 P = Gm(©)
then
1
m(U) < im(U)Jre = mU)<2 = m(A)<mlU)—0
O

Problem 9. Prove or disprove that the unit ball of L7(0,1) is norm closed in L*(0,1).

Proof. Let

1
B::{f|/o |f|7dx§1}.

Let {f,} C B such that f, — f in L'. We want to show f € B < fol |f|7dx < 1.
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Since f,, — f in L', then f,, — f in measure. Thus, there exists a subsequence f,,, such that f,, —

f a.e.

Therefore, |f,,|” — |f|” a.e.. By Fatou’s Lemma,

1 1
/ |f|"dx < liminf/ | | d < 1.
0 k- Jo
O

Problem 10. Let C be the Banach space of convergent sequences of real numbers under the supre-
mum norm. Compute the extreme points of the closed unit ball, B, of C' and determine whether B
is the closed convex hull of its extreme points.

Proof. If |z(m)| < 1 for some m then there exists § > 0 such that |z(m) — 6] < 1, |x(m) + | < 1.

Define y1,y2 € B such that

y1(n) = z(n) for n # m and y;(m) = x(m) + ¢
y2(n) = z(n) for n # m and ya2(m) = x(m) — ¢

Then y; # y» and 2 = 3(y1 + y2) so z is not an extreme point.

If |x(n)| =1 for all n, if x = Ay; + (1 — A)ys for y; # yo € B then since |y;(n)| < n,

[z(n)] =1 = Ayr(n) + (1 = Nya(n)] < Alya(n)[ + (1 = A)fga(n)| <1

Equality holds only when y;(n) = y2(n) = £1. So y1 = y2 so x is indeed an extreme point. Also, x
needs to be convergent so

Ext(B) ={x | |z(n)] =1 3N s.t. z(n) =1or —1 foralln > N}.

We note that B(C) is a closed subset of B(£°°), which is weak*-compact since (¢})* = ¢°°. Clearly
B(C) is convex, so Krein-Milman implies that B(C) is the weak*-closure of the convex hull of its
extreme points. Now any element of a sequence in the weak*-closure is going to be the pointwise
limit of a convex combination of ones and negative ones (using the 6,, € £*(N) functions for n € N),

so the sequence will be in the norm closure of B(¢*°); it remains to show that such a sequence will
be in B(C).

Let b, := Y., \;al, be the pointwise limit of sequences (a},) € Ext(C) where 0 < X; < 1 and
> ;A = 1. Fix ¢ > 0 and pick a finite subset S C N such that ) {\; : i € S} > 1 — e. There exists
an N > 0 such that m,n > N = |a}, — a}| < ¢ for i € S (this would in fact mean a’, = a’, by

characterization of Ext(B(C)) for small enough ¢). So

b — bl <> Ailah, —ab]+ Y N2 < 3e.
icS i¢S
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Therefore (b,,) is Cauchy and hence converges, so (b,,) is in the norm closure of B(C). Hence the
weak*-closure and norm closures of Ext(B(C)) coincide. O

Problem 11. Show that every convex continuous function defined on the convexr unit ball of a re-
flezive Banach space achieves a minimum. (A convex function on a conver subset A of a normed
space is a real valued function, f, on A s.t. for every x,y € A and every 0 < A < 1 we have

fOz+ (1 =Ny) <Af(2)+ (1 =A)f(y).)

Proof. By Alaoglu, the closed unit ball of a reflexive Banach space is weak-compact ( in X )= weak*-
compact (in X**).

We take Mazur’s theorem without proof: for any convex set A, A is closed iff A is weakly closed.
(This is a direct consequence of Hahn-Banach Separation Theorem, which is not in Folland but is
an extremely useful theorem. It is worth looking up.)

Let o = inf{f(z) : € B(1,0)}. We look at the following cases:

(1) « = —00. Let By, := f~1((—00,—n]). Then each B, is nonempty, convex, closed (hence weakly
closed) subset of B(1,0). These are nested sets with the finite intersection property by assumption,
so there exists an x € (), By, and f(z) < —n for all n, contradiction.

(2) @ € R. Let By, := f~ ([, @ + 1]). These are nonempty, convex, closed (hence weakly closed)
subsets of B(1,0). Hence these are nested sets with the finite intersection property, so there exists
anz € (),—; By and f(z) = a. O

16 Awugust 2016

Problem 1. Let A be the set of all real valued functions on [0, 1] for which f(0) = 0 and |f(t) —
f&)V2<t—sforall0<s<t<l1

(a) Prove that A is a compact subset of C|0,1].

Proof. Tt should be clear to the reader that this question requires Arezela-Ascoli Theorem. To
see A is equicontinuous, fix z € [0,1] and € > 0. Then for y € B( /€, ),

[f@) = f@) <z —yl* <e

For pointwise bounded, for z € [0, 1] then |f(z)[*/? = |f(x) — f(0)|*/? < z implies |f(z)| < 2.

To see A is closed, take a sequence {f,} C A such that f, — f (i.e. for all open U containing
f, there exists N such that for all n > N, f,, € U), then

[F() = F) 1) = Fa(O] + [ £a(t) = Fu(s)] + [fals) = f(5)] < 2¢ + [t — s

This holds for all € > 0 so |f(t) — f(s)] < |t — s|*.
Clearly, f(0) =0 so f € A. Thus A is closed so by Arzela-Ascoli, A is compact in C0, 1]. O

(b) Prove that A is a compact subset of L1[0,1]
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Proof. Consider the map

id : C[0,1] — L*[0,1]
f=1f

Since ||id || = fol [fldz < || f]loo, id is a bounded map.
From (a), A is compact in C0,1] so id(A) = A C L'[0,1] is also compact.

Remark: A is also closed in L1[0, 1] since all compact subsets of a metric space is closed. O

Problem 2. (a) Let f(x) be a real valued function on the real line that is differentiable almost ev-

(b)

erywhere. Prove that f'(xz) is a Lebesque measurable function.

Proof. Let

fz+1/n) - f(z)

fn9z) = 1/n

so fn — [’ almost everywhere. Since f is differentiable almost everywhere, then f is continuous
almost everywhere.

Claim: f is Lebesgue measurable

Let D = {all discontinuities of f} so m(D) = 0 and D is measurable. Let E = D° = {z |
f is continuous at x} so E is measurable too.

FH(a,00)) = f7H((a,00) N E)U 1 ((a,00) N EF)
Since f|g is continuous, f~!(a,00) N E = f|El(a,oo) is open in E. So f~*(a,00)NE=UNE
for some open set U C R. Then f~!(a,00) N E is measurable.

Now f~1(a,00) N E¢ C E¢, so completeness implies f~1(a,00) N E¢ is measurable. Thus, f is
Lebesgue measurable so the claim holds.

So each f, is measurable, thus f’ = lim f,, almost everywhere is also Lebesgue measurable. O

Prove that if f is a continuous real valued function on the real line, then the set of points at
which f is differentiable is measurable.

Proof. Let

flx+h) - f(z)

F(z,h) = h

which is continuous on R x (R\{0}). If z is a differentiable point of f, then for all € > 0, there
exists a § > 0 and some Y such that for all h with |h| < d, we have |F(z,h) — Y| <e. ie.

D = {x | differentiable point of f} = JUJ () {= | IF(x,h) = Y| < ¢}

e 6 Y |hl<e
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For fixed €,6,Y, h then {z | |[F(z,h) — Y| < €} is open, thus Borel.
By taking only rational €,6,Y, h we have D Borel measurable. O

Problem 3. (a) Let f be a real valued function on the unit interval [0,1]. Prove that the set of

(b)

points at which f is discontinuous is a countable union of closed subsets.

Proof. f is continuous at p if for all n, there exists an open U containing p such that |f(z) —
fly)] <1/nfor all z,y € U. Fix n and let

V, = U{p s.t. there exists an appropriate U} = U{appropriate U}
P

Hence, V,, is open. Then

{points where f is continuous} = ﬂ Vi

n
So {points where f is discontinuous} = | J,, V¢ where V¢ is closed. O

Prove that there does not exist a real valued function on [0, 1] that is continuous at all rational
points but discontinuous at all irrational points.

Proof. By (a), the irrational poitns would be a countable union of closed subsets. Note that be-
cause any open set in [0, 1] contains a rational point, then if Q[Co,u = UU,, F» where F,, is closed
and F? = (). Then

[0,1] = Qo) U Q[Co’l] = U {¢} | U (U Fn>

q€Q

So [0, 1] is a countable union of nowhere dense sets. This contradicts Baire-Category Theorem.
O

Problem 4. Let (2, A, ) be a finite measure space and let (f,,) be a sequence of measurable func-
tions on X that converges pointwise to zero. Prove that (f,) converges in measure to zero. Show
that the converse is false for [0,1] with Lebesgue measure.

Proof. Fix e > 0. To show u({z | |fn(z)] > €}) — 0, we need Vm 3N, such that Vn > N,
p{z | fu(@)] > €}) < 1/m.

By Egoroff’s Theorem, there exists some F C X with u(E) < 1/m and f, = 0 uniformly on E°.

Thus, 3N, such that for n > Ny, |fn(z)| < € for all x € E° so

p{e | fal@) > ) S W(E) < - Yn> N,y

Thus, p({z | [fa(z)| > €}) = 0.
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Counterexample: Let fi = X 1], f2 = X[o,1/2), f3 = X[1/2,1]s - > fn = X[jj2r (j41)/2%) for n =
2F +5,0<j <2k

So f, does not approach 0 pointwise, but f,, — 0 in L', hence in measure. O

Problem 5. If f is Lebesgue integrable on the real line, prove that limp,_q [ | f(x+h)— f(x)|dz = 0.

Proof. Recall: the set C.(R) of continuous, compactly supported functions is dense in L!(R).

Fix € > 0 and find g € C.(R) with ||f — g|j1 < €. Since g is continuous, lim, |g(z + 1/n) — g(z)| =0
ofr all z.

Since g is compactly supported, then there exists some compact K such that supp(g) C K.

So there exists a compact K’ such that supp(g) Usupp(g(x + 1/n)) C K’ for all n (this follows from
1/n > 1 for all n since we can take K' = {k+x | k € K,z € [0,1]}).

Dini’s theorem implies that |g(z + 1/n) — g(z)| = 0 so

[ Rista+1/m) ~gtallde = [ lata+1/m) - g(@)ldz =0

So then
[ U@ 1/m) = @)l
< [Vt 1/m) = gto + miido + [ lata+ 1m) — g(oldo+ [ lote) - fa)lds
< 2+ /]R lg(z 4+ 1/n) — g(x)|dx — 2¢
Since it holds for all € > 0 then lim,, [, |f(z +1/n) — f(x)|dz = 0. O

Problem 6. Prove or disprove that there exists a sequence (P,) of polynomials such that (P,(t))
converges to one for every t € [0,1] but fol P, (t)dt converges to two as n — oo.

Proof. Consider

n’x z €1[0,1/n]
fo(@) = —n?z+2n+1 z€[1/n,2/n]
1 x € [2/n,1]

(that is, fy linearly connects the points (0,1),(1/n,n+ 1), (2/n,1),(1,1).)
S0 fu(z) — 0 for all z € [0,1] but [ f,,(z)dx = 2.

Then by Stone-Weierstrass, we can find polynomials P, such that ||f, — Pn|lcc < 27". Then Vx
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[P (2) = 1] < [Po(2) = fu()| + | fu(z) = 1] = 0

and fol |fn(z) — Po(z)]dx — 0 so fol P,(z)dx — 2. O

Problem 7. Let (f,) be a uniformly bounded sequence of continuous functions on [0, 1] that con-
verges pointwise to zero. Prove that 0 is in the norm closure in C[0,1] of the convex hull of (fy)
(the norm is of course the sup norm on C[0,1]).

Proof. By the Geometrical version of the Hahn-Banach,

wea.

conv{f,} = conv{ fy}

We just need to show that 0 € Conv{fn}weak. By Riesz-Representation Theorem, C|0, 1]* = M0, 1].
For all u € M0, 1],

< [ Ufaldial 0
[0.1]

‘ / Jndp
[0,1]

by Dominated Convergence Theorem. Thus, f,, — 0 weakly. O

Problem 8. Assume that X is a reflexive Banach space and ¢ is a continuous linear functional on
X. Prove that ¢ achieves its norm; that is, prove that there is a norm one vector x in X such that
o(x) = ||z||. Show by example that there is a continuous linear functional on the Banach space {1
that does not achieve its norm.

Proof. Recall: X reflexive = Bx is weak-compact = By is weak-sequentially compact.
There exists a sequence {z,,} C By such that ¢(x,) 7 |||

Choose a weakly-convergent subsequence {x,,, } that converges to z € Bx. Then for all ¢ € X*,
p(xn,) = o(z).

In particular,

o]l = lim ¢(zn) = lim ¢z, ) = ().

Alternative Proof. For all ¢ € X* by Hahn-Banach Separation Theorem, there exists some z** €
X** such that ||z**||x+ =1 and 2**(¢) = ||} x+.

Since X is reflexive, 3x € X such that & = 2** so

19llx+ = 2™ (d) = () = P().

Counterexample: Choose y = (1 —1/n), € ¢>°. Then Vz € {4,
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-[S (- 1)t

Problem 9. Suppose that X is a non separable Banach space. Prove that there is an uncountable
subset A of the unit ball of X such that for all x # u in X, ||z —y|| > 0.9.

ff@—) |<§jm )| = llall = 1= 1yl

O

Proof. By transfinite induction, construct (z4)a < wy C Bx where w; is the uncountable ordinal.

Given a < wi, let U, := span{zs | 8 < a} which is separable.
Since X is not separable, U, C X.
By Riesz-Lemma, there exists ||z,|| = 1 such that d(za,U,) > 1 — € (put € > 0.1).

So (z) satisfies ||z, — || > 0.9 and is uncountable.

Alternative Proof if it were not restricted to Bx. Fix r > 0. Zornicate over all subsets A C X such
that Vo # v, ||z —y|| > r.

Find a maximal subset A, C X as above. If A, is uncountable, by scaling of r, we’re done.

Suppose not, so each A, is countable. Enumerate as {«! },. By maximality, for all z € X, Ve > 0 if
r > 1/€ then there exists n € N such that ||z — 2| < r <€ (ie. d(z,A,) <7, Va € X).

Let A=J,cqAq so A is a countable dense subset of X. Contradiction!

Therefore, there exists ¢ € Q such that A, is uncountable. Consider A" = {0('1—93: | z € A,} so for all
'y €A,

0.9
o’ ’n—]x—yH e~y > 09

Thus, there eixsts an uncountable A C X such that for all z,y € A, || — y|| > 0.9. O

Problem 10. If A is a Borel subset of the line, then E = {(z,y) | * —y € A} is a Borel subset of
the plane. If the Lebesgue measure of A is 0, then the Lebesgue measure of E is 0.

Proof. Define f(z,y) = x —y : R?> — R. This is continuous. Let

A:={SCR| f9) is a Borel set of R?}

Then A is a o-algebra (easy to check). If S is open, then f~1(S) is open in R2, thus Borel. So {open sets} C
A and so the Borel algebra is a subset of A. In particular, A € A.
Let E = f~1(A) which is a Borel set of R2. If m(A) = 0, let

EV={zeR|(z,y) e E}=y+ A
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This is a null set since m(y + A) = m(A) = 0. Thus, (m x m)(E) = [ m(EY)dm(y) = 0. O

17 January 2016

Problem 1. Let E be a measurable subset of [0,1]. Suppose there exists a € (0,1) such that
m(ENJ) > a-m(J)

for all subintervals J of [0,1]. Prove that m(E) = 1.

Proof. It’s easy to see that m(F) < 1.

For any open U C [0,1], write U = U2, I; where each I; is an open interval. Then

m(ENU) =Y mENL)>> am(l;) = am(U).
i=1 i=1

Assume m(E) < 1, so m(E°) := a > 0. We may find some open U 2 E° such that m(U N E) =
m(U\E®) < e. So

e>m(UNE)>am(U) > am(E°) = aa > 0.

Letting € — 0, this leads to a contradiction. O

Problem 2. Let f,g € L*([0,1]). Suppose

/01 " f(z)dx = /01 x"g(z)dx

for all integers n > 0. Prove that f(x) = g(x) a.e.

Proof. See # 2 from January 2017. O

Problem 3. Let f,g € L*([0,1]). Assume for all functions p € C*[0,1] with ¢(0) = ¢(1) we have

1 1
| 1oe i =~ [ goear
0 0
Show that f is absolutely continuous and f' = g a.e.

Proof. Fix x € [0,1] and construct h,, via
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nt t€[0,1/n]
ho(t) = 1 te[l/n,x]

1—n(t—2) te€x,z+1/n]

0 tez+1/n,1]

(i.e. hy(¢) linearly connects the points (0,0),(1/n,1), (z,1), (x 4+ 1/n,0), and (1,0).
Since C*°[0,1] is dense in || - ||co, We may use this example rather than some ¢ € C*°[0,1] (i.e. pass
to the continuous case). Then

1/n z+1/n

f(®)ndt +0+ / F@®)(—n)dt +0 = f(0) — f(=z)

T

/ FR (et =
0 0

where the limit follows from Lebesgue Differentiation Theorem. Also,

1 1/n T z+1/n z+1/n
/ g(t)h, (t)dt = / nt g(t) dt + / g(t)dt + / g(t)dt — / n(t—1x)g(t)dt+0
0 0 ~—~ 1/n T T N————
—0 —0 as t—x

z+1/n
— O+/ g(t)dt — 0
1/n

where the limit again follows from Lebesgue Differentiation Theorem. Taking the limit as n — oo

on both sides, we get [ g(t)dt = lim,, flw/zl/n g(t)dt. So

1 1 T
£0) = @) =tim [ 5010 =tim— [ gwhu(0it == [ grar

Implying f(z) = f(0) + [y g(t)dt. Then

v St h) = f@) PO+ i g(hde = £(0) = 3 gt g(t)dt
fi) = fim = = lim ; h ; = jm S =@

and f is absolutely continuous. O

Problem 4. Let {g,} be a sequence of measureable functions on [0,1] such that

(i) |gn(z)| < C, for a.e. x €[0,1]

(it) and limy o0 [3 gn(z)dz =0 for every a € [0, 1].

Prove that for each f € L*([0,1]), we have
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lim 1 f(x)gn(z)dx = 0.

n—oo 0

Proof. Let S = span{X[p,q | @ € [0,1]}. Then S is dense in the space of step functions in L'. Step
functlon Space 1s dense in L' so S is dense in L'. Then for every f € L'[0,1] there exists a sequence
= S K KX g0 = f in LV

For a fixed m,

hm/ hmgndx = ZK(W hm/ gn(z =

where the second equality follows from (ii). For every e > 0, we can choose some m such that ||h.,, —
f||1 < €.

For that m, choose some N such that ‘fol R gn da:‘ < e for all n > N. Then

/01 hon () gn (z)dx

1
. (f(x) - hm(z))gn(x)dx =+

Scllf = bl + e
< (c+1)e

(@)gn(z)dz| <

Thus, fol f(x)gn(x)dx = 0. O

Problem 5. (a) Let X be a normed vector space and 'Y be a closed linear subspace of X. Assume
Y is a proper subspace, that is, Y # X. Show that, for all 0 < € < 1, there is an element x € X
such that ||z]| = 1 and

inf [z —y|| >1—
inf o=yl > 1

Proof. Fix some sco € X\Y denote infycy ||zg — y|| = d > 0. Now for every e > 0 choose some
0 > 0 such that d+5 >1-

Choose yp € Y such that ||a:0 —yoll <d+6. Let . = 2= 50 ||z]| = 1 and

lzo—woll

- d
0% H— inf ||z — y/||>d7>1—e.

1nf r—yl| = inf ||——— = —
B b=l = e o =wol ™= oo —woll & 9

yey

(b) Use part (a) to prove that, if X is an infinite dimensional normed vector space, then the unit

ball of X is mot compact.

Proof. If we construct a sequence {x,} such that there are no convergent subsequences, we are
done.
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Assume we have chosen {x1,72,...,2,_1} C Bx. Let Y = span{z1,22,...,7,_1}. By part (a),
there exists some z,, € B such that ||z,| =1 and inf ey ||z, —y|| > 1/2.

Then we have a sequence {z,,} C Bx such that ||z, — z,,|| > 1/2 for all n # m so no convergent
subsequence may exist. O

Problem 6. Let {f.} be a sequence of increasing functions on [0,1]. Suppose

> fr(x)
k=1

converges for all x € [0,1]. Denote the limit function by f, that is,

=Y (@)
k=1

Prove that

=> filx), ae ze01].

k=1

Proof. Tt’s easy to see f is increasing, so it’s differentiable almost everywhere. Let Fy = 25:1 fn
so Fiy — f for all z € [0,1]. Choose an increasing sequence Nj such that 0 < f(1) — Fy, (1) < 27F.
Then

S () -y ) <2k =

k=1 k=1

Now, let g(a:) = Zzi1 (f(m) - FN—k’(x)) = chzl ZZO:N,C.H fn(z)-
Since Y07 Ny i1 fn(z) is increasing as z increases, then g is increasing.

So 0 < g(x) < ¢g(1) <1 and g is differentiable almost everywhere. Now,

=2 (fl@+h) = Fy,(z+h) = (f(x) - Fx, ().

k=1

(g(xz+h) —

D\H
b\'—‘

So since f'(x) = Fn, (x) = >, _ n, 41 [u(2) is increasing, ¢'(x) > Y772, f'(x) - Fy, (¥) > 0. Therefore,
Yopey f/(x) — Fy, () converges. So limy, Fy (z) = f'(x), implying f'(z) = Y272, fi(z) almost
everywhere. O

Problem 7. Suppose f,g : [a,b] = R are both continuous and of bounded variation. Show that the
set

{(f(1),9(t)) €R* |t € [a,b]}
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cannot cover the entire unit square [0,1] x [0, 1].

Proof. Define r(t) = (f(t), g(t)). Since R? is finite dimensional, /! ~ 2. Since f and g have bounded
variation, so does r. Thus, we know that whenever ¢ = zg < 1 < 22 < ... < x, = b we have

S r(@s) = r(@im1)|2 < M.

Now suppose [0,1] x [0, 1] can be covered. Divide [0, 1] x [0, 1] into n? small squares with center z;
and the length of each edge is 1/n. Then choose t; such that 7(t;) = z;.

Now relabel/reorder the ¢; in increasing order so that s; < s3 < ... < s,2. Then since the distance
between two centers is at least 1/n,

n2—1 n?—1

Z Ir(sj41) —7(sj)]l2 > Z 1/n = n n—

Jj=1

1

This is a contradiction! O

Problem 8. Prove the following two statements:
(a) Suppose f is a measurable function on [0, 1], then

[fllLe = lim [ f]|ze
p—00

Proof. Tn [0,1], by Hélder, we know that || f||, < | f]l; when p < q. Also, ||f]l, < [|f]leo for all p.
Therefore, [|f[lp /< |[flloc and so limy || fllp < [|.f[|oc-

On the other hand, for every € > 0, let £ = {z | |f(2)] > ||f]lcc — €} and 0 < p(E) < 1 since
| flloc = esssup |f(z)]. Then [|f|5 > [ [P > (Iflloc = €)"n(E). Take p — oo so lim, || f], >
[[flloc — €, implying limy, || f{l, > [|fl- O

(b) If fn, > 0 and f, — [ in measure, then [ f < liminf [ f,.

Proof. Choose a subsequence { f,, } such that limy, [ f,, = liminf [ f,. Since f, — f in mea-
sure, fn, — f in measure, so there exists a further subsequence { fnk[} — f a.e. Then by Fa-
tou’s Lemma,

/f = /11?1 fnkl < lim@inf/fnkl = li}]ﬂminf foe = limninf/fn.

Problem 9. Suppose {f.} is a sequence of functions in L([0,1]) such that ||fullre < 1. If f is
measurable and f, — f in measure, then

(a) € L2([0,1]);
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Proof. f, — f in measure implies {f,,} — f almost everwhere which implies |f,, [ — |f|?
almost everywhere. By Fatou’s Lemma,

1 1
/ |f|?dx < lim/ | fp |Pde < 1.
0 nJo
So f € L2 O
(b) fn — f weakly in L?;

Proof. Let g € L?. We want to show that f,g — fgin L'. Now, f, — f in measure, then
fng — fg in measure and thus is Cauchy in measure.

Define A, ,, = {z € [0,1] | |fng(z) — fmg(x)| > €}. Then

/1|fng—fmg|dx=/ |fng(x)—fmg(x)\dx+/

0 Am,n [0,1\Am n Am,n

We know for all € > 0 there exists some § > 0 such that p(Am,,) <J,

1/2 1/2 1/2
/ ﬁwh£</ Iﬁﬁio (/ gFM> s(/) gP> <e
Am,,n Am,,n Am,,n Am,,n

since ¢ € L?. Then since {f,g} is Cauchy in measure, there exists some N such that for all
m,n > N, u(Apmn) < 6. Then fol |fng — fmgldx < 3¢ implies {f,g} is Cauchy in L.

Therefore, there exists some h € L' such that f,g — hin L.

We know f,g — fg in measure, so f,, g — fg almost everywhere. Also, Ve > 0, 3§ > 0 such
that [, [fn,g| < € for all A such that p(A) < 4.

Therefore, {f,, } is uniformly integrable. By Viteli Convergence Theorem, f,, g — fg in L.
Thus, h = fg so f,g — fgin L'. So f, — f weakly.

Note: We could also have used the uniqueness of limit in the measure. O
(c) fn — [ with respect to norm in LP for 1 < p < 2.

Proof. Define E,, = {z | |fn(z) — f(x)| > €}. From problem 8 on this exam, we know || f, ||, <
[fnlle < 1 and |[f]l, < [|f]l2 < oo. Then

Jit=tr= [ Aa=gps [ A= pras<et [ np i

where the inequality follows from the fact that |a — bP < 2P~1(|a|? + |b|P).

Since f, — f in measure and m(F,) — 0 as n — oo, so since f € LP then fE |fIPdx — 0O as
n — oo.

For some A C [0, 1], we have
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2

1
/A fal? = / FalPXa < 1l eyl Xallaomp = | Fullem(4)25F < m(A)225.

So similar to the previous case, we can take m(E,,) small enough such that [, |fn|[’dz < € for
any fixed 1 < p < 2. O

There are a few hints in the qual
Problem 10. Suppose E is a measurable subset of [0,1] with Lebesque measure m(E) = %.

Show that there exists a number x € [0,1] such that for all r € (0,1),

m(EN(z—rx+r))>

>3

Hint: Use the Hardy-Littlewood mazximal inequality

3
m({z € R| Mf(z) 2 a}) < —|flh
for all f € LY(R). Here M f denotes the Hardy-Littlewood Maximal function of f.

Proof. The Hardy-Littlewood Maximal function of X 4 is

[T 1
MX4 = sup — Xa(z)dr =sup —m(AN (x —r,z+7)).
>0 2T Jooy >0 2T

Assume the result is not true. Then Vz € [0,1], Ir, € (0,1) such that m(E N (z — 2,z + x,)) < 5.

This happens if and only if im(E N(z —ry,x+1y)) < 1/8 which is equivalent to 2iw m(E°N (z —
T, T+ Tg)) > %.
Now set A = E¢ so MXa(z) > L. However,
7 8 24 1 24
1| M >} <32 == ==
But we need it to be equal to 1. Contradiction! O

18 August 2015

Problem 1. Let f: R — R be a Borel measurable function. For each t € R define

filz) = ft+z), xzeR.

Prove that fi(x) is a Borel measurable function (in x) for each fized t € R.
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Proof. We see that

Jr (=00,a) = {x | flz +1) € (~s0,0)} = {x | &+t € ' (=o0,a)} = f~((—00,a) —t = B—t.

Since T;(z) = x + t is continuous, then T; '(B) = B — t is Borel. O

Problem 2. Justify the statement that

) sin(zy) ) sin(zy)
// x2—|— — 5 dx dy—// x2—|— — 5 dy dz.

w‘ dxdy < co. But

Proof. We just need to show that fol fol Ty

2 (z — y)sin(zy) ‘ dvdy — /w/2 /\/5
z? +y? 0 0

So the function is in L' and Fubini gives us the desired result. O

0 — ind /2 V2
M’ Ir|drdd < 2/ / drdd = V2 < oo.
r 0 0

Problem 3. Assume that (fy) is a sequence in C|0, 1].

(a) Show that (fy) converges weakly to 0 if and only if (f,) is bounded in C[0,1] and lim, o frn(t) =
0 for allt € [0,1].

Proof. =) We know C[0,1]* = M[0,1]. Then f, — 0 weakly implies [ f,dp — 0 for all u €
M]0,1]. Choose p = d; so

/ Foddy = folt) =0 Ve [0,1]

(this follows from the fact that weak convergence implies uniformly bounded). Consider

X : €0, 1] = C[0, 1] = M[0,1]*
X(fn)(:u) = :u(fn)

Since pu(fn) — 0 then X(f,)(n) — 0for all u € M]0,1]. Since convergent sequences are
bounded, then sup,, |[X(f,)(p)] < M.

By the uniform boundedness theorem, sup,, [[X(f.)|| < oo. By isometry, || f.| = [|X(fn)| so
sup,, || fall < occ.

<) By Dominated Convergence Theorem, f,, — 0 in L' (u). So therefore, | [ fndu| < [|fnld|u| —
0. So f,, — 0 weakly. O
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(b) Show that if (fn) converges weakly in C|0,1], then it converges in norm in L,[0,1] for all 1 <
p < o0.

Proof. WLOG f,, — 0 weakly. By (a) we know f,,(t) — 0 and || fn|lec is bounded. Thus,
| frn(t)|P — 0 pointwise and ||| fn||leo is bounded.

By the Dominated Convergence Theorem, we have || f, ||, — 0. O
Problem 4. Let A be a Lebesgue null set in R. Prove that
B:={e" |z e A}
is also a null set.
Proof. First, assume A C [0,1]. Then f(x) = e is Lipschitz-continuous (i.e. |f(x)— f(y)| < M|z —y|

for some M). Since m(A) = 0, we can find | J;_, Bx, where By, are open intervals such that A C
Ure; Br and m (U;—; Bi) < €. Then

m(f(A4)) <m (f <D Bk>> < iMm(Bk) < Me.

So m(f(A)) = 0. Now we can write A =7~ ANn,n+1]som(f(A) =>"_m(f(AN[n,n+
1) = 0. 0

Problem 5. (a) Define absolute continuity of a function f : R — R and of a function f : [a,b] —
R.

Proof. The function f : [a,b] — R is absolutely continuous if Ve > 0, 36 > 0 such that when-
ever a finite sequence of disjoint subintervals (zy,yr) C I satisfies chvzl(yk — x) < ¢ then

e [F (k) = flaw)] <e O

(b) Show that if f and g are absolutely continuous on [a,b], a,b € R, a < b, then f - g is absolutely
continuous on [a,b].

Proof. Since f and g are continuous on [a,b], then they achieve a maximum so we can let My =
sup{f(z) | a < x < b} < 00, My =sup{g(z) | a <z < b}.
Fix € > 0. Then there exists some dy,d, > 0 such that

€

Dolw—x) <8 = D 1fe) — flaw)] < 20,

€

Dl —wn) <8y = Y |flyr) = flaw)| < M,

Choose finite and disjoint such that )y — x < min(dy,dy). Then
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D 1 we)glur) = F@)gl@)l < D1 ur)alys) = Flup)g(@e)l + 1 (uk)g(wr) — fzr)g(e)]
< 1 wllglyr) — gzl + Y gl (ur) — F )]
< Mgy lglyr) — gxn)| + My > | £ (yr) = fla)]

This is what we wanted. O
(¢) Give an example to show that (b) is false if [a,b] is replaced by R.

Proof. Take f(z) = g(x) = x so fg = x?. Then

|(x +0)? — 2| = |22 + 202 + 0% — 2% = |200 + 0%| = 00 as x — oo.
So there does not exist any d such that |fg(y) — fg(z)| < € (even for just one intervall) O

Problem 6. Let X and Y be Banach spaces and T : X — Y be a one-to-one, bounded and linear
operator for which the range T(X) is closed in'Y. Show that for each continuous linear functional ¢
on X there is a continuous linear functional ¢ on'Y, so that ¢ =Y oT.

Proof. Since T : X — T(X) is bijective, by teh open mapping theorem, T~ is bounded so ¢po T~ €
T(X)*.
Then by the Hahn-Banach, there exists some ¢ € Y* such that 1 (y) = (¢po T 1)(y) for all y € Y.

For any z € X, T'(z) =y € Y and we have

Since this is true for all z € X, ¢ = o T. O

Problem 7. State the Open Mapping Theorema nd the Closed Graph Theorem for Banach spaces.
Derive the Open Mapping Theorem from the Closed Graph Theorem.

Proof. Assume T : X — Y is surjective, linear, and bounded. WLOG we want to show B(0,4) C
T(B(0,1)) for some § > 0. Define

G:Y — X/ker(T)
y— [x] =z +ker(T) wherey=Tx

Then G is well-defined, because T is surjective.
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Claim: G is closed.
Assume y, —» y in Y and G(y,) — [z] in X/ ker(T). WTS G(y) = [z] & Tz = y.

We have Tz, = yy, so since [z,] — [z] then ||[z,] — [z]|| = inf.ckerT ||2n — 2 — 2|| = 0. Then take
(zn) C ker(T) such that ||z, — 2z — z,|| < 1/n. So z, — z, — . Then

IT(xn = 2n) = T(2)|| < [T[len — 2 = 20] = 0.

Thus, T(x, — zn) = T(2,) = T(x). And also T(x, — z,) = T(x,) = yn — y. Together, these imply
T(xz) =y. So G is closed, and the claim holds.

By the closed graph theorem, G is bounded so there exists some 6 > 0 such that G(B(0,6)) C
B(0,1) in X/ ker(T). Now, let y € B(0,0) so then [z] = G(y) € B(0,1). Thus, if inf_cyer(p) |2 —2| <
1, then there exists some zy € ker(T') such that ||z — zg|| < 1. This implies y = Tx = T'(z — 29) €

T(B(0,1)) so B(0,6) C T(B(0,1)). O
Problem 8. Let Y be a closed subspace of a Banach space X, with norm || -||. Let || - |1 be a norm
on'Y which is equivalent to || - ||, meaning that there is a C > 1 so that

1
vl < llyll < Cllylly for ally € Y.

Let S be the set of all linear functions ¢ : X — R, so that

(i) lo(y)| < llylly for ally €Y, and
(i) |o(z)| < C||z|| for allx € X.

Prove the following statements

(a) ||z|l2 :=supyes |9(x)|, z € X, defines a norm on X.
Proof. Easy to check. O

(0) llyll2 = llylly foryeY.

Proof. Since |¢(y)| < [lyll1 then [lyll2 < [yl

On the other hand, from the Hahn-Banach separation theorem, for all y # 0, there exists some
¢ € X* such that [|¢] =1 and ¢(y) = [lyllr so [lyll2 = [yl

To check that ¢ € S: |¢(y)| = [[y[lx and [$(x)] < [[o]l[l<]| = [l]- O
(c) The norms || - ||2 and || - || are equivalent on X.

Proof. We just need to consider this on X\Y. For x € X\Y, we have
[z]]2 = sup [¢(z)] < Clz|.
peS
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Again by Hahn-Banach, for # # 0, there exists some ¢ € X* such that ¢(Z) = ||Z|| and ||¢] = 1.

Define ¢ = ¢ so [[¢]| = &.
Then to see ¢ € S:

o [b(2)] < &lle]l < Cllall for all « € X
o [ < Llyll < llylh forall y € ¥

So 4 € S and |[Z]| > [(2)| = 5|Z] so Fll=ll < [lzll2 < Cla]. 0

Problem 9. Let f be increasing on [0,1] and let

fe+h) = flz—h)

g(x) = limsup , for0 <z <1
h—0 2h
Prove that if A= {x € (0,1) | g(x) > 1} then
f(1) = f(0) = m*(A).
Proof. For x € A,
lim sup feth) —fle—h) >1
h—0 2h

so for all € > 0, there exists some h > 0 such that 2h < € and W > 1 if and only if
flx+h)— f(x—h) > 2h.

Let I = {(x —h,x+h) | © € A,2h < €,(x — h,x + h) C [0,1]}. Then I covers A in the sense
of Vitali. By Vitali’s Lemma, for every ¢ > 0, there exists I, I, ..., I, disjoint from I such that
m* (A\Ui_, L) < e

Since m*(A) = m* (A\U;_, L) + m* (U}, I;) for all I; then write I; = (z; — h;,z; + h;) and
1 —hi<z1+h <xz9—hy <...<2xy+ hy,. Then

m*(A) < e+ 2h; <e+ Y |f(wi+hi) = flai— hi)|.
i=1 1=1

Since f is increasing, > i, (f(zi + hi) — f(x; — hi)) < f(1) — f(0).
So m*(A) < e+ f(1) = f(0) so m*(A) < f(1) = f(0). 0

Problem 10. (a) State a version of the Stone-Weierstrass Theorem.
Proof. See textbook. O

(b) Let A be a uniformly dense subspace of C[0,1] and let
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B{F(x)F(x)/OIf(t)dt, nggl,feA}.

Prove that B is uniformly dense in

Co[0,1] == {g € €[0,1] | ¢(0) = 0}.
Proof. Define B' = {F(z) | F(z) = [; f(t)dt,0 <z <1, f € C[0,1]}. First show B is dense in
B
For every F € B', G = B, F(z) = [; f(t)dt and G(x) = [ g(t)dt. Then

1
1F(2) - G(2)l]oo s/o = gldt < | — gloe.

Since A is dense in C|0, 1], then ||f — g]lco < €50 ||F — G||oc < €. So B is indeed dense in B’.

Then we will show B’ is an algebra (in order to use Stone-Weierstrass). Let F, G € B’ so

F(2)G(x) = / o / " g(s)ds = / ' / " F(t)g(s)dsdt = / " F()g(t)+C 1) f (1) = / ' / F(8)9(t)+g(s) F()dsdr.

Since F'(t)g(t) + G(t)f(t) € C[0,1] then FG € B’.
Also, x = fol 1dt € B’ so B’ separates points.

By Stone-Weierstrass, B’ is dense in Cj[0, 1] since any function F' € B’, F(0) = 0. So B is dense
in Co[0,1]. 0

(¢) Prove that the span of {sin(nz) | n € N} is dense in Cy|0, 1].

Proof. sin(nx) = fox ncos(nz)dt. From part (b), it is sufficient to show
A = span{n cos(nz)} = span{cos(nt)}
is dense in C[0,1]. A is an algebra:

e cos(nt) cos(mt) = % (cos((m + n)t) + cos((m —n)t)) € A
e cos(t) separates [0, 1] (since 1 < 7/2) so A is dense in C[0, 1].

19 January 2015

Problem 1. Let f € LY(R). If

/abf(;z:)dx =0
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for all rational numbers a < b, prove that f(x) =0 for almost all x € R.
Proof. Let E* := {x | f(x) > 0}. Assume m(E™) > 0 (the same argument will show E~ := {z |
f(z) < 0} has measure zero).

There exists some n such that Et N [n,n+ 1] has positive measure. Consider F' closed in R and F C
E*t N [n,n+ 1] with m(F) > 0. Then [n,n+ 1]\F is open in [n,n +1]. Thus, [n,n+ I\F =~ I,
for I, being disjoint open intervals in [n,n + 1].

For all I, = (an,by), there exists some (an, )i, (bn;)i € Q such that a,,, — a, and b,, — b,. Since

bn
/ f(z)dr = / F(@)X(a, p,1d7 im f(2)X(a, b..] = F(Z)X[a.0,]
ap R ?

then [f(z)X(a, 5,1 < [f(2z)| € L' so by Dominated Convergence Theorem, f;: f(z)dz = 0.

Since [, f(z)dz > 0, by condition we know f:“ f(z)dz = 0 for all n. So then f[n (x)dx <

0.

,n+1]\F f

So there exists some I, = (am, by) such that fIm f(z)dx < 0. Contradiction!
Proof #2 as in Problem 3 from August 2014, not restricted to rationals with f € L'.

For every open U, write U = J;—_ (an, b,) for disjoint open intervals, so
oo b’n,
/ f(x)de = Z f(z)dz = 0.
U n—1"an

For every compact K C (a,b) then (a,b)\K is open in R and

/Kf(ac)dx = /: f(z)dx — /(a’b)\K f(z)dz

(because each is finite). Suppose ET = {x | f(x) > 0} has positive measure. Since ET =, E,
where E, = {z | f(z) > 1/n} so there must exist some n such that m(E,) > 0.

By inner reqularity, there exists some K C E,, with m(K) > 0. Then

0= /Kf(z)dx > /K %dz — L) >0

n

Contradiction! O

Problem 2. Let {g,}5°, and g be in L*(R) and satisfy

lim ||g, —g|l1 =0.
n—oo
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Prove that there is a subsequence of {gn}52, that converges pointwise almost everywhere to g.

Proof. Step 1: Suppose g, — g in L'. Let E, . = {z | |f.(z) — f(z)| > €}. Then

[15-11= /E o= 1 = p(En)

€

So then u(Ey) <L [|f, — fl = 0.

Step 2: We will show that if g, — g in measure, then there exists a subsequence that converges to g

pointwise almost everywhere.

Suppose for every € > 0, u({z | | fn(z) — f(x)] > €}) — 0. Choose a subsequence {g,, } such that if

Ej = {Z | |gn7 (.T) - gn_7~+1(x)| > 27j}
satisfies p(Ej) < 277, Let Fj, = Uyoilc Ej so p(Fy,) < Z]Oik 279 < 21=k Let F = ﬂk Fy so p(F) =0.

For x ¢ Fj, and for ¢ > j > k then

i—1
|gn, (z) = gn, (z)| < Z |9y () = gnpyy (2) €D 26<277 50 as k — oo,
=

S0 gn, is pointwise Cauchy on x ¢ F, so let

0 otherwise

Fa) = {limgnk(x) r¢F

So gn, — f almost everywhere and g, — f in measure since

p{z | gn(z) = f(2)] = €}) < p{z | |gn(2) = gn, ()] > €/2}) + p({z | [gn, (x) — f(2)] > €})

—0 —0

and
p({z | [f(x) —g(z)] = €}) < p({z | |f(2) — gn(@)] = €/2} + u({z | |gn(z) — 9(2)] > €/2})
—0 —0
so f = g almost everywhere. Thus, {gn, } converges to g almost everywhere. O

Problem 3. Let (X, M, p) be a measure space with u(X) < oo. Let N C M be a o-algebra. If f >
0 is M-measurable and u-integrable then prove that there exists an N -measurable and p-integrable
function g > 0 so that
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/gd,u:/fd,u, EeN.
E E

Proof. Define v(E) = [, fdu a finite positive measure on (X, N, u). Then since u(E) = 0, v(E) =0
so vV <L [

Then by Radon-Nikodym Theorem, there exists some g : X — [0,00) and A-measurable and g €
L'(p) such that v(E) = [, gdp. Then

v(E) :/ fdu:/ gdp VYE €N.
E E

Note: Folland doesn’t mention positive but there are other versions that give positive. O
Problem 4. (a) State the closed graph theorem.

Proof. See wikipedia. O
(b) If H is a Hilbert space and T : H — H is a linear operator satisfying

(Te,y) = (&, Ty), =y€cH,
then prove that T is bounded.

Proof. Let x, — x and Tz, — y. We want to show Tz = y.

Ty, z) = (X, Tz) = (x,T2) = (Tx, z).
——
—(y,z)

So (Tx —y,z) =0 for all z € H so then Tx —y =0 and so Tx = y. O

Problem 5. Let f,g € L*(R). Prove that h € L*(R), where h(x) is defined by

h(z) = /Rf(y)g(x —y)dy
whenever this integral is finite.

Proof. We want to show that [, [h(z)|dz = [, | [z f(y)g(z — y)dy| dz < co. Indeed,
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g(x —y)dy

do< [ [ 1ot = 9)ldyds
= L1701 ([ lote = wiaz ) a
= [ rllghsdy
= lals | 1£0)idy

= llgllall fllx < o0

Problem 6. Let f,g € C[0,1] with f(z) < g(x) for all z € [0, 1].
(a) Prove that there is a polynomial p(x) so that

f(@) <p(z) <g(x), xe[0,1].

Proof. Let ¢ = inf{g(z) — f(x) | = € [0,1]}. Since h(z) = g(x) — f(x) > 0 on [0, 1] and attains a
minimum on the compact set [0, 1] then the inf is attained and thus is positive. So € > 0.

By Stone-Weierstrass, polynomials are dense in C[0, 1] so there exists a polynomial p(z) such

that Hp— (%)‘ < €/2. Then
() < TDZID € L (4a) + gla) + (ola) — £(2) = 3 (20(a)) = 9(x)
pla) > TDEID € 250y 4 gla) — (o) — F(a) = g (2F () = )

So f(z) < p(z) < g(x).
Remark: Let M = max{g(z) — f(z)} then

960 - 1) < fato) - (152 @+ (£52) @ - 00

Alternative Proof. Let M := min,¢jo1) g(z) — f(z). By Stone-Weierstrass, there exists some p(x)
polynomial such that ||p(z) — g(x)|lcc < M/3. Let p(z) = p(x) — M /2. Then

<M—|—
— +te
2

M M _ M,
3 2

o(x) — pla) = 9(a) — pla) + - > :
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(b) Prove that there is an increasing sequence of polynomial {p,(x)}>2, so that

f(x) <pulz) <g(@), 2€][0,1],
and p, — g uniformly on [0,1].
Proof. Find py such that g — 3 < p; < g with le — (%)H < 1. Then |g(z) — pi(z)] <
1,1 _1
1411
1T1=32

Recursively find a polynomial p,, such that p,_1 < p, < ¢ with ’ Dn — (MT"“) H < 2%1,

implying

M, _1 1 11
\g(x) _pn(x)‘ < 9 + gnt1l — gntl + on+l ~ on”

So M,, < 2—1” Then for every € > 0 choose N such that 2% <€, 80 for all n > N

Ipn(z) — g(z)| < QLN <e Vrxelo1].

Alternative Proof. From part (a) we can find f(z) < pi(z) < g(z). Repeating, we can find
p1(z) < p2(x) < g(x). By requiring €, instead of M, in ||p(x) — g(z)|le < € and letting €, — 0,
we get

5

- - €n €n
lPn(2) = 9(2)|loo < [|Pn(®) = Pn()[loo + [P (2) — glloo < 5 t 5 =gt 0

O

Problem 7. If f € L?(R), g € L3*(R), and h € L%(R) then prove that the product fgh is in L'(R).

Proof. Nete: ||, = (] frdz) /% = (f 14wy " = 112,

Then it follows that

1/3

1/2 1/3
I£ghlly < 1 £ll2llghllz < [1FI2lglPIRP137 < £ 112 (g lp=s/2lRlla=s) " < IF12(lglslRlle) " < co.

_ _ 1,1 _2,1_
Whereweusep—3/2,q—3505—}—5—54—5—1. O

Problem 8. (a) A point y in a metric space Y is isolated if the set {y} is both open and closed in
Y. Prove that y €Y is isolated if and only if the complement {y}“ is not dense in Y.

Proof. =) If y is isolated, then {y} is open. But {y}*N{y} = 0 so {y}° is not dense.

<) Trivially, {y} is closed since we’re in a metric space. Suppose {y}¢ is not dense in Y. Then
there exists an open U # @ such that U N {y}¢ = 0 (since A is dense in Y < for all open U # 0,
UNA#0D).

But if UN{y}¢ =0 then U C {y}°“ = {y} so U = {y} is open. O
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(b) Let X be a countable nonempty complete metric space. Prove that the set of isolated points is
dense in X.

Proof. Let Y C X be the set of isolated points. Let X\Y = {z;}32, (or {z;}7_,).

Since the singleton {z;} is not an isolated point, by (a) we know {z;}¢ is dense in X, so {z;}¢ =
X. So each {z}° is open and dense in X.

By Baire-Category, Y = (1;2,{2;} (or (1j=;{2;}¢) is also dense in Y. O
Problem 9. Suppose that f € LP(R) for all p € (1,2) and that sup,ey o) [|fll, < 0o. Prove that
f € L*(R) and that

i £l = 11

Proof. Let A ={z | |f(z)] > 1}, B ={z | |f(x)] < 1}. Then by Monotone Convergence Theorem,
fA |f|pdCC a fA |f|2d.’£.

Let p, T 2. WLOG assume p; = 3/2. We know on B, |f|P < |f|*/? € L'(B). By Dominated
Convergence Theorem, [, |f[Pdz — [ |f|*de which implies [, |f[Pdx — [; |f[*dz.

2
Therefore, 17— [I£13 so [LFIE/2 — £l as p — 2.
Also, since M = sup,¢(1 o) | f]lp < 0, then I£I[B/27Y < MP/21 for all p € (1,2).
Then MP/2=1 — 1 as p — 2 which implies || ]|/ — || f|l, — 0 as p — 2.

So then, ||f|l, = || fll2 as p = 2 and || f]|2 < oo since M < . O

Problem 10. Let (X,|| - ||) be a normed vector space with a subspace Y and let || - |1 be another
norm on Y that satisfies

1
vl <yl < Ky, y ey,

where K > 1 is a fized constant. Define S to be the set of linear functionals ¢ : X — R satisfying

(@) [oW)l < llyll, y €Y,
(i) |¢(z)| < K|z, v € X.

Prove the following statements:

(a) ||z||2 := sup{|p(x)| | $ € S} defines a norm on X.
Proof. See August 2015 O

(b) ForyeY, [lylr = llyll2-

Proof. See August 2015 O
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(¢) The norms | - | and | - ||2 are equivalent on X.

Proof. See August 2015 O

20 Awugust 2014

Problem 1. Forn € N, let f, : [0,1] — R be continuous, and assume that for every x € [0,1]
the sequence (f,(x)) is decreasing. Suppose that f, converges pointwise to a continuous function f.
Show that this convergence is uniform.

Proof. WLOG: by replacing f, by fn(z) — f(x), these are still continuous and decreasing pointwise.
So we want to prove f, = 0.
This is precisely Dini’s Theorem (aka freebie question).

Fix € > 0 and let U,, = f,,*((—1,¢)) = {z € X | gn(z) < €} which is open. Then for all z, f,,(z) \, 0

n

so there exists N such that for all n > N, |f,(z)| < € which implies z € U,,.

So [0,1] = |J,, Un. By compactness of [0, 1], there exists a finite subcover Uy, Us,,,...,U,, for n; <
ng < ... < ng but since U,, C Up41 then U,, CU,, C... CU,,.

Therefore, [0,1] C U, =: Uy so for all z € [0,1], then z € fy'((—1,¢)) & |fn(z)| < e
Decreasing f,, implies that for all n > N, |f,(z)| < € for all = € [0,1]. O

Problem 2. Let f € L'(0,00). For x > 0, define

oo)= [ F(e
0
Prove that g(x) is differentiable for x > 0 with derivative
g (z) = / —tf(t)e tdt.
0

Proof. Since

| e = [asn ([ evar)a= [ —il””lf(t)ldtJr/O ke <2 [ Ifolar < .

By Fubini, h(z) = [ [ —tf(t)e"Wdtdy = [~ f(t)e""“dt + c.
So h(z) =g(x) + c.

From the definition of h, we know h/(z) = ¢'(x) and thus g(z) is differentiable. And h is differen-
tiable since it’s absolutely continuous. O
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Problem 3. Let f : R — R be a Lebesgue integrable function such that

b
/ f(x)dx =0 for every a < b.
Show that f(x) =0 for almost every x € R.

Proof. See question 1 from January 2015. O

Problem 4. Let f be Lebesque measurable on [0,1] with f(x) > 0 a.e. Suppose (Ey) is a sequence
of measurable sets in [0, 1] with the property that fEk f(z)dz — 0 as k — oo.

Prove that m(Ey) — 0 as k — oo.

Proof. Let Fp, = {x | f(z) > 1/m} so F,, C Fp,41.
Since f(z) > 0 almost everywhere, then
m (U Fn> = limm(F,) = 1.
n=1 "

Fix € > 0, so there exists N such that m(F¢) < ¢/2 for n > N. Now,

1

—m(Ery N Fy) < f(z)dr < (x)dz — 0 as k — oo.

N ExNFyN Ey

So there exists some K such that m(Ey N Fy) < ¢/2 for all k > K. Thus,

m(Ek):m(EKﬁFN)+m(EkﬂF]§,)<§+%:e Vk > K.
O

Problem 5. Let (f,) be a sequence of continuous functions on [0,1] such that for each x € [0,1]
there is an N = N, so that

fn(z) >0 for alln > N,.

Show that there is an open nonempty set U C [0,1] and an N € N, so that f,(x) > 0 for alln > N
and allx € U.

Proof. Let

oo

By i={z| fm(z) =0¥m>n} = (| {z] falz) > 0}

n=m
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so E, is closed and E,, D E, 1. For all x € [0, 1] there exists N = N, such that f,,(z) > 0 for all
m > N. Thus, x € Ey.

Then, [0,1] = U,—, E,. Since [0,1] is compact, by Baire-Category we know there exists N such
that Ex~ # 0 (ie. ES #0).
Let U = EY; be open, non-empty so for all x € U, f,(x) > 0 for all n > N. O

Problem 6. (a) Define the w*-topology on the dual X* of a Banach space X .
Proof. See wikipedia! O

(b) Let X be an infinite dimensional Banach space. What is the w*-closure of

Sx» ={a" € X" |||z"]| =1}?

(as usual, prove your answer.)

*

Proof. Claim: Sx- = Bx-.

We know for any z1, o, ...,2, € X, there exists some zf # 0 such that z{(z;) = 0. Indeed,
if this were not true then otherwise, x§(z;) # 0 for some 4, let ¢ : X* — R"™ be p(z*) =
(x*(x1),...,2*(zy,)) then ¢ is injective so dim(X™*) < dim(R™) = n. Contradiction, so true.

Now for any x* € Bx~, consider it’s neighborhood (open under the w*-neighborhood)

V= (y" e X" |Idie® —y") = |a™ (@) — y™ ()] < e}
i=1
for each {z;}?_; choose such an z§ # 0 from the claim.
Consider the line {z* + tz§ | t € R} in X*.

Since for any ;,

Ti(x™ + tal — o) = té;(x) = te(z;) =0 < e
Then {z* +tzj | t € R} C V. Since ||z* + taf|| is continuous about ¢, then we can find tg such
that ||z* + tozj]| =1 = VN Sx« # 0.

Since any neighborhood of x* contains a neighborhood of the form V as above (i.e. these Vs
are a neighborhood basis) then Bx« C SX*w .

On the other hand, for any zj € Bx-, by Hahn-Banach separation Theorem, we know there
exists € X and ¢ € R such that 2*(z) < ¢ < z{(x) for all * € Bx~.

Then for all {z}} C Bx~, z}(z) < ¢ < z§(z). Therefore, = isn’t an accumulation point of By~

*

which implies Bx- = Bx~. Thus, Sx- C Bx~ = BxsoBx-=2Sx- . O

Problem 7. (a) State the Riesz Representation Theorem for the dual Ly (1) of Ly(p), 1 < p < oo.

Proof. See Wikipedia! O
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(b) Let u be a finite measure on the measurable space (Q,X). Prove the following part of the above
theorem.:

If F € Lj(n), then there exists an h € Li(p) so that

F(xXa) = / hdu for all A € 3.
A

Proof. Let v(A) = F(X4). The goal is to show v is a o-finite signed measure.

(a) v(0) = F(xp) = F(0) =0
(b) Let {E;} be disjoint, let E = J;2, E;. Then

V(E)ZV(EOF(XE)F<ZX¢>
XE—zn:Xi
>

i=n+1

<|Fl

Ly
P

<|Fl

Ly
P

oo 1/p
L;,u( U Ez> —0 asn— oo.

i=n+1

= ||

Therefore, v(E) = >, v(E;).

When u(A) = 0, then

Xallp = | Fllz; u(4)"7 = 0.

V(4) = F(Xa) < | Fllz;
So v < p.
Then from the Radon-Nikodyn Theorem, there exists some h € L' (u) such that v(A) = [, hdp.
So

F(Xa) = v(A) = /A hjs.

Problem 8. Assume that (z,) is a weakly converging sequence in a Hilbert space H. Show that

there is a subsequence (yn) of (x,) so that
1 n
w2t
j=1
converges in norm.
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Proof. WLOG z,, — 0 weakly ({x,,y) — (0,y) for all y € H) and we know ||z, is bounded,
sup,, ||z,|| < C. For n > m,

—> y—=>y =<Zyj— Vi — > Ui —— > Uj
j=1 j=1 j=1 j=1 j=1 j=1
1 1\ & 1 -
(CEDUEES SEACEE DRSS ot
Jj=1 j=m+1 j=m+1
1 1 2 m 2 1 1 m 1 n 1 2 n 2
<(ma) 2w +2<<m_n>zyj’n,z yﬂ‘>+<n) 2
j=1 j=1 j=m+1 j=m+1

Now by induction, we can choose y; such that |(y;,> ", y,)| < 277 forall m < j — 1. Pick y
randomly.

Since (x,,,y) — (0,y) for all y € H, then we can find yo such that (ys,y;) < 272

Similarly, find y3 such that (ys, 71 + y2) < 272 and (y3,v1) < 273, etc. Then

m—1

m m
Zyj <Zijzy]> Yms> Ym)+(Ym Z yj ooy, y1) Z |yJ|| +Z2 I < Z”%H +2.
j=1 i=1 =

Jj=1

Therefore,

2
m

1 1
<> Zyj SW Z|\yj||2+2 <W(mc+2)%0asm%oo.

j=1

2

Similar argument holds for (1) HZJ 1 Ui

Finally,

INA
S
7N
3=
|
SRS
[+
—
s
s
<
ol
~

1 1\ & 1 &«
<<m_n)zyj’n.z yﬂ‘>
Jj=1 j=m+1

IA
Se
7 N
3=
!
S=
v
3
s

IN
S|
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2
So then H % Z;":l Y; — % Z;L:1 yil| — 0 as n,m — oo so it’s Cauchy and therefore converges. O

Problem 9. Show that a linear functional ¢ on a Banach space X is continuous if and only if {x €
X | ¢(22) = 3} is norm closed.

Proof. =) A={z|¢(2r) =3)} ={z |2z € ¢7'({3})}. Let y)(2) = ¢(22) so A =4~ (¢~ ({3})).
<) We want to show ker(¢) is closed. Note that {z € X | ¢(22) =3} ={z € X | ¢(z) = 3/2}.

Pick some a € X such that ¢(a) = 3/2. Then clearly

a+ker(¢) C {z € X | ¢(x) = 3/2}

and if ¢(x) = 3/2 then ¢p(z —a) =080 z =a+ (x — a) € a + ker(¢).

Thus, a+ker(¢) = {z € X | ¢(2z) = 3}. Therefore ker(¢) = {z € X | ¢(2z) = 3} — a which is closed.
Then

¢+ X/ker(¢) = R
x + ker(¢) = ¢(x)

is an isomorphism. Let 7 : X — X/ ker ¢ which is also continuous, so ¢ = ¢’ o 7 is continuous.
O

Problem 10. Let C'[0,1] be the space of functions f € C[0,1] such that f' exists and is continuous
in [0,1]. The space C1[0,1] is given the supremum norm. Define T : C1[0,1] — C[0,1] by Tf =

f' for f € C0,1]. Show that T has a closed graph and that T is not bounded. Decide if C*[0,1]
(together with the supremum norm) is a Banach space or not. (Ezplain your answer).

Proof. Let f, = fand Tf, = f, = gin || - ||oo-
n = 7/7, d n = ’ ! d
ful2) / L0t + £,0)  f(x) / F(t)dt + £(0)

Since f, — f then f,(0) — f(0). Let G = [ g(t)dt + f(0). Then

If =Gl <N = full +11fn = Gl < If = full +/04 1fn = glleo <IIf = Full + 1[fn = glloc = 0.

So f’ = g meaning T has a closed graph.
To see T is not bounded, consider f,, = 2™ 50 || fnlloo = 1 but [|Tfn]l = 02" oo = n — oo.

Thus, by the closed graph theorem, C[0, 1] is not a Banach space. O

112



21 JANUARY 2014 Texas A&M

21 January 2014

Problem 1. Let (X, M, 1) be a non atomic measure space with p(X) > 0. Show that there is a
measurable f : X — [0,00), for which

[ H@nto) = .

Proof. Take X = Ey D FE3 D E3 D ... such that u(Fy) > pu(FE2) > ... > 0. Define

/J(En\EnJrl)71 ifxe En\En+1
flz) = . o0
0 ifeen, ., En

Then [ f(z)dx =),7,1=oc. O

n=1

Problem 2. Assume that p is a finite measure on R™. Prove that there is a closed set A C R™ with
the property that for each closed B C A it follows that p(A\B) # 0.

Proof. Since R™ is second countable there is some countable basis U; for R". Let

A =R\ NJU; : n(U;) = 0}.

Of course p(A°) = 0 (here we use second countable). Consider a closed subset B C A. If u(A\B) =
0, then in fact u(B€) = 0. Yet B¢ is an open set, so if

for some (Uj, ) then u(Uj, ) = 0 for all k. This implies
Uj, CAVk = B°C A= ACB=A=B.

So if B C A, u(A\B) # 0 by contrapositive. O

Problem 3. For a nonnegative function f € L1([0,1]), prove that

1
lim ; Vi@)de =m({x | f(z) > 0}).

n—oo

Proof. Let

Ey=A{z|f(z) =1}
By ={z|0< f(x) <1}
Ey ={x| f(z) =0}
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Then

1
| sayinae= [ s@ymans [ i [ g a
0 Ey Eq Es
For the first integral on Ey, lim,, f(z)"/"dz =1 and |f(x)"/"| < |f(x)| € L*, so by DCT, fEl f(z)Y/dx =
fEl dx = m(Ey).

For the second integral on Es, lim,, f(x)'/" =1 and |f(2)"/"| <1 € L' so again by DCT, Iz, f(z)Y/dx =
[&, dz = m(Ez). Therefore,

1
/ f@)/"de = m(Er) +m(Bs) = m({z | f(z) > 0}).
0
Problem 4. Let f be Lebesgue integrable on (0,1). For 0 <z < 1 define

oo) = [ £ p(war

Prove that g is Lebesgue integrable on (0,1) and that

/Olg(x)dx _ /Olf(:c)dx.

Proof. Notice that

1 1 1 1 t 1
1 Togelli —1 _
/0|g(x)|dx§/0 / £ F(8)] dt d T /O/Ot |f(t)|dtdx—/0 f()]dt < oo

since f € L'(0,1). So then by Fubini,

/Olg(x)dac=/01/m1 t_lf(t)dtdx:/Ol/ott_lf(t)dxdt:/Olf(t)dt.

Problem 5. Assume that v and p are two finite measures on a measurable space (X, M). Prove
that

v< s lim (v—np)t =0.
n—roo

Proof. =) Note that v — (n 4+ 1)u < v — nu for all n since p is positive. Hence if P, is the positive
set for v — nu, P,+1 C P,, and furthermore the positive set P of lim,, o, (v — nu) C ﬂzo:l P, (note
that this limit exists as a signed measure, so Hahn decomposition is possible). Since lim,,— o (v —
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nu)(P) # 0, (v — nu)(P) # 0 for all n, which implies that v(P) > nu(P) for all n. But since v is
finite, p(P) = 0 while v(P) # 0. Hence v £ p.

<) Let u(E) = 0. Then for all € > 0, there exists some N such that for all n > N,

e> (v—nu)*(E) > (v —np)(E) = v(B) —np(E) > v(E).

Letting € approach 0, we have that ¥(E) = 0 so that v < p. O

Problem 6. Let (p,) be a sequence of polynomials which converges uniformly on [0,1] to some
function f, and assume that f is not a polynomial. Prove the lim,_, o deg(p,) = oo, where deg(p)
denotes the degree of a polynomial p.

Proof. We proceed by contrapositive. Assume there exists some subsequence (py,, ) such that deg(py, ) <
M for all M. Then P, := {ag + a1z + -+ + ana™ : a; € C} is a finite-dimensional vector space and
hence is complete. So it is closed, and since p,, — f, f € Py,.

Alternative proof. Assume to the contrary and consider the space P = span{l,x,z?,..., 2™} with
(pn) € P. Since {1,z,...,2™} are basis elements and P is finite dimensional, then any two norms
are equivalent on P and so if P =3 77 arx®, we can consider the two norms defined by

[|P[ly :==suplax|  [|P|2:= sup |P(z)]
z€[0,1]

Since [|pn, — Pn,ll2 = 0, then ||p,, — pn,|l1 = 0 so {an,} is Cauchy. Hence, P = Y, asz* where
¢

n,, 18 @ polynomial of degree at most m and p,, converges uniformly to p. So therefore,

ay = limg a
p = f. Contradiction!

Problem 7. Let (f,) be sequence of non zero bounded linear functionals on a Banach space X .
Show that there is an x € X so that f,(x) # 0, for alln € N.

Proof. Let E, = {x | fn(z) = 0} which is closed in X. Assume the result is not true, so for every
x € X, there exists some n such that f,(z) = 0 implies x € E,,, that is, X = J,, En.

Since X is a Banach space, then by Baire Category Theorem, there exists some n such that (§ #
Fo — E°.

Thus, there exists some r > 0, € X such that B(r,z) C E,,.Then for all y € X

r”—yH +z€x+ B(r,0) = B(r,z)
Y

so then if fn(rﬁ + x) =0, then HTTHf"(y) = —fn(x) =050 fr(y) =0so0 f, =0.

Thus, by Baire Category, |JC,, # X. Contradiction! O
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Problem 8. Assume that T : {1 — o is bounded, linear and one-to-one. Prove that T'({1) is not
closed in {5.

Proof. We proceed by contradiction. If T'(¢!) is closed, then T'(¢!) is a hilbert space. Since T : £! —
T(¢') is bijective, by the open mapping theorem. T is open and T~! is bounded so T is an isomor-
phism. Then ¢* = T'(¢}). But ¢! is not reflexive and T'(¢!) is reflexive, so contradiction.

O

Problem 9. For a uniformly bounded sequence (f,) in C[0,1] (i.e. sup,cysupecioq)|fn(§)] < 00)
show that f,, converges weakly to 0 < lim,, o [(§) =0 for all £ € [0, 1].

Is the equivalence true if we do not assume that (fy,) is uniformly bounded, explain?

Proof. This question is the same as 3 from August 2015.

=) C([0,1])* = MJ0,1] for all £ € [0,1], 6¢ € M]0,1]. So 0 = lim,, [ f,dde = lim, f,,(£) so then
lim,, f,,(&§) = 0 (note that this does not require uniformly boundedness!)

<) Fix p € M|0,1], we want to show that [ f,du — 0. Since |f,(z)| < M for all z and all n, then
by dominated convergence theorem, [ f,du — 0.

Finally, consider h,, given by connecting (0,0), (1/n,n),(2/n,0) and (1,0). So h,(§) — for all x €
[0,1]. But by taking Lebesgue measure, [ hy,(z)du(z) =1 so f, - 0 weakly. O

Problem 10. Assume that f is measurable and non negative function on [0,1]? and that 1 < r <
p < oo. Show that

</01 (/o1 fr(x’y)dy)p/r dm) " < </01 (/01 fp(x7y)dx)r/p dy) 1/7~.

Hint: Let s =p/r, let 1 < s’ < oo be the conjugate of s and let

1
F:0,1] -R{, =z n—>/ iz, y)dy.
0
Then consider for an appropriate function h € Ly [0,1] the product hF.

Proof. Let F(z) := fol fr(x,y)dy. Let h e L*'[0,1] with |||l =1 and h > 0. Then by Tonelli (since
Fh > 0), we have
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/ dw-//f’“my x)dydx
//frxy x)dxdy

So then fol F(x)h(z)dz < fo (fo (x,y dac) dy for all ||h]ls =1, h > 0.

Notice that F' > 0 so when ||h||ss = 1, we have

IF|ls = sup /OF(x)h(x)dx: sup /OF(x)h(x)dx

Al =1 Al =1,h>0

Therefore,

! 1 1 1 p/r\ /P
. | Pam@ae =1 = 1 fr(:c,y)dpr/r—( [ ([ rwna) )
1 1 r/p
D d d
g/o (/Of(x,y)x> y

So then,

(/01 (/Olfr(m,y)dy>p/r dac) " = </01 (/01 fp(x,y)dx)r/p dy) UT.

22 August 2013

Problem 1. Let1 < p < oo and let f € LP(R). Fort € R, let fi(x) = f(z —t) and consider
the mapping G : R — LP(R) given by G(t) = f;. The space LP(R) is equipped with the usual norm
topology.

(a) Show that G is continuous if 1 < p < oco.

Proof. Since C°(R) is dense in LP(R) for 1 < p < oo, we can choose g € C2°(R) such that
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llg — fll, < e Let t, —t€R. Then Vn,

1fon = fello < W few = Gonllp + 920 = gellp + llge = fell

It's casy to sce |, — g, |, and [lg — fll, are small since [lg — fll, < €. For [lge, — gll,: let A
be a bounded and closed set in R such that (J,, supp g¢, Usupp g+ C A (since t,, — t). Then by a
basic real analysis result, g;, — g; uniformly on A. So for sufficiently large n,

e, — gelly = ( [ st =) = gla - t>|pdx)1/p < ( / eg)l/p —ep( ),

O
(b) Find an f for which the mapping G is not continuous when p = oo (and justify your answer).
Proof. We will take f = X[g 1], s0
1X0,11(tn) = Xp0,11(O)lloe = Xt 10 +1) = Xprasnyllo =1 V0
although t,, — ¢, we have || - ||cc = 0. O
(c) Let 1 < p,q < oo be conjugate exponents (i.e. satisfying % + % = 1). Let f € LP(R) and
g € LY(R) and show that their convolution h = f x g is continuous. Recall
ne) = [ f@gtt - a)da,
Proof. Define j(x) = g(—x) and note that g(t — x) = j;(x); then we have (by Hoélder)
|h(t) = h(tn)| < /]R [f(@)llg(t = 2) — g(tn — x)|dz < [|fllpllg: — g0, llq
This goes to zero when 1 < p < 0o (so that 1 < ¢ < o0) from part (a).
Also notice that
oo o0
me) = [ st = [ £t 9)oudy =g+ .
— 00 —0o0
So when p = 1, ¢ = oo the same is true. O

Problem 2. (a) For f € Cr([0,1]), show that f > 0 if and only if |A — fllu < A for all X > || ],
where || - || denotes the uniform (supremum) norm.

Proof. =) Note that A1 — f > 0 whenever A > || f]|,. Hence ||A = fllu = A — || fllu < A

<) If there exists some x such that f(z) < 0, then if A > || f]joc S0 A > 0. Then ||A — fl|lcc >
A — f(z) > A. Contradiction! O
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(b)

(c)

Suppose E C Cg([0,1]) is a closed subspace containing the constant function 1. For ¢ € E*,
we define ¢ > 0 to mean ¢(f) > 0 whenever f € FE and f > 0. Show ¢ > 0 if and only if

6]l = ¢(1).

Proof. =) Note Cg([0,1]) is a real Banach space; that is, ¢(f) € Rfor all f € E, ¢ € E*. We
have

ol = sup |o(f)] = &(1).
Ifllu=1

Also for || f]l. =1, we have 1 — f > 0 so ¢(1 — f) > 0 implies ¢(1) > ¢(f). Moreover, ¢(1+ f) =
¢(1) + ¢(f) = 0 and so (1) = —¢(f) so then ¢(1) = |p(f)|. Therefore, ¢(1) = |||
<) o(1) = 16|l = |o(f)| for all || f]l, < 1. Assume there exists some f > 0 but ¢(f) < 0.

By rescaling we can assume || f||, < 1, so then

1-f _ 1 _ _ _
o112 6 (k7 ) = T 600 — 6(0) = 6(0) = o() > (1) = o]

which contradicts! O

If ¢ € E* and ¢ > 0, show that there is a bounded linear functional ¥ on Cg([0,1]) so that
1 > 0 and the restriction of ¢ to E is ¢.

Proof. By Hahn-Banach, there exists some v which is an extension of ¢ such that |[¢| = ||¢|| =
#(1) = ¥(1). So¢p > 0 follows from (b). (Note we can choose ||| = ||¢| since ||¢||||z] is a
sublinear functional on Cg([0,1]).) O

Problem 3. (a) Let u and A be mutually singular complex measures defined on the same measur-

able space (X, M) and let v = p+ \. Show |v| = |u| + |A|.

Proof. Let EU F = X be a Jordan decomposition for p, A - say E is A-null, F' is p-null. Note
v < |v|; furthermore, if K is measurable such that |u|(K) = [v|[(K N E) + |[v|(K N F) = 0, then
0=v(KNE)=u(KNE)=uK) (and similarly 0 = A(K) as well). So u, A < |v|.

Write dp = f d|v|, d\ = gd|v|; then dv = dp + dX\ = f + gd|v| = dv| = |f + g| d|v|. We also see

that, it L C E,
O:)\(L):/lLdA:/fdM,
L

so flg = 0 |v]-a.e. (similarly g|p = 0 |v|-a.e.). Therefore |f + g| = |f| + |g| |v|-a.e., which gives
the third equality in the equation

IVI(K)=/1Kd|V\=/K|f+g|d|V|=/K|f\+|g|d|V|=/Kd|u|+/K AN = [l (K) + N(K).

O

(b) Construct a nonzero, atomless Borel measure on [0,1] that is mutually singular with respect to

Lebesgue measure.
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Proof. Let f € [0,1)1%Y be the devil’s staircase. (Le., for ¢ € C - the Cantor set - write ¢ =
Yoo a;37¢ where a; € {0,2}. Define f: C — [0,1] by

OEWED L0t
i=1 i=1

and extend f to [0,1] by setting f(z) := f(max{c € C :c < z}).)

We can define a premeasure p1f((a,b]) = f(b) — f(a) and use Caratheodory’s theorem to get a
Lebesgue-Stieltjes measure on R (which is atomless since f is continuous). Then C,C* are both
Lebesgue sets, m(C) = 0, and p;(C¢) = 0 (since f is constant on C°). Since m, piy are positive
measures (f is increasing), m L py. O

Problem 4. Let (f,)22, be a sequence of continuous functions on [0, 1] and suppose that for all
€ [0,1], fn(z) is eventually nonnegative. Show that there is an open interval I C [0,1] such that
for all n large enough, f, is nonnegative everywhere on I.

Proof. Let Un = (o—n fnt[0,00) = {z | fu(z) > 0Vn > N}. This is closed. For every z € [0, 1],
fn(z) is eventually non-negative so [0,1] =y Un-

By Baire-Category, there exists some N such that () # Uy = UR . So there exists some open I C
Uy C[0,1] and then for all n > N, f,, >0 on I. O

Problem 5. Let 1 be a nonatomic signed measure on a measure space (X, ), with p(X) = 1.
Show that there is a measurable subset E C X with u(E) =1/2.

Proof. Note that p™ < oo since u(X) = 1. Hence WLOG we may show the result for finite posi-
tive measures; in general we can restrict our sets to living inside the set F' which is g~ -null (Jordan
decomposition).

Also notice that for every € > 0, there exists some £ C X with 0 < u(F) < e. This is because we
can recursively divide our set into two non-trivial sets and choose the smaller one. That is, assume
there is some € > 0 such that p(E) > 0 implies u(E) > ¢ and consider the following process: set
Ey = X. At step i, find E. C E;_; such that u(E!) > 0. So by assumption u(E!) > . We have
min{u(E), p(Ei€)} < u(E;—1)/2, which has positive measure. Set E; to be whichever of E! or E.°
attains this minimum. This process necessarily leads to a contradiction.

Therefore, for all n, we can find a set E,, such that 0 < u(E,) <2™™. Let S={E C X | u(F) < %}
ordered by inclusion.

Zorn’s Lemma implies that there exists a maximal element E (spell this out!). If 4(E) < 3 then we
can find some F' C E° with 0 < u(F) < 3 — p(E) but then u(F U E) < pu(F) + p(E) < 1 which
contradicts maximality. O

Problem 6. Compute

lim * nsin(z/n) .
n—oo Jq .1:(1—|—x2)

and justify your computation.
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Proof. Let [ () = %3y

|sin(z/n)| < z/n for z,n positive,

sin ¢ nsin(z/n) _ 1
t

= 1, so lim, T1ia?) = 112 and since

_ 1
14 a2

nr 1

nsin(z/n)
“lznl+a?

x(1+ 22)

€ L0, 00).

Then by DCT,

nsin(z/n) % msin(z/n) v
hm/ T+ a2 _/0 hinm = arctan(z)|g° = 5

O

Problem 7. Prove or disprove: for every real-valued continuous function f on [0,1] such that f(0) =
0 and every € > 0, there is a real polynomial p having only odd powers of x, i.e. p is of the form

p(l‘) =wx+ a3;[;3 + a5-’175 4+ a2n+1$2n+1,
such that SUP,e(0,1] 1f(z) — p(z)] < e.

Proof. Let

A = { polynomial with even power}

so A is an algebra that separates points. Stone-Weierstrass implies that A is dense in C[0,1]. Note
that the collection of polynomials given above can be written as A := {za : a € A}; we may then
rephrase the problem statement as asking whether A = {f € C[0,1] : £(0) = 0}.

The problem statement is then proven once we make the following claims:

First, if A € C[0,1], xA C zA. Let xa € xA be arbitrary and let a; — a uniformly for (a;) C A.
Then ||za; — za| s < ||2]|oollai — al|oo = [|ai — alloo. S0 za; — za and za € z.A.

Next, we claim that A = zC[0, 1] is dense in {f € C[0,1] : f£(0) = 0}. We quickly see that zC[0, 1]
is an algebra (zf + zg = z(f + g), Azf = z(\f), and xfxg = z(xfg) where xfg € C[0,1]) that
separates points (consider z1) but which is non-unital (since L ¢ C[0,1]). Hence Stone-Weierstrass
completes the claim.

Since xA is a closed set containing z.4, the problem statement follows.

Problem 8. Let f € L}, (R).

loc

(a) What (by definition) are the Hardy-Littlewood mazimal function Hf and the Lebesgue set Ly of
fe
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(b)

(c)

Proof.
1
wa)=sup7/ |f(y)ldy -
( r>0 m(B(r,x)) B(r,z) ( )|
=:A, f(x)
Jitoomy 1) = F(@)ldy
L — 1. T,x —
! {‘T i B ) 0
O
State the Hardy-Littlewood Maximal Theorem.
Proof. There exists a constant C' > 0 such that for all f € L' and a > 0,
C
m({z: Hf(z) > a}) < — [ |f(2)|dz.
O

In each case, either construct concretely an example of f with the required property, or explain
why no such example exists (you may use theorems from Folland about the Lebesgue set, if you
state them).

(i) Ly =R
(i) the complement of Ly is uncountable

(iii) Ly C (—00,0] U1, 00).

Proof. (i) Tt is easy to see f = 0 satisfies the above property, as the integral in the numerator of
the conditions for L would be 0.

(ii) Consider 1¢, where C' is the Cantor set (on [0,1]). Since m(C) =0, for € C' we have

/ F(W) - f(@)|dy = / 1F(@)] dy = m(B(r,2)),
B(r,z)

B(r,z)

w0  fpen I~ S@dy
et m(B(r,z)) -

Hence L; is an uncountable set.

(iii) By Theorem 3.20, if f € L{ ., then m((Ls)) = 0, so there is no f with this Lebesgue

loc»

set. O

Problem 9. Let X be a separable Banach space, let {x, | n > 1} be a countable, dense subset of the
unit ball of X and let B be the closed unit ball in the dual Banach space X* of X. For ¢, € B, let

d(¢, ) =D 27" d(xn) — ().
n=1

Show that d is a metric on B whose topology agrees with the weak*-topology of X* restricted to B.
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Proof. We first check that d is a metric on B:

e d(¢p,1) > 0 clear
If d(¢, 1) = 0 then ¢ =1 on {z,} so ¢ = ¢ by continuity / density

e triangle inequality follows as well

the weak*-topology is {z* € X* | |(z* — 2*)(z)| < €} for fixed 2* € X*,x € X,e > 0.

For fixed * € X™* consider the e-ball in the metric d which is

(e X [da™y) <& ={y e X*| Y 27" (wn) — Y(z4)| < €}

n=1

We want to show that |(z* — ¢)(x)| < € for any € Bx and some € > 0. Since z,, is dense in Bx
then there exists a x,, — . Then

|(@" =) (@)] < (2" = ) (@ = 2, )| + (27 = ¥) (20, )] < €

On the other hand, if ¢ is in a weak* neighborhood of z*, we want to show > >~ | 27"|z*(z,,) —
P(xy)| < e. Let |(¢ — 2*)(zy)| < € for all n, then

D 2ot () — dlaa)| < Y27 =e.
n=1 n=1
Alternative Proof. We first check that d is a metric on B:

e d(¢,1) > 0 clear
If d(¢,v) = 0 then ¢ = on {z,,} so ¢ = 1) by continuity / density

e triangle inequality follows as well

To see that the topologies agree:

Consider B(r, ) under the metric. We need to show it contains an open U under the weak*-topology.
Say d(¢x,v) — 0. Then Y 07, 27"|¢r(z,) — ()| — 0. So under the weak* topology, we need to
show for all z € Bx, |¢r(z) — ¢(x)| — 0.

Indeed, this follows by density of {x, }. For large k, ||¢g|| = sup,, |¢ox(xn)| < M and |¢pg(x,)| ~
Y (n)]-

Then for every ¢ > 0, there exists some n such that ||z, —z|| < € so

|0x(2) = ()] < [0r(2) = Or(wn)| + D (2n) = Y(n)| + |[(2n) — ()]
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If |¢x () — ¢(x)| — 0 for all z, then for all €, choose N such that Y - 27" < ¢, so d(¢y, ) =
220:1 2_n‘¢k(mn) - '(/)(xn)‘ 0

Problem 10. Let T : X — Y be a linear map between Banach spaces that is surjective and satisfies
|Tz|| > €||x|| for some € >0 and all x € X. Show that T is bounded.

Proof. IsT(T) = {(xz,Tz) | z € X} closed in X x Y?

If x, = = and Tz, — y, we want to show y = Tz. T is surjective, so y = Txy. Then for all € > 0,
there exists N such that for all n > N,

€ > Tz, — Taol|| > €l|lzn — zo]|-

So z,, — xg, and Tx,, — Txg.

The closed graph theorem implies T is bounded. O

23 January 2013

Problem 1. Let f be a Lebesgue integrable, real-valued function on (0,1) and for x € (0,1) define

o(x) = / 1 f (bt

Show that g is Lebesgue integrable on (0,1) and that fol g(x)dx = fol f(x)dx.

Proof. See January 2014, # 4.

Notice that

1 1 1 1 t 1
-1 Togelli —1 _
/0|g(x)|dx§/0 / ()] de da TR /O/Ot |f(t)\dxdt—/0 1F(O)]dt < oo

since f € L'(0,1). Note that we have also shown ¢t~ f(t) € L'(m x m) as well. So then by Fubini,

/olg(ﬂf)dm/o1 /: ) dtdw/; /Ottlf@) de dt = /01 Fy

Problem 2. Let f,, € C[0,1]. Show that f, — 0 weakly if and only if the sequence (|| frnl])S is
bounded and f, converges pointwise to 0.

O

Proof. See August 2015, # 3.
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=) We know C[0,1]* = M|0,1]. Then f,, — 0 weakly implies [ f,du — 0 for all p € M0, 1].
Choose pu = d; so

/fn déy = fn(t) > 0 Vi e[0,1]

(this follows from the fact that weak convergence implies uniformly bounded). Consider

X: C[0,1] = C[0,1]"* = M[0,1]*
X(fn)(:u) = /’L(fn)

Since p(fr) — 0 then X(f,)(p) — 0 for all p € M]J0,1]. Since convergent sequences are bounded,
then sup,, |X(f»)(p)] < M. By the uniform boundedness theorem, sup,, [|X(f)|| < co. By isometry,

[fnll = IXCfu)Il s0 sup, [|full < oo

<) By Dominated Convergence Theorem, f, — 0 in L'(x) (note that M 1jo,1] is a dominating func-
tion for all f,, by assumption). So therefore, | [ fndu| < [|fnl|d|p] — 0. So f, — 0 weakly (since u
was arbitrary). O

Problem 3. Let (X, pu) be a measure space with 0 < p(X) < 1 and let f : X — R be measurable.
State the definition of || f|l, for p € [1,00]. Show that || fl|, is a monotone increasing function of
p € [1,00) and that limp o0 || fllp = || flloo-

Proof. See January 2016, # 8.

By Hélder, we know that || f||, < ||f|lq when p < ¢. (It may be worth going through part of the

proof given in Proposition 6.12 for full credit on an exam.) Also, || f]l, < ||f]lc for all p. Therefore,

[£llp 7 1 flloe and so Timy, || £, < [ f{loo-

On the other hand, for every € > 0, let E = {z | |f(z)] > ||fllcoc — €} and 0 < u(E) < 1 since

I lloc = esssup |f(z)|. Then || > [ [£17 > (Iflloc = €)"n(E) = [ fllp > (Iflloc — £)n(E)"/?. Take
p = 00 50 limy, [|fll, > || fllco — € implying limy, [ f{|p > [ f]|oc- H

Problem 4. (a) Is there a signed Borel measure p on [0,1] such that

1
PO = [ padnto)
0
for all real polynomials p of degree at most 19?

Proof. We first define the linear functional I(p) = p’(0).

Write P = span{l,z,2?,...,2'°}, which is a finite dimensional space. Thus, all norms are
equivalent. We take, in particular, the norms || - ||, = max;=1_. 19 |a;| and || - ||cc. Then there
must exist some C such that if ||p||lc = 1 then ||p|l, < C so |a1] < C which implies that I is
bounded.

By Hahn-Banach, there exists some I € C[0,1]* such that I(p) = I(p) for all p € P. By Riesz,
there exists some u such that E(p) = p/(0) = fol p(z)du. O
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(b) Is there a signed Borel measure p on [0,1] such that

1
70 = [ s@uta)
for all real polynomials p?

Proof. Suppose there did exist such a measure g on [0, 1]. Then since p([0,1]) = fol ldp = 0,
we have that |u|([0,1]) < oco. In particular, u* and p~ are both finite measures, so there is a
corresponding bounded linear functional I € C[0,1]* such that I(p) = p’(0) for all polynomials
.

But this raises an issue: take the polynomials p,, := (1 — z)™. Note ||pn|lcc = 1 for all n, but
|p!,(0)| = n. So I is unbounded - contradiction. Thanks Inyoung Ryu for the easy example.

O
Problem 5. Let F be the set of all real-valued functions on [0,1] of the form
1
f) = =—F—=
Hj:l(t - ¢j)
for natural numbers n and for real numbers ¢; ¢ [0,1]. Prove or disprove: for all continuous, real-
valued functions g and h on [0,1] such that g(t) < h(t) for allt € [0,1], there is a function a €
span F such that g(t) < a(t) < h(t) for all t € [0,1].
Proof. Let A = span F. It’s easy to see this is an algebra since ¢; ¢ [0,1]. Also t%l separates
points, so Stone-Weierstrass theorem implies A = C0, 1].
Let M = miny¢jo,1) | (t) — g(t)], so we can choose some a € A such that Ha - %H < 4. Then
% <a—% < % and since h — g > M, then
h h _h g M h+g M M M M
h—a=~=— -—> == 24— = —= — > ===
a=g a+2_2 a+2+2 5 a+2>2 5 3>0
g+g g+h M -M M M
—g=a-— S22 ST T 5
GT9mem Ty = > 276 T2737
So then g < a < h. O

Problem 6. Let k:[0,1] x [0,1] = R be continuous and let 1 < p < oo. For f € LP[0,1], let Tf be
the function on [0,1] defined by

(Tf)(x) = / K(z,9)f(y)dy.

Show that Tf is a continuous function on [0,1] and that the image under T of the unit ball in LP[0,1]
has compact closure in C0,1].
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Proof. Note that

T4@) =TI < [ (w2) = K2l < bl = kS, forg= 25

Since k is continuous on [0, 1], then for every e > 0 there exists some § > 0 such that if |z —y| < J,
then

1 1
I ) = el = [ o 2) = Ky 2)ftde < [ rdz= e
0 0

Therefore, T'f is continuous.

Now consider F = {T'f | | fll, <1} C C[0,1]. We’ll use Arzela-Ascoli:

e equicontinuous

follows from above

e pointwise bounded

1/q

1
7500 < 1K Gl < WGl < ([ arvaz) =
o it’s actually uniformly bounded

Therefore, by Arzela-Ascoli, F is compact in C[0, 1]. O

Problem 7. (a) Define the total variation of a function f :[0,1] — R and absolute continuity of f.
Proof. These definitions can be found at (3.24) and (3.31) of Folland. O

(b) Suppose f:[0,1] — R is absolutely continuous and defines g € C[0,1] by

1
g9(x) = / f(ay)dy.
0
Show that g is absolutely continuous.

Proof. Since f is absolutely continuous, there exists some § > 0 such that Y. | |b; — a;| < §
implies 7", | f(bi) — f(a;)| < e. Fix some y € [0,1] so that

n n
Z ‘bzy — aiy| < Z ‘bz — ai| < 5/
=1 =1

This implies then that Y., | f(b;y) — f(a;y)| < e. We also note that absolute continuity implies
uniform continuity; in particular, f is bounded on [0, 1] and is hence in L. Therefore,
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n

2.25 [1 1
<[ Sitw - < [ eto =

=1

1
/0 F(biy) — flazy) dy

Z lg(bi) — g(ai)| = Z

So g is absolutely continuous. O

Problem 8. (a) State the definition of absolute continuity, v < p, for positive measures p and
v, and state the Radon-Nikodym Theorem, (or the Lebesque-Radon-NIkodym Theorem, if you

prefer.)
Proof. See Theorem 3.8 of Folland. O

(b) Suppose that we have v1 < p1 and va K g for positive measures v; and p; on measurable
spaces (X;, M;) for i =1,2. Show that we have vy X vo <K p1 X pg, and

dlll dl/2

A xvs) oy W
dpy ™ dpy

d(ﬂl % /1/2) (SC, y)

Proof. Assume E € M; ® My and p1 X ug(E) = 0. Define

E.={yeXs|(xy)€E) E'={zcX|(xy) ek}

Then E, € Mj and EY € My forallz € X1,y € Xs. Since p1 and uo are positive, then
0 = (1 x p2)(E) = [u1(EY)dua(y) then py(EY) = 0 pg-almsot everywhere and so then
v1(EY) = 0 po-almost everywhere.

Thus, u2({y € X2 | v1(EY) > 0}) = 0 so then vo({y € X5 | v1(EY) > 0}) = 0. Thus, v1(EY) =0
for vo-almost everywhere and therefore, (11 x v2)(E) = [1v1(EY)dva(y) = 0.

Thus, 11 X vs < 1 X uz. By Radon-Nikodym theorem,

d(l/1><1/2)
E)= [ &) 0 for E € My ® M
voa(B) = [ G il ) for e My My

Since v1 < 1, by Proposition 3.9(a) in Folland,

(11 x 1) (F) = /Vg(Er)dul(x)
-/ Vz(Ez)%ll(x)dm(x)

-[(/ m T (1)) ) G (@) 0

dvs dvy

By the uniqueness of Radon-Nikodym derivative, we have

d(Vl X 1/2)
d(p1 X pi2)

dlll dVQ
= —(x)—(y).
d - dpiy Y

(z,y)
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O

Problem 9. (a) Let E be a nonzero Banach space and show that for every x € E, there is ¢ € E*

such that ||¢]| = 1 and |¢(x)| = ||z]|.

Proof. See Theorem 5.8(a) in Folland.

O

(b) Let E and F be Banach spaces, let m : E — F be a bounded linear map and let 7* : F* — E* be

the induced map on dual spaces. Show that ||7*| = ||7||.

Proof. We have 7*(y*)(x) = y*(n(z)) for all y* € F*and x € E. Then ||7*(y*)(z)]] <

[y (Il l[llz] so then [z < {lz]].

On the other hand, by part (a), for each x € FE such that ||z|| < 1, n(x) € F, we can find
y* € F* such that |y*(w(x))| = ||7(z)|| and |ly*|| = 1. Then

7 = l7* () = 7 (W) (@)] = [y (@) = = (@)[| V]| <1

So [[7*| = [|«|l. Thus, [|x = [[==|.
Problem 10. Let X be a real Banach space and suppose C' is a closed subset of X such that
(i) 1+ 29 € C for all 1,29 € C,
(i) A\x € C for allz € C and A >0,
(i1i) for all x € X there exists x1, 25 € C such that x = x1 — 5.
Prove that, for some M > 0, the unit ball of X is contained in the closure of
{$1 — T2 | xT; € C, HCL}(” < M}
Deduce that every x € X can be written x = x1 — x9, with x; € C' and ||z;|| < 2M]||z]|.
Proof. Define
Cp={z1 — 22| z; € C,||z;]| < n}
By (iii), we know that X = |JC,. By Baire Category, there exists some M such that () # [
C5;. Thus, there exists an open ball B C Cyy, B = B(xo, 2r).
For any € Bx, xg + r& € B C Cy. From (i), we know that Cpy — Cpy € Copy so then ro =
(.ro —|—7‘$) — Xg € CM — CM g CQM. From (ii), we know x € CQM/T7 SO BX g C2M/r~ Let M = %

For any z € X, x € Cppr|jg)- So we can find 21,31 € C such that ||z1]], [Jy1]| < M|z and ||z — (21 —

y1)|| < %|z[|. Therefore,
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2 e O = (21— 1) € Curfay 2

So we can find 25,y> € C such that [|z2]], [|y2]| < & ||z|| and

2

- Z(Zz —¥i)

=1

Inductively, we can find {z,}, {yn} C C such that ||z, [lyx] < %Hx” and

k

T = Z(Zi —~ i)

i=1

1
< or Ml

Then,

o0 o0 1
Dl < ZMH%HQ? <2M|z|| < o0
k=1 k=1

oo . . . o0 . . .
S0 D p_ 1 2z converges to some z1 in C' and similarly > .~ | yx converges to some x5 in C (since C' is

closed). Moreover,
i=1 i=1

So then = >"77 (2 — y;) = 1 — To. O

1=

n

- Z(Zi ~ Yi)

i=1

lim

= lim
n n

24 August 2012

Problem 1. Let (X, M, u) be a measure space. Prove that the normed vector space L'(X, i) is
complete. You may use any results except the convergence of function series.

Proof. See class notes. Fill this in! O

Problem 2. Fiz two measure spaces (X, M, p) and (Y,N,v) with u(X),v(Y) > 0. Let f : X — C,
g : Y — C be measurable. Suppose f(x) = g(y), (1 X v)-a.e. Show that there is a constant a € C
such that f(z) = a p-a.e. and g(y) = a v-a.e.

Proof. Let E := {(z,y) € X xY | f(z) = g(y)}, so (u @ v)(E®) = 0. Then for every a € C, by
Fubini-Tonelli,
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0=@ov){(zy) e XxY | f(r)=ag(y) #a}) =p({r e X[ f(z)=ap)v{y €Y [g(y) #a}).

Assume u({z € X | f(z) =a}) =0 for all a € C. Then

0<(u@v)(X xY)

= (u@v)(E) =/ X{(@w)\f(@)=g()ydu(@)dV(y)
X XY

= /Y ( /X X{x|f<x>=g<y>}dl~t(ff)) dv(y)
_ /Y 0du(y) = 0.

This is a contradiction so there must exist some a € C with u({z € X | f(z) = a}) > 0. Then
v({y €Y [ g(y) # 0}) = 050 g(y) = a v-a.e.

Similarly, we have (n@v)({(z,y) | f(z) # a,9(y) = a}) = 0. Since v({y € Y | g(y) = a}) = v(Y) # 0,
then u({z | f(z) # a}) =0so0 f(x) =a p-a.e. O

Problem 3. Let f : R? — R be a Borel measurable function. Suppose for every ball B, f is
Lebesgue integrable on B and fB f(@)dx = 0. What can you deduce about f? Justify your answer
carefully.

Proof. Since f € L} _(R?), by Lebesgue Differentiation Theorem, for a.e. 7o € R?,

loc

lim —— f(@)dz = f(xo)

r—0 |B(T’ xo)‘ B(r,xo)

This implies f(zo) = 0 so f = 0 almost everywhere. O

Problem 4. Let X be a locally compact Hausdorff space. Denote by Cy(X) the space of complez-
valued continuous functions on X which vanish at infinity, and by C.(X) the subset of compactly
supported functions. Use an approximate version of the Stone- Weierstrass theorem to prove that
Co(X) is dense in Co(X).

Proof. For any f,g € C.(X), the complex conjugation of f is also in C.(X).

By complex-LCH-Stone-Weierstrass, we only need to show that C.(X) separates points.

For every = # y, we can find open U,V with z € U,y € V with U NV = (. Since X is LCH, we can
require U to be compact.

Now {z} CU CU C X\V C X\{y}. Then by Urysohn’s Lemma for LCH, we can find a continuous
function f : X — [0,1] such that f|;z = 1 and f(x) = 0 outside a compact subset of X\{y}. So

f(x)=1, f(y) =0, and f € C.(X).
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So C.(X) separates points. Also, there does not exist any 2o € X such that f(z9) = 0 for all f €
C.(X).

Therefore, by Stone-Weierstrass, C.(X) = Co(X). O
Problem 5. Give an example of each of the following. Justify your answers
(a) A nowhere dense subset of R of positive Lebesgue measure

Proof. Take a fat Cantor set. O
(b) A closed, convex subset of a Banach space with multiple points of minimal norm.

Proof. Let X = L'[0,1],C = {f € X | f01 f(®)dt = 0}. It’s easy to see that C' is closed and
convex. The minimum norm of elements in C' is 1 because

/01 f(t)dt‘ =1

But every element of {aX[o,1/2] + (2 — a)X[1/2,1] }o<a<2 in C has norm 1. O

1
wmzluwwz

Problem 6. Let

S = {feLOO(R) | If(2)] < Hle a.e.}.

Which of the following statements are true? Prove your answers.

(a) The closure of S is compact in the norm topology

Proof. NO. Let

1
= o e @

fnlx) :

in S. So there are no subsequences of (f,,) which are Cauchy in L since || fr, — fml|lco > 1 for
n # m. O

(b) S is closed in the norm topology.

Proof. YES. Suppose (fn,) € S, fn — f in L*™. Then

1
< — - — e
@] < 1a@) +1£a@) = F@)] < 1 +fa = Flloo < 7y e ae
Letting € — 0, we have |f(z)| < ﬁ a.e. and f € L>®so f e S. O

(¢) The closure of S is compact in the weak* topology
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Proof. YES. The unit ball in L*°(R) is weak*-compact by Alaoglu. Since Tlmg < 1lforall z €

R, then S is a subset of the unit ball in L°°. Therefore, 5" is weak* compact. O
Problem 7. Let T be a bounded operator on a Hilbert space H. Prove that |[T*T|| = ||T||*. State
the results you are using.
Proof. Clearly, || T*T| < IT*||IT|| = ||T||>. On the other hand,

ITI1* = sup [(Tw,Tx)|= sup (T*Tw,z)|.
llzll=1 llzll=1
Since for ||z] =1,
(T T, )| < |T*Tall|z]| < |T*T|2|* < |TT|

then ||T||?> < ||T*T||. O
Problem 8. (a) Let g be an integrable function on [0,1]. Does there exist a bounded measurable

function f such that || f|loo # 0 and fol fgdx = ||gll1||fllec ¢ Give a construction or a counterex-

ample.

Proof. YES. For any g € L', let f = sgn(g) where g(z) # 0, and 1 where g(x) = 0. Then
[flloc =1 and

1 1
/ fg :/ lg(@)ldz = llgllx = gl )l 1o
0 0
O

(b) Let g be a bounded measurable function on [0,1]. Does there exist an integrable function f such
that || f]l1 # 0 and fol fgdx = ||gllool| f1l1? Give a construction or a counterezample.

Proof. NO. Let g(x) = x on [0,1] so ||g]|cc = 1, implying g € L*°[0,1]. Assume such an f € L!
exists, so

1 1
1711 = /1l llglloe = / fodz = / o f(z)da

and also || f|l; = fol |f|dx so then fol f(x)zdr = fol | f|dz. Therefore,

[ 1swnae = [ aswe < [aisrar< (12 2) [T s | s

So then

1-1/n 1 1 1-1/n 1
[ vl [ i< (1-3) [ i@l [ s
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Thus, [, /" |f(x)|de = 0 for all n € N. Letting f,(x) = Xjo1_1/n|f(#)] /7 |f(2)| then by
monotone convergence theorem, [ |f(z)dx =lim, [ fn(z) =0so ||f|l = 0. O

Problem 9. Let F : R — C be a bounded continuous function, u the Lebesgue measure, and f,g €
LY (u). Let

f(x) =/F(xy)f(y)du(y), g() Z/F(xy)g(y)du(y)-

Show that f and § are bounded continuous functions which satisfy

/fédu= /fgdu-

Proof. We have || flloo < ||Fllsc|lf]l1 < 00 and ||g]| < [|F|lssllgll1 < o0 so f,§ € L. By dominated
convergence theorem, we know that lim,, f[fn ] |f(x)dp = || fll1. So then for every e > 0, there

exists some N such that fR\[_n ] |f(z)|dp < e. Then

Flay) — )] < / F(a1y) — F(eay)||f () dpu(y)

/ Flary) — Feay) || () lduty) + / Fla1y) — Flaay)||f () lduy)
[=n,n] R\[—n,n]

< sup (|F(x1y) = Fleay)lll fll + 2/ Flloce

yE[—n,n]

Since F is continuous, let [z — za| < £ such that |21y — z2y| < & imples |F(21y) — F(22y)| < €. So
|f(z1) — f(z2)| = 0 as |z1 — z2| — 0.

A similar argument will show that § is continuous. Since f§ € L', by Fubini,

/fgdu //f 9(y)dp(y)dn(z)

( F(zy)dp(z )) du(y)
f(

/() (y)du(y)
=/fgdu-

Problem 10. Let u, {pn | n € N} be finite Borel measures on [0,1]. p, — p vaguely if it converges
in the weak™ topology on M[0,1] = (C[0,1])*. w, — p in moments if for each k € {0} UN,

O

134



25 JANUARY 2012 Texas A&M

/ 2 dp, (z) — 2Fdu(x).
[0,1] [0,1]
Show that p, — p vaguely if and only if p, — p in moments.

Proof. =) trivial by the definitions

<) We want to show that for all f € C[0,1], [ fdp, — [ fdp. By Stone-Weierstrass, we can find
pr to be a sequence of polynomials which converge uniformly to f on [0, 1]

‘ / f(@)dp — / f(@)dpn| < ‘ / flp— / pmdu‘+‘ / Pt — / Prdfin +‘ / Prdfin — / fin

For the first part, |ffdﬂ_fpmdﬂ| < f=pPmlloopt(X) — 0 as m — oo. Similarly, |fpmd,un — ffdﬂn| <
IIf = Pmlloottn(X) — 0 for all n.

Next, find a polynomial g,,, with degree at most j such that ||¢m, — pm[lcc = 0 as j — oo. Then
since fi, — p1 in moments, then | [ gm,dp — [ Gm,dpn| — 0 for all j. Thus,

’/pmdﬂ_/pmdlln < ‘/pndﬂ_/Qmde’ =+ ‘/Qmjdﬂ_/qmjdﬂn + ‘/Qmjdun_/pmdﬂn

< |1Pm = G, lloe (1(X) 4+ pn (X)) + ’/qmjdu—/qmjdun

— 0.

25 January 2012

Problem 1. Let A be the subset of [0,1] consisting of numbers whose decimal expansions contain
no sevens. Show that A is Lebesque measurable, and find its measure. Why does non-uniqueness of
decimal expansions not cause any problems?

Proof. Let A; be the subset of [0, 1] consisting of numbers whose first ¢ digits are not 7. Then A, C
A, and A=, 4,,

Ay =1[0,0.7]U[0.8,1]
Ay =1[0,0.07) U [0.08,0.17] U ... U[0.98,1]

So A, is the union of some Borel intervals in [0, 1], so A, is Lebesgue measurable. Therefore, A is
Lebesgue measurable.
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Now for 0 < i < 9, let A%, be the subset of A,, such that the (n + 1)th digit is . Then we can write
Ay, =19 AL,

Also, m(A%) = m(AL), so m(A,) = 10m(A%) and A,pq = Uizr AL so m(A,11) = 9m(AL). There-
fore, m(A,41) = 55m(A,). Then

(ﬂA ) = limm(4,) = lim <190>n1m(A1) =0

The only numbers with non-unique decimal representation are 0.aias...a, = 0.a1a3...6,-1999....
However Vn there are only finitely many, so non-unique = (J,,{0.a1 ...a,} which is countable, hence
null, hence Lebesgue. O

Problem 2. Let the functions f, be defined by

_ Ja%cos(l/x) x>0
f“(z)_{o x=0

Find all values of a > 0 such that

(a) fo is continuous

Proof. When a > 0, z%cos(1/x) < 2% — 0asz — 0 so f, is continuous. If a = 0, we know
cos(1/x) isn’t continuous at 0. O

(b) fo is of bounded variation on [0,1]

Proof. First, 0 < a < 1, put partitions

Then
1 -1 ~1
fa(Pm) = {0, mom)e rEn 1))@ wa cos(l)}
So
1 -1 1 1] & .
Ty, (Pp) = =@m)e 0‘ + x@m—1))"  (x2m)" + ...+ |cos(1) — | ® ; iy — 00

when 0 < a <1 as m — oo.

So when 0 < a < 1, f, is not of bounded variation when 0 < a < 1. For a > 1, let’s look at
(c). O
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(¢) fa is absolutely continuous on [0, 1]

Proof. When a > 1, we see f/(0) = 0 and f/ is integrable because f.(z) = az® !cos(1/x) +
2 ?sin(1/z) so then fo(x) = [ fi(t)dt. Thus, f is absolutely continuous.

So in (b) we have f, is of bounded variation for @ > 1. Since f, isn’t bounded variation when
0 <a<1,so f, isn’t absolutely continuous either when 0 < a < 1. O

Problem 3. Let F denote the family of functions on [0,1] of the form
flz) = Z ay sin(nx)
n=1

where a,, are real and |a,| < 1/n3. State a general theorem and use that theorem to prove that any
sequences in F has a subsequence that converges uniformly on [0, 1].

Proof. We'll use Arzela-Ascoli I1.

For all f € F,

[f(z)] =

o0
Z ap, sin(nzx)
n=1

oo oo
< Z|an| < Zn*?’ < 00
n=1 n=1

so uniformly bounded. Also, for all f € F,

> . . = _ nr—+ny||l. nr-+ny = _ w2
1)) = 3 laallsino)sinrn)| < 3 202 eos "1 i <Y n eyl = eyl
n=1 n=1 n=1
So F is equicontinuous.
Then the result follows by A-A II. (A-A T is sufficient since C[0,1] is a metric space.) O

Problem 4. Let H be a Hilbert space and W C H a subspace. Show that H = W & W where W is
the closure of W.

Note: Do not just state this as a consequence of a standard result, prove the result.

Proof. The “standarii result” being referred to here is Theorem 5.24 in Folland. You may need to
show that W+ = W™ . Happy reading :) O

Problem 5. Suppose A is a bounded linear operator on a Hilbert space H with the property that

Ip(A)]] < Csup{[p(2)| | z € C, [2| = 1}

for all polynomials p with complex coefficients, and a fized constant C'. Show that to each pair x,y €
H there corresponds a complex Borel measure p on the circle S' = {z € C | |z| = 1} such that
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(A"x,y) = /z”du(z) n=0,1,2,...

Proof. Consider

Tpy: P(SY) —C
p = (P(A)z,y)

Then
(P(A)z,y)| < [PA)[[z|[lyll < ClP[lsllzl Iyl

Thus, [T, 4 (P)| < C|lz|||lylll|Pllc = f(P) which is obviously a seminorm. By Hahn-Banach, T, ,

can be extended to C'(S1).

Then apply Riesz-Representation Theorem, there exists a complex Borel measure 4 on S' such that
T0y(P) = (PWyay) = [ Peu:)

Take P(z) = 2" so (A"z,y) = [o 2"du(z). O

Problem 6. Let ¢ be the linear functional

o(f) = £(0) - / Sy

(a) Compute the norm of ¢ as a functional on the Banach space C|—1,1] with uniform norm

Proof.
1

1
lo(f)l < \f(0)|+/_1|f(t)|dt§ ||f||oo+Hf”oo/ldt:?’”fuoo

So ||¢|| < 3. On the other hand, let f,, be piecewise linear functional such that f,, = —1 on
[-1,—1/n] and [1/n,1] and f,(0) = 1. Then

/lf(t)dt——2(1—1/n)+2—_2_|_4_>_2
—1 " B n_ n

So sup |¢(frn)| = 3 so ||¢]| = 3. O

(b) Compute the norm of ¢ as a functional on the normed vector space LC[—1,1] which is C[—1,1]
with the L' norm.

Proof. X
FO) = [1 F®dtl 1= 1/n|
= 1 =
lol= s | 17T 2 Ty
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O

Problem 7. Let X be a normed space and A C X be a subset. Show that A is bounded (as a set) if
and only if it is weakly bounded (that is, f(A) C C is bounded for each f € X*).
Proof. =) for all x € A, for all f e X*, |f(x)] <| fllllz]] < oo so A is weakly bounded

<) on the other hand, consider A** = {a** | a € A} by a**(f) = f(a) for all f € X*. Since X* is
Banach, and we know

sup [la™(f)| = sup |f(a)] <00  Vfe X"
a**eA** aeA

By the uniform boundedness principle, sup,c 4 [|a|| = supge«g g+« ™| < o0. O

Problem 8. Let X be a topological vector space.

(a) Define what this means.

Proof. Let X be a vector space, T a topology on X. Then (X, 7T) is a topological vector space
provided
e +: X x X — X is continuous

e - :R x X — X is continuous

(b) Let A C X be compact and B C X be closed. Show that A+ B C X is closed.

Proof. Fix z € (A+ B)®. Forz € A, z — x € B¢ so there exists an open neighborhood V,, 3
0 in X such that (z — 2 + V) N B = (). Since addition is continuous, there exists Uy, U,
neighborhoods of 0 such that Uy, + Us, C V.

Uy = U1z NUop N (=Uyz) N (=Usz) so U, = —U,. Then {x+U,},ca is an open cover of A. Since
A is compact, there exists a finite subcover x1,...,x, € A such that

i=1

Put U = (N, Us,. Then z + U is an open neighborhood of z. If there exists x € A y € B such
that t+y €2+ U thenx € x;+ Uy, forsomeiandy ez —ax+UCz—a;+U,, Cz—a; + Vy,
but (z — z; + V,;) N B = (). Contradiction!

So(z4+U)N(A+ B) =0. O
(c) Give an example indicating that the condition ‘A closed’ is insufficient for the conclusion.

Proof. X = R?, A= {(2,0) | x € R} and B = {(z,1/z) | # > 0}. Then A+ B = {(z,9) | y >
0}. O
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Problem 9. Let (X, M, 1) be a finite measure space. Let f, f,, € L3(X,du) for n € N be functions
such that f, — f p-a.e. and |f,| < M for alln. Let g € L3/?(X,du). Show that

1171Ln/fngdu: /fgdu-

Proof. |fng| < M|g|. Since u is a finite measure, M1 € L3(u). By Holder, M|g| € L*(x). The result
follows from Dominated Convergence Theorem. O

Problem 10. Let X be a o-finite measure space, and f, : X — R a sequence of measurable func-
tions on it. Suppose f, — 0 in L? and L*.

(a) Does f, — 0 in L'?

Proof. NOT NECESSARILY.

Let X = R, u=Lebesgue measure. f, = n_lx[o,n} o || fullt = 1 does not converge to 0, but
[ fullz =712 = 0 and || folla = n=3/% — 0. -

(b) Does fn, — 0 in L3?

Proof. YES.

Since 0 < 2 < 3 <4 < 00, LyN Ly C Ly and || flls < [|fI|3]f]i > where 3 = 3 + 132 implies
A=1. So
3

1/3 2/3
I fulls < falls 1 £al37° — 0

(c) Does fp, — 0 in L%

Proof. NOT NECESSARILY.

X =[0,1], pu: Lebesgue measure. Let f, = nX[g,-5. Then || f,[ls = 1 but || fall2 = n=3/2 =0
and || fulla = n~ 4 = 0. O

26 August 2011

Problem 1. Let (X, M, u) be a measure space.

(a) Give the definitions of convergence a.e. and convergence in measure for a sequence of measur-
able functions on X.

Proof. We say a sequence of measurable functions f, converge to f almost everywhere if p({x |
limy, fn(x) # f(x)}) = 0.
We say that f,, converges to f in measure if Ve > 0, lim,, p({z | |f(z) — fn(x)| > €}) = 0. O
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(b) Show that every sequence of measurable functions on X which converges in measure to 0 has a
subsequence which converges a.e. to 0.

Proof. Suppose for every € > 0, u({x | |fn(x)| > €}) — 0. Choose a subsequence {f,, } such that
if

Ej = A{a | |fa; (2) = fay 4 (@)] > 277}

satisfies u(E;) < 277, Let Fj, = Ujzr Ej so u(Fx) < 3772, 277 < 217k Let F = ), Fy so
p(F) = 0.
For © ¢ Fy and for ¢ > j > k then

i—1

i—1
|fn1($) - fnj(x” < Z ‘fnz(x) - fne+1(‘r)| < 226 < 2_'j —0 ask — oo
t=j

l=j

So fr, is pointwise Cauchy on = ¢ F, so let

0 otherwise

fa) = {limfnk(x) x¢ F

So fn, — 0 almost everywhere and f,, — f in measure since

p{z | [fo(z) = f(@)] = €}) < plz | | fn(@) = fo,(2)] > €/2}) + p{z | |, (x) = [(2)] > €})

—0 —0

and
n({z | 1f(@)] = e}) < p{z [ 1f(@) = fal@)] = /2} + p({z | | fo(2)] > €/2})
—0 —0
so f =0 almost everywhere. Thus, {f,, } converges to 0 almost everywhere. O

Problem 2. Let X be a separable Banach space. Show that there exists an isometric linear map
from X into £°. Also, show that this is false in general if £>° is replaced by 2.

Proof. Let (z,) be a dense sequence in Bx. For each n, use Hahn-Banach Theorem to find a norm-
one functional f,, € X* with f,(z,) = 1.

Define ¢ : X — (> via ¢(z) = (f,()). Suppose # € X has norm one and let 1 > ¢ > 0. Choose n.
so that ||z, — z|| < e. Then

€> |fu (2n, — )| = |fn. (2)|

So [[¢(x)[| = sup,, [fn(2)] = 1. For every n, |fn(z)] < |[fullllz]l = 1 s0 [[p(x)] < 1. So [|p(z)[| = 1
whenever ||z|| = 1. Then for all non-zero z, |¢(z)|| = ||| sup, |fo(z/||z|])| = |lz||. So ¢ is an
isometry.
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This is false in general if ¢ were to have its range in ¢2. Define a map (-,-)x : X — C to be

(z,y)x = (¢(), ¢(y))e>-

Since ¢ is linear and (-, -)y2 is sesquilinear, (,-)x is sesquilinear. Also, (z,z)x = (¢(x), p(x))pz > 0
since ¢ is an isometry = # 0 = ¢(z) # 0. Hence (-, ) x is an inner product, and since

2[* = é(2)]1* = (¢(2), $(@)) = (z, ),

so this inner product generates the norm on X. Since X is a Banach space, it is complete with re-
spect to the inner product, so X is a Hilbert space. But not all separable Banach spaces are Hilbert
spaces: for example, /P[0,1] for 1 < p < oo, p # 2. O

Problem 3. Let X be a locally compact metric space and let {xy} be a sequence in X which has no
convergent subsequence. Show that {n=*>"}'_, 8., } converges to 0 in the weak* topology on Co(X)*,
where §5, denotes the point mass at xi.

Proof. Recall that 6,(f) = f(z), so 6, € C{X)*. So we want to show IS 10 () =150 flaw) —
0 in C. Since (xj) has no convergent subsequence, by definition of compact (z) is not frequently in

any set in the collection
1
A, = : > 1%
i @) 2 Y

Let N, be the number such that n > N,,, = x ¢ A,,. Now |f] is bounded by some number M, so
for n>> Ny, 370 f(z) < 2. Letting m — oo, we are done. O

Problem 4. Let P be the set of all polynomials f on [0,1] such that f(0) = f'(0) = 0. Determine,
with proof, the values of p with 1 < p < oo such that P is dense in LP|0, 1].

Proof. All'1 < p < oco. Clearly, P is an algebra which separates points (ex. x?). Stone-Weierstrass
implies P = {f € C[0,1] | £(0) = 0}. Now for any f € LP, for all ¢ > 0, there exists some N such
that

1f = fXev<pemll, < %

Define fy = fX[—n<f<n]- By Lusin’s theorem, there exists a closed set F' such that m([0,1]\F) <

L% L ( < )p. and fy|F continuous.

20 (2N)P — 2P \2ZN

Tietze extension theorem applied to fy and F' implies the extension g is still bounded by N. Then

P
|m—m=ﬁmgm—W§mwmmmm§;

So then

eP €
1 = glly <1 = fnllp +llfn —glly < 55 +5 <€

2

142



26 AUGUST 2011

Texas A&M

NOT L*[0,1] since P = {f € C[0,1] | f(0) = 0}. If f € L>[0,1] with f(0) = a # 0, then Vg € P,

If = glloe = a.

O

Problem 5. Let 1 < p < oo and let {x;}52, be a sequence in ¢P(N) such that limy x(n) = 0 for all
n € N. Show that if there is an M > 0 such that ||zi|| < M for all k € N then x, — 0 weakly.

Also, show that if no such M exists, then {xy} can fail to converge weakly.

Proof. Note: Similar to August 2015, #3, just in a different space now.

Fix some y € ¢? where % + % = 1. We want to show that ) zx(n)y(n) — 0 as k — oo. Fix € > 0.

Then we may choose a finite A C N such that ) ,. [y(n)|? < €. Since A is finite, choose some K
such that for all k& > K we have |z (n)[P < Ie—:‘. Then for all k¥ > K, by using Holder, we have

y(@i)| <D lex(n)]ly(n

neN
= ey + D lzx(n)lly(n
neA neAe
1/p 1/q 1/p
< (Z |ﬂfk(n)|p> (Z |y(”)q> + (Z |$k(n)|p> <
neA neA neAe
(|A|| ) ol + e
e(lyllq + M)

By making e small enough, we see that |y(zx)| — 0 as k — oo.

To see why we require (x) to be bounded, consider p = ¢ = 2. Take

11 1
zr=(0,0,...,0,2F,0,...)=2F¢;,  y= (

> lyln

neAec

572727"’7277'

1/q
)|q>

where zy, is all zeros except in the kth spot. Then we can see that limy x(n) = 0 for all n, but that

for all &,

= Zxk(n)y(n) = 2’“2% =1

Problem 6. Let f € Cy(R) and for every t € R define fi € Co(R) by fi(x) =

(a) Prove that {f; |t € [0,1]} is compact in the norm topology.

Proof. Similar to August 2013 #1

O

flz+1t) for all z € R.

Since C°(R) is dense in Cp(R), we can choose g € C°(R) such that ||g — f|lco < €. Then
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(b)

[ ftn, = filloo < I fen = 9t lloo + 192, — Gelloo + [lge — filloo

It’s easy to see || ft, — gt,[lo and [|g¢ — fi[|oc are small since [lg — flloc < €. For [|gs, — gt[lco, then

19t — gtlloo = sup gz, (x) — ge(x)| = sup|g(x + tn) — gz + 1)
z€eR xER

where for each fixed t,, — t, since g is compactly supported and continuous then can be suffi-
ciently small for large enough n.

Therefore, the map G : R — Cy(R) given by G(t) = f; is continuous. Since {f; | t € [0,1]} =
G([0,1]) and continuous maps preserve compactness, then the set is compact in the norm topol-
ogy. O

Prove that {f; | t € R} is relatively compact in the weak topology.

Proof. Tt suffices to show that every sequence in A := {f;|¢t € [0,1]} has a convergent subse-
quence in Cy(R). (Nets aren’t necessary due to the Eberlein-Smulian theorem.) Let (f: ) be a
sequence in A.

We may assume |t,,| — oo. Otherwise (¢,) is frequently in some compact set [—m, m] for m €
R, . So this subsequence lives in a norm-compact (and hence weak-compact) set by a similar
argument from (a).

Recall from Riesz Representation Theorem for Cy(X) that Co(R)* = M(R). In particular, since
R is o-compact, for any p € M(R) we have

[(R) = p([=m, m])| = 0.
Fix & > 0 and pick m large enough so that |u(R) — u([—m,m])| < & and that

{z:[f(x)] =} C [-m,m]
(since f € Cy(R)). Now pick N, such that n > N, implies |t,| > 2m. Then

{z:|fi,(2)] = e} N [=m,m| = 2.
So we then have
[isn@lda <t [ ip@ldul+l [ @)da
[=m,m] [=m.m]e
< en(R) + &M,

where M := sup,cp |f(z)|. Letting ¢ — 0, we see that f;, in fact converges weakly to 0. O

Problem 7. Let f be an arbitrary real valued function on [0,1]. Show that the set of points at

which f is continuous is a Lebesgue measurable set.

Proof. Similar to August 2016, #3.
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In fact, we will prove that the set of points at which f is discontinuous is a countable union of closed
subsets.

f is continuous at p if for all n, there exists an open U containing p such that |f(xz) — f(y)| < 1/n
for all z,y € U. Fix n and let

Vi, = U{p s.t. there exists an appropriate U} = U{appropriate U}
P

Hence, V,, is open. Then

{points where f is continuous} = ﬂ Vi

n

So {points where f is discontinuous} = | J,, V,¢ where V,¢ is closed. O
Problem 8. Show that not every nonempty bounded closed subset of £2 has a point of minimal

norm, but that every nonempty bounded closed convex subset of 2 has a point of minimal norm.

Proof. Let C be the bounded, closed, convex subset of £2. Consider the set {y € R | y = ||z||,z € C}
and since this set is bounded below, there exists an infimum of the set, say s. Then we can find a
sequence z,, € C such that s < ||z, || < s+ +

I claim that (mn) is a Cauchy sequence. Indeed, for any € > 0, choose r to be the positive root of
2
the equation 72 + 2rs — & = 0.

Since ||z, || — s then there is an N such that s < ||z,|| < s+ r for all n > N. If n,m > N, then

Tm — Tn

2

T + Tp

(s+71)%  (s+71)? 9 €2
5 + .

5 5 —s?=2r+rt=—

T 2
ol e -
2

So (x,,) is a Cauchy sequence, which means it converges to some z. Since C is closed, z € C and
obtains minimal norm.

Note: This choice of x is unique! If there were two points of minimal norm, say x; and x5 then
$(x1 + x2) € C by the convexity of C. So s < ||3(x1 +a2)|| < &lla1]| + 3llz2]| = s. Hence,
lz1 + x2|| = 2s. By the parallelogram law,

lzy + 2| + [lo1 — 22l|* = 2|21 | + 2]z

And so ||z1 — 22||? = 45? — 45% = 0 s0 1 = 2, proving uniqueness.

Counterexample: Consider M = {”T'Hen |neN } M is closed since the distance between any two

of its elements is greater than /2 (and thus the only convergent sequences from M are those that
are eventually constant). M is clearly non-empty and has no element of minimal norm. O

Problem 9. Show that there is a sequence {fn} of continuous functions on [0, 1] such that
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(a) |fn(t)] =1 for alln and all t € [0,1] and

(b) for all g € L'[0,1] one has fol fa(®)g(t)dt = 0 as n — 0o

Proof. Tt helps to know a bit of Fourier analysis for this one. Let f,(t) = e'*. Then we need to
show that, for g € L'[0,1], fol fn(t)g(t) — 0.

This is surprisingly easy to see for indicator functions. If g = 14 ),

1nb ina
— €

This extends simply to simple functions, which approximate L' functions in L'-norm. O

Problem 10. (a) Define what it means for a real valued function on [0,1] to be absolutely continu-
ous.

Proof. The function f : [0,1] — R is absolutely continuous if for every e > 0 there exists § >
0 such that whenever a finite sequence of pairwise disjoint sub-intervals (xy,yx) of [0, 1] with
x, yr € [0,1] satisfy >, (yx — xx) < 0 then Y, |f(yx) — f(zr)] < e

Equivalently, f has a derivative f’ almost everywhere and the derviative is Lebesgue integrable

and for all z € [0, 1],
+ / f(t)dt
0

(b) Prove that if f and g are absolutely continuous strictly positive functions on [0,1] then f/g is
absolutely continuous on [0,1].

Proof. Step 1: If f is absolutely continuous, then so is 1/f.

Since f > 0 is continuous on a compact space, there exists some M € N such that 37 < |f(z)] <
M for all z € [0,1].

Indeed, since g is absolutely continuous then for every e > 0, there exists a 6 > 0 such that
whenever a finite sequence of pairwise disjoint sub-intervals (zy,yx) of [0, 1] with x, yx € [0,1]
satisfy >, (yx — 2x) < 6 then Y, [f(yx) — f(2r)| < 37z- Then for such intervals, we have

:Z’f(xk)—f(yk)

<X || 7 110 - 1@
<MY f(yw) = fa)]

2 €
—MMQ—E.

1 1
Z’f(yk)_f(ﬂ?k

Step 2: If f and g are both absolutely continuous, then so is fg.
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Find M € N such that |f(z)|, |g(z)] < M for all z € [0, 1].

Take 01 such that if Yy — 2 < 01 then > |f(yx) — f(xr)| < €¢/2M. Similarly, take 3 such that
it > yr —xr < 02 then Y |g(yr) — g(xk)| < €/2M. Let 6 = min(dq,d2). Now

D)) = (Fa) @)l = D1 (wr)a(yw) — fzn)g(an)]
< 1 Fwm)g(k) — Fum)g(@i)| + £ (kg (zn) — flar)glar)]
<D 1 Fwllayn) — g(@e)l + > 1g(@n)||f (wr) — f(x)]
<MY |g(yr) = g(@w)| + MY f(y) — glan)]

M— M-S
2M+ 2M

=€

Combining the two steps, we see immediately that f/g is absolutely continuous. O

27 January 2011

Worth noting before we begin that this is a Johnson qual in January, which means it is particularly
challenging in relation to other quals.

Problem 1. Working directly from thedefinition of almost everywhere convergence, prove that if
(fn)22, is a sequence of measurable functions on a measure space (X, M, u) such that

/ = fol * dp < n™?
X
for each m, then (f,)5%, converges to fy p-almost everywhere.

Proof. Let (f,,) be an arbitrary subsequence of (f,). Then |f,, — fo|'/* — 0in L', so there is a
further subsequence |fn,€j — fol"/* — 0 a.e. By the commonly used lemma that (z,, — = <= for

every subsequence z,,, there is a further subsequence z,,, converging to x), |f, — fo|'/* — 0 a.e.
J
Hence so does | f,, — fol, so fn — fo a.e. O

Problem 2. Let K be a compact metric space. Show that C(K) is separable.

Proof. We separate this into three parts:

(1) Any compact metric space is separable. We have J
there exists a finite subcover

vex B(X,2) = K for all n, so for each n

(B(E,am))k,.

Pt}

We claim the collection {z7,i € [k,],n € N} is dense in K. Let y € K; then for each ny € B(, »)
for some iy € [k,]. Then 2} —y.
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(2) There is a countable collection of continuous functions in C'(K) that separates points. Any met-
ric space is Hausdorff, and compact Hausdorff spaces are normal. Define fI* € C(K,[0,1]) to be
such that

F B

Then the collection (f]*) separates points. Indeed for any z,y € K such that d(z,y) = € > 0, let

n be such that = < & < —L-. Then there exists % for N > 2n such that d(z%,z) < 7-. So
fi(z) =1. But

;7)) C {1} and finlB(%,a:?)c =0.

) . 1 1 3
d(z',y) > d(x,y) —d(xly,z) > — — — = —.
(z,y) > d(z,y) (zy, ) n 4n _ 4n

So fi(y) = 0.

(3) The rest. The algebra generated by the rational span of 1 and (f7) is countable (clearly the
span is countable; then the algebra is generated by taking the countable union of sets {f; x --- x

fe o fi € (fi)} of cardinality [N*¥| for k € N, each of which is countable). What’s more, Stone-
Weierstrass implies this algebra is dense in C'(K). So C(K) is separable. O

Problem 3. Let (f,)22, be a sequence of measurable functions on a finite measure space (X, M, ).
Recall that (f,)22 is said to be uniformly integrable if for every € > 0 there exists a 6 > 0 such that

I/fndu|<€
E

for all measurable sets E C X satisfying u(E) < 6 and all n. Prove that if (f,)52 is uniformly
integrable, sup,, || fnll1 < o0, and (f,)22, converges in measure to 0, then || fnll1 — 0 as n — oco.

Proof. Some may know this as a special case of the Vitali Convergence Theorem (see Exercise 15
in Chapter 6 of Folland). Let (f,,) be a subsequence of (f,); then there is a further subsequence
( fnkj) convergent to 0 a.e. By Egoroff, there is a set A with u(A4) < ¢§) such that ( fnkj) uniformly
convergenes to 0 uniformly on A°. Let N be such that

Sup ‘f’ﬂkj | <e
AC

for kK > N. Then
convergence

Uniform
J Vil < o)+ [ 17,1 ) e

Since our subsequence (f,,, ) was arbitrary, f, — 0 in L!. O

Problem 4. Let 1 < p < oo and let f be a positive element of LP[0,1]. Prove that the set {f'/™ :
n € N} has compact closure in LP[0,1]. Give an ezample to show that this is false when p = co.

Proof. Let us begin with the case where p = oo. Define f(z) = 2. Then |1 — 27 ||oe = 1 for all n.
Hence the set {f'/"} is in fact closed. However, the sequence (/™) , does not have a convergent
subsequence.
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We now return to where 1 < p < oo. Let f € LP[0,1] and define g := Ly(z)>03. We have

/\fl/”—gl”=/ Ifl/"—g|+/ |f/m—gl.
{0<f(2)<1} (F(@)>1)

Note that DCT (or MCT) allows us to pass limits through each integral. So

tiw £/~ g = [l [7/7 ~ gP.
n—oo n—oo

A logarithm argument shows that lim,_,., f/™ = g. So g is in the closure of {f!/"}, and any se-
quence in {f/*} U {g} has a convergent subsequence (if no element is in the sequence infinitely
many times, then we can find a subsequence of f/™ where n goes to infinity, which converges to

g). O
Problem 5. Let X be a reflexive Banach space and K a non-empty closed conver subset of X.
Prove that there exists an x € K such that ||z|| = infyex|ly||. Show that this x is unique in the

case that X is a Hilbert space.

Proof. Compare this to Exercise 59 in Chapter 5 of Folland, although we may need to make a slightly
different approach for the first part of the problem.

Let a := inf ek |y, and take (y,) C K such that ||y,| — a. By applying Alaoglu to X* and noting
X = X, there exists a subsequence (y,,) such that (y,,) weakly converges to some y € X. (Le.,
(llynl|) is bounded by M, and since the M-ball in X** is wk*-compact by Alaoglu, there exists a
subsequence of (y,,) that weak*-converges in the M-ball, which is the same as weakly converging in
X.) Now f(y) = lim f(yn,) for all f € X* with [[f| =1, so

lyll = sup [[f(y)|| = sup Lim]|f(yn, )|l
I£l1=1 I1£11=1

= lim|lyn, | = a.

(It is important that we can give an equality where the indent is; this is possible since for each n;
one can give a norm-one linear functional such that f(y,,) = ||yn,|.) Since the y,; converge in
norm to y and K is closed, y € K.

We now assume X is a Hilbert space. We need to use the parallelogram law to guarantee unique-

’ o
ness. Say that z,z’ € K such that ||z|| = inf,ek|ly|| = ||#’||. Then by convexity Z—;Z and ==

are in K as well. Note the addition of these two elements is z and the subtraction of these two is 2’.

So

z+ 2 z—2
20101 = llz1* + 111" = 20l —5=1)* + I—=—I")
5 242 5 z2=7Z 5 z4+72 9
120 = === 1" + == 1" 2 [=5—=1I" = |=]

This last equality comes from the fact that z has minimum norm in K. So equality holds in this
last line. But this means [|*5%|| =0=0=2 -2 = 2z = 2. O

Problem 6. Let X be a Banach space such that X* is separable. Prove that X is separable.
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Proof. Let (fn)22, be a dense subset of the unit sphere S in X*. For each n € N, pick z,, € X
such that |f,(z,)| > 3. Let Y = span{xz, } and observe that Y is separable (consider finite rational
combination of (z,)). We want to show that X = Y; suppose not. Then there is an f € S such that
fly = 0. Now the f,, are dense in S, so pick n such that ||f, — f|| < +. But |[(fn — f)(zs)| > 1/2
since f(x,) = 0, contradicting our choice of n. O

Problem 7. (a) State what it means for a function f : R — R to be absolutely continuous.

(b) Let F : R — R be a function and let 0 < M < oo. Show that |f(z) — f(y)| < Mz — y| for
all z,y € R iff f is absolutely continuous and |f'(x)] < M almost everywhere with respect to
Lebesgue measure.

Proof. (a) The definition of absolute continuity can be found at (3.31) in Folland. f is absolutely

continuous if Ve > 0 33 > 0 such that for any finite set of disjoint interval ((a;,b;))Y,,

N

N
D by —a;) <5 =D |f(by) — flay)l <e.

1

(b) (<) Say WLOG y > . Then |f(y) — f(x)| = | [; f'(t) dt| < My — .

(=) For any £ > 0, pick § = . Then if ((a;,b;)){ are disjoint intervals such that Ziv(bj —aj) <4,

we have
N N

DIy = fla)| < MY |by —ay] <.

1

By the fundamental theorem of calculus, f is differentiable a.e. What’s more,

[f(z) = f(y)

o)) =t LT <
O
Problem 8. For a function f :[0,1] = R define
1l = 17 +supf LD =W gy <1

|z -yl

Prove that the set of all functions f : [0,1] — R satisfying || f||z < oo is dense in L'[0,1].

Proof. Note that these were defined as 1-Ho6lder continuous functions in Exercise 11 of Chapter 5

in Folland. 1-Holder continuous functions are indeed (uniformly) continuous; this supremum is the
required constant C' to see that |f(x) — f(y)| < C|z — y|. So we would like to show that these are
dense in C[0, 1], then apply Theorem 2.26 to say C|0,1] is dense in L*[0,1]. (Since ||||z: < ||]|r= on
finite measure sets, the L!-closure of a set in L[0,1] N C[0, 1] is contained in the uniform closure; a
similar argument is done in working through Exercise 62 of Chapter 5 in Folland.)

To see this, note that continuously differentiable functions are 1-Holder continuous, as this supre-
mum can be taken to be the max of |f’| on [0,1]. Of course polynomials are continuously differen-
tiable, so we are done. O

150



27 JANUARY 2011 Texas A&M

Problem 9. Let g : [0,1] — [0,1] be a continuous function. Determine, with proof, conditions on g
which are equivalent to the property that lim, .« ||g" fll2 = 0 for all f € L?[0,1].

Proof. We know it must be true that g® — 0 in L?. This is since

19" flls = / P = (2 g™,

So if lim,||g" f|| = 0, then lim,, g" must be orthogonal to all of L. But C[0,1] C L?[0,1], so lim,, g"
must be zero a.e. So we must have g be such that m({g(z) = 1}) = 0.

It turns out this is the equivalent condition. WLOG g(z) < 1 for all 2, and DCT implies |¢g" f|? <

2. So
h;p/g"|f|2 - /0|f|2 ~0

Problem 10. (a) State Fubini’s theorem.

(b) Let (fn) be a bounded sequence in C([0,1]?). Suppose that fi, — 0 weakly in L*(u) for
every x € [0,1], where fz,(y) = fu(z,y) for ally € [0,1] and p is Lebesgue measure on [0,1].
Prove that f, — 0 weakly in L*(p x p).

Proof. (a) Fubini’s theorem is Theorem 2.37b in Folland. If f € L!(u,v) for o-finite measures u, v,
then f, € L'(v) for a.e. z € X, f¥ € L*(p) for a.e. y €Y, the a.e.-defined functions g(z) = [ f, dv
and h(z) = [ fYdv are in L'(u) and L'(v), respectively, and

[ atxr) = /[/fxde] ()
= / [/f(wyy) du(w)} dv(y).

(b) Let M := sup,,|| fnllco- We want to show that, for any g € L?(u x p),

/fngd(ﬂ X p) =0

as n — oo. We have
/Ifngl d(p x p) < Mllg|2,

so fng € L'. Fubini applies and we get

[t = [[| [0 dut)| dnto
— [ £ent19:0) dut)| duto)

Since fy,, — 0 weakly in L?(u), this inner integral, which we will call h, (), goes to 0 (as n — o)
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for a.e. x. Fubini also tells us h,(x) € L. Finally, Fubini again tells us that g, € L? C L', so

| / Fom()ga()| < M| / 0o (9)] < Mgals,

which is an L' constant function in [0, 1]. Hence DCT applies and

hm frgd(p x w) hm /h ) dp(x

_ / lim oy (2) dpa(z) = / 0dpu(x) = 0.

n—oo

Since g was arbitrary, f,, — 0 weakly in L?(u x p). O

28 August 2010

Problem 1. (a) Give an example of a sequence (fy) in L1]0,1] such that lim, || fnllz, = 0, but
(fn) does not converge to 0 almost everywhere.

(b) Show that if a sequence (fi) in L1[0,1] satisfies ||fx|lr, < 27F for k > 1, then fi, — 0 a.e.

Proof. (a) Forn>0,1<1i<2",

f2n+1 — ]].[1 i ]

27 ;271

Note Uzl = [0,1] for all n, so for a.e. = fi(x) = 1 for infinitely many k. Yet | fantillz, = 5= — 0.

(b) We have >>° | [|fn] =1, so by DCT (Theorem 2.25) > f, converges a.e. Hence fj, = (Zi:l fn—
Zfb;i fn) — 0 ace.

Problem 2. Let E be a subset of [0, 1] with positve outer Lebesgue measure, i.e. m*(E) > 0. Show
that for each oo € (0,1) there is an interval I C [0,1] so that

m*(ENIT) > am(I).

Proof. Compare this to Exercise 30 in Chapter 1 of Folland. The only difference is that F is not
necessarily Lebesgue measurable; this may affect some solutions of the exercise.

Suppose not, and let o € (0, 1) such that for any open interval I, m*(E N 1) < am(I). By outer
measurability, let U := [J]Z, I be an open set such that m(U®) < m*(E) + ¢ for some ¢ we will
choose later. (WLOG one may ask the I5 to be disjoint.) Then

oo oo
m*(E) =m*(En (| JI}) < Z (ENI)
j=1 j=1

< am*(I) = am™(U®).
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As e = 0, m*(U¢) approaches m*(FE). This is a contradiction with the fact that m*(E) < am*(U®).
O

Problem 3. Let X be a Banach space and let (x,) be sequence in x that converges weakly to 0.
Prove that (||z,]]) is bounded.

Proof. This is a Uniform Boundedness problem. We have || f(x,)| — 0 for all f € X*; hence if - — *
is the natural inclusion of X into X**, we have

sup||Zn ()] < oc.

This implies
sup||Z,| < oo
n

by Uniform Boundedness, and since - — * is an isometry, (||z,]|) is bounded. O

Problem 4. (a) Let (f,) be a bounded sequence in C[0,1]. Prove that

(fn) converges weakly to 0 < (fy) converges pointwise to 0.

(b) Assume that (f,) C C[0,1] converges in the weak topology. Show that f, is norm convergent in
L1[0,1]. [For part (b) you may use problem (3).]

Proof. (a) (=) For z € [0,1], define 2(f) = f(z). Since Z(A\f + g) = AMf(x) + g(z) = A\&(f) + 2(g), &
is linear. So [0,1] C C[0,1]*. Hence if (f,) converges weakly to 0, so does Z(f) = f(z) for z € [0, 1].

(<) We use the Riesz representation for C|0, 1]. Suppose (f,) converges pointwise to 0 and let u be
a complex Radon measure for [0,1]. Of course ([0, 1]) < oo since [0, 1] is compact. In particular, if
|fn| < M for all n for some M > 0, M1 € L'(u), so DCT applies and

lim [ fo,dp= /Odu.
n—oo

So if ¢, € C[0,1]* is the corresponding state, ¢,,(f,) = [ fndp — 0.

(b) Let f be the weak limit of f,, (in particular, f € C[0,1]); then (f, — f) converges weakly to 0
in C[0,1]. Hence by (3) (||fn — flleo) is bounded, say by M. So (4a) applies and (f, — f) converges
pointwise to 0. Now Egoroff gives us a set E. such that m(E.) < € and f,, — f converges uniformly
on E¢. Then

lim/|fn—f|dm§ lim/ \f — fldm + M
n— 00 n—oo Jpe 2

In particular, if n is large enough so that |f, — f| < M5 on EZ, we get

lim /|fn—f|dm§M5.
n—oo

Letting € — 0, we are done. O
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Problem 5. Let f: R — R be a measurable function such that for some C' > 0
m{z :|f(z)| > A} < CX72, for all A > 0.

Prove that there is some C' > 0 so that

/|f(ac)| dr < C'\/m(E), for all measurable E C R.

Proof. If m(FE) is infinite, this trivially holds, so we assume m(FE) < co. We note the fact that

m({z € B: |f()] > v}) < min(S

y?’

m(E)).

01/2
Let N = W Then

/|f )| dt = // dy dt
y<[f(®)
Tonelh/ /

t)|>y

N
-/ mﬁeEl(M>th+/ mit € B3 11(0)] > v} dy

/ —dy—i—/ m(E)dy

=C’1/2m(E)1/2—|—m( )1/201/2 - C'm ( )1/2'

O
Problem 6. Let f(x) be a continuous function on [0,1] with a continuous derivative f'(x). Given
e > 0, prove that there is a polynomial p(x) so that
1f (@) = p()lloc + 1 (2) = P'(@)[lc <e.
Proof. Use Stone-Weierstrass to find a polynomial q such that I —qlleo < Let p be a polynomial
such that p’ = ¢ and p(0) = f(0). Then since f(z) = [ f'(x)dz+ f(0) and p(z) = [ q(z) dz+p(0),
we get
sup |f(z) —p(x)|= sup | [ f' —qdm]
z€[0,1] ze0,1] Jo
€
< I = alleem([0,1]) = 5
O

Problem 7. Let X be a non-empty complete metric space and let

(fn: X =2 R

n=1
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be a sequence of continuous functions with the following property: for each x € X, there exists

an integer Ny so that (fn(x))n>nN, is either a monotone increasing or decreasing sequence. Prove
that there is a non-empty open subset U C X and an integer N so that the sequence (fn(z))n>n is
monotone for all x € U.

Proof. With this contorted language, this can’t not be a Baire Category Theorem problem. Define
Xn :={zx € X : (fn(2))n>n is monotonically increasing or decreasing}.

It is not hard to show that X, is closed: if z,, — z such that f,,11(z,) > fim(z,) for all n, then
since fri1(xn) = fm(z) and fr(2n) = fm(2), it must be true that f,11(2) > fn(2).

We now show that, if there exists an open set V an integer N such that (f,,(z)),>n is monotoni-
cally increasing or decreasing for all x € V, then there is a set U as in the problem (i.e., using the
same integer N, f,, is eventually monotonic in one direction only on U). Take X/ := {z € X : f,(x)
is eventually monotonically increasing} and Xs := (X7)¢. The union of these is X, and by a similar
argument to the above each are also closed, so by Baire Category Theorem one of these contains an
open set, proving our claim.

Hence if such a U as above doesn’t exist, such a V doesn’t either, so the Xn’s are nowhere dense
and Baire Category Theorem (again, again!) completes the proof. O

Problem 8. Assume that 1 < p < oo and that a linear operator T : L,[0,1] — L,[0,1] is such that
(Tfn) converges almost everywhere to 0 if (f,) converges almost everywhere to 0. Show that T is a
bounded operator on Ly,[0,1].

Proof. This problem’s solution may use (maybe unexpectedly) the Closed Graph Theorem. Suppose
(fnsTfn) — (0,h) in the graph of L,[0,1]?. We want to show h = T'(0), since then CGT would
imply T} is continuous at 0 and hence is bounded.

We have f, — 0in L. Then ff — 0in Ly, so there is a subsequence fF, that converges to 0 a.e.
Hence f,, — 0 a.e.

By similar reasoning there is a further subsequence fnkj such that T fnjk — h a.e. By assumption,
T'fn;, — 0a.e., s0o h=0a.e. Therefore h =T(0)=0. O

Problem 9. (a) State the Hahn-Banach Theorem for real vector spaces.

(b) Deduce from it the following corollary: Let X be a Banach space, Y C X a closed subspace and
x € X\Y. Show that there is an z* € X* such that *|y =0 and z*(z) = 1.

Proof. See Section 5.2 of Folland, noting especially Theorem 5.8a. O

Problem 10. Let U be the closed unit ball in the Banach space C[0,1] of continuous real valued
functions on the unit interval. Prove that the extreme points of U are the constant functions £1.
Prove that C[0,1] is not a dual Banach space.

Proof. Define the functions
o) = F+ 317D, h(w) =~ 501~ 1))
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Then f = $(g + h). Note that if f # +1, g # f # h, so we only need show ||g|oc, || 2] < 1.

o) = lf@)+ 5 <1,

W@ = 51f(@)] - 5 <1.

Now clearly if 1 = %f + %g for f,g € C[0,1], then f(z) < 1 = g(z) > 1, which cannot happen. So
f=1=g, and £1 are the extreme points of U.

Now if C[0,1] is a dual Banach space, Alaoglu implies its unit ball is weak*-compact. Since this
space is clearly convex, Krein-Milman would imply that U = Al for A € [—1, 1], which is clearly
untrue. O]

29 January 2010

Problem 1. Is it possible to find uncountably many disjoint measurable subsets of R with strictly
positive Lebesque measure?

Proof. Nol We first test to see whether this might be true on [—n,n] for n € N. Say (E,) is some
collection of disjoint measurable sets contained in [—n,n]. Then

Zm(Ea) < m([-n,n]) < oo,

and an elementary argument shows that #{a : m(E,) > 0} is countable. (For those who have not
seen it before: we have {a : m(E,) > 0} = ;" {o : m(E,) > 1}, and each of these latter sets
must be finite since the sum is finite.)

We now apply a very similar argument for (E,) contained in R: in particular, m(E,) = (J,—, m(E,N
[—n,n]) by continuity from below, so {a : m(E,) > 0} = U, _,{a : m(E, N[-n,n]) > 0}. By the
above paragraph each of the sets in this union is countable, so {a : m(E,) > 0} is countable. O

Problem 2. Let f be a non-negative element of L1]0,1]. Prove that

lim ; YVi@)de =m{z: f(z) > 0}).

n—oo

Proof. We can split this integral into

/ Vi@ dx+/ /F(@) de = A+ B.
{z:f(x)<1}

{z:f(x)>1}

DCT applies to both, with 1 being the dominating function for A and f being the dominating func-
tion for B. (MCT also works fine.) So

1 1
lim Y f(x)dx = / lim 3/ f(x)dx.
0 0

n—oo n—oo
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Note i
log lim f(z)"/" = lim —log f(z) =0 when f(z)#0,

n— 00 n—oo N

so lim, oo ¥/ f(z) =1 when f(z) # 0. When f(z) =0, {/f(z) =0 for all n, so

lim /0 Vf(x)de = /0 Lz f(@)>0y dz = m({z : f(x) > 0}).

n—oo

Problem 3. (a) Let X be a Banach space with a closed subspace E. If x € X, prove that there
exists ¢ € X* such that |¢]| =1, ¢|g =0, and

¢(x) = dist(z, E).

(b) Taking X = C[—1,1] and E to be the subspace of even functions (f(t) = f(—t)), consider an odd
function g € X (g(—t) = —g(t)). Prove that there exists ¢ € X*, ||¢|| =1, ¢|p =0, and

?(g) = [|loo-

Proof. (a) Compare this problem with Theorem 5.8a. Define ¢ : E + Az — C to be
(e + Ax) = Adist(z, F).
Then ¢|g =0, ¢(z) = dist(z, E), and
|p(e + Ax)| < [N inf{||lz + €| : € € E}
< I e+ 2] = fle + All,

a sublinear functional. We have also shown that ||¢]| < 1; to see ||¢|| = 1, take A = 1 and take a
sequence of ¢’ that approximates dist(z, F'). Hahn-Banach completes the proof.

(b) Due to (a), we need to only show a couple things. First, we note that F is closed. This comes
directly from continuity of the norm: [|h(x) — h(—2)|| = lim,—co||hn(x) — hn(—2)|| = 0.

Second, we want to show: if f is even and g is odd,
1f = gllsc = N9l

IE[(f = g)(@)] < lg(x)], then [(f — g)(=2)| = [f(x) + g()|. Since 2[g(z)| <[(f —g)(x)[+[(f +9)(2)],
we get [(f —g)(=2)| = [(f + 9)(@)| = |g(x)|. Hence sup,c(o 1) [(f — 9)(y)| = lg(z)| for all 2 € [0,1],
80 |f — glloo = ||gllco- The reverse inequality comes from choosing f = 0: ||0 — g||cc = ||g]|co- Hence

dist(g, F) = ||g]|c and the rest is due to (a). O

Problem 4. Let m be Lebesgue measure on [0,1]. If (fi)52, and (gx)5>, are orthonormal bases for
La([0,1],m), prove that (fi(z)ge(y))35=1 is an orthonormal basis for La([0,1] x [0, 1],m x m).

Proof. Compare this to Exercise 61 in Chapter 5 of Folland.
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First, we want to show that this set is orthonormal. Note

(frge, frge) :/|fkfk|2dm/|g£gé|2dy
= I fellllgel? = 1.

And if k # k' [resp. £ # '],
(frge, frger) = (fr, frr)(ge, 9e) =0

(we are using the common trick here of using Tonelli to show fxgsfx ger € L1, then using Fubini to
get the equality here). So this is an orthonormal set. (We have also shown that frge € L?([0,1] x

[0,1]).)

Now assume h € L%([0,1] x [0, 1]) is a function such that

(h(x, ), fe(z)ge(x)) =0 Vk, L.
Then Fubini applies to the below since these functions are in L' due to Holder:
[, i@t = ol [ fo iy =o
0,1]2

s [ o) =0
T Qob h(z) = h(z,y) =0,
where k, ¢ above are arbitrary. So (frxgr) is complete and hence an orthonormal basis. O

Problem 5. In C[0,1], let
A =span{z"(1 —z):n >1}.

Prove that A is an algebra whose uniform closure is
{f €C[0,1]: f(0) = f(1) = O}.

Proof. A main consideration is determining how to apply Stone-Weierstrass whenever our func-
tions are equivalently zero at two points. One way to do it is to consider the one-point compacti-
fication of [0,1). Here is another: there exists a natural homeomorphism between T and [0,1]/{0,1}
(namely, x — €2™) which induces an isometric algebra isomorphism C(T) = {f € C[0,1] : f(0) =
f()}. T is a compact Hausdorff space as it is a closed subset of C, so it suffices to show that

span{z"(1 —x):n > 1}

is an algebra that separates points. (It is closed under conjugation by definition of span; note our
domain is in R.)

We note
2"(1—2)z™(1 —x) = 2" (1 — x) — 2" T (1 — 2),

so the span of these elements are closed under multiplication, which is enough to show this span is
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an algebra. Note that
k
fula) = 3 am - 5
n=1

approximates the polynomial z uniformly on any closed interval not including 0=1, so if a # b for
a,b ¢ {0} there is some k such that fi separates them. Clearly f(0) =0 for all f € A, and for a # 0
fx(a) is eventually nonzero.

Hence Stone-Weierstrass applies and this algebra equals

{feC(T): f(1) =0} ={f € C[0,1] : f(0) = f(1) = O}.
O

Problem 6. (a) State the Riesz representation theorem for the dual of L,(u), where p is a o-finite
measure on some measurable space (2,5, 1), and 1 < p < oo.

(b) Prove the following part of the above theorem (you can assume p is finite): Let f € Ly(p)*.
Then there is a g € L1(u) so that

/agdu = F(xa),

forall A e X.

Proof. Compare this to Theorem 6.15 in Folland.

(a) This theorem states the following for o-finite u: “Let p and ¢ be conjugate exponents. If 1 <
p < o0, for each ¢ € (LP)* there exists g € L7 such that ¢(f) = [ fg for all f € L?. and hence LY is
isometrically isomorphic to (LP)*.

(b) First let us suppose that u is finite, so that all simple functions are in LP. If ¢ € (LP)* and
F is a measurable set, let v(E) = ¢(xg). For any disjoint sequence (E;), if E = |J{° E; we have
XE=D.1 XE; where the series converges in the LP norm:

n o0 oo
Ixe = > xe,lp = 1> xe,llp = u(|J E)YP = 0as n - .
1 n+1 n+1

Hence, since ¢ is linear and continuous,
v(E) =) dlxe,) =Y v(E)),
1

so that v is a complex measure. Also, if u(E) = 0, then xg = 0 as an element of LP, so v(E) = 0;
that is, v < p. By the Lebesgue-Radon-Nikodym theorem there exists g € L'(u) such that ¢(xg) =
V(E) = [ gdp for all E. O

Problem 7. Let 1 <p < oo and f € Lp[0,00). Show that

o | [ 10l <|fla " foro >0
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1
b) lim

1—1
n—oo 1=y

/Omf(t)dtzo.

Hint for part b): first assume that f as compact support.

Proof. a) We have

| / F(t)di] < / FLoagl dt = [ /10

Holder 1—1
< N ol to.mllis = L',

b) If f has compact support, there is some xy > 0 such that f(x) =0 for © > zy. Then

1

lim

" @) dt] < 1 20\ _
1< i (7) —0.
/0 Flayde] < i | 1], (=
Now for arbitrary f € L, and € > 0, there is some x > 0 such that f;; |f|P < e. Then for x > xq,

= [ wan g [ e

1
[

1 x
. o
i g [ sl < |

(a) . 1 1
< lim i”fl[xo,oo)prl »=0.

r—00 €T

Problem 8. Let X be a finite-dimensional vector space.

(a) If ||| is a norm on X, prove that (X, ||||) is complete.

(b) If |||l and ||-||2 are two norms on X, prove that there exist constants ¢,k > 0 such that
cllelly < llzllz < Ellzfl, =€ X,

(Hint: note that without loss of generality ||-||1 can be chosen to be, say, the {1-norm with re-
spect to some basis.)

Proof. Let (e;)7 be a basis for X.

a) For the first statement it suffices to show that, when o e;); C X such that
=1 """ J

o0 n )
DI alei < oo,

j=1 i=1

160



29 JANUARY 2010 Texas A&M

> i1 Diey aje; exists in X. We have

n k

00 n ‘ )
oo > Y IIY ajeil| = || lim > ey afll
- ‘ k—o00 4 -
j=1 i=1 i=1 j=1

n >x
=Y ed_adl-

i=1  j=1

By (b) (which we will prove without using (a)), all norms on X are equivalent, so we may consider
[[-| to be the £1-norm. Hence oo > 3771, [3°72 aj| > 3222, af| for all 4. Define a; := Y772, af; then
Z:‘L=1 a;e; is the limit of this convergent sum, so X is complete.

(b) Compare to Exercise 6d of Chapter 5 in Folland; we will take the other statements in this exer-
cise for granted, although we will show where we use the other parts. Let ||-||; be the ¢;-norm on X.
Let ||-||2 is another norm on X and define C' := {z € X : ||z||; = 1}, which is compact by an exercise
in Folland (6¢). Then ||-||2 : C — k is continuous (by Exercise 6b in Folland) and hence bounded
(since C is compact). Let M; be such that ||z||s < My = M||z||; for x € C. Then by linearity of
the norm we have Mi1||||2 <.

Now we claim there exists My > 0 such that ||z||s > M, for all z € C. If not there is some sequence
(xn) C C such that ||z,||2 — 0. But again, C' is compact, so 0 € C, contradiction. Hence such an
1

M exists and, by linearity of the norm again, [|-|l1 < Mal|[|2. Setting ¢ = 3~ and k = M>, we are

done. O

Problem 9. Let P be the vector space of all polynomials with real coefficients. Show there is no
norm on P which turns P into a Banach space. (Hint: you may use the first statement of Problem
8 even if you have been unable to prove it.)

Proof. This is a Baire Category Theorem problem, as is common in problems that ask you to prove
something cannot be a Banach space - there is usually a structural problem coming from how norms
(hence metrics) interact with the space.

Say there is such a norm ||| that turns P into a Banach space. Define P, := {ag + a1z + -+ +
anz™ : a; € Ryi € [n]o}. We claim these spaces are nowhere dense. Indeed, say p := ag + a1z +
-++ + a,z™ is an arbitrary element of P,. Then for ¢ > 0, the polynomial p’ = p + Ww"“ €
B(e,p), so P, must have empty interior. Also, P, is closed: we known P, is a finite-dimensional
vector space spanned by {1,z,...,z"}, so by 8a) it is complete and hence closed. So these sets are
nowhere dense and Baire Category Theorem gives us our contradiction. O

Problem 10. Let p € [1,00). Show that the unit ball of L[0,1] is weakly closed in L,[0,1].

Proof. First Ly[0,1] C Lp[0,1], so the unit ball of L [0,1] is contained in L,[0,1]. Say f, C
B(L[0,1]) such that

a(h) > 9= [ fg > [ £

for all g € Ly = L,. In particular, if g = 14 for any Borel set A C [0, 1], we see that

fi= ]
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Now we see that \ﬁ J4 fnl < 1 for all Borel sets A with positive measure, so |ﬁ Jafl < 1las
well. Lebesgue Differentiation theorem then says |f| <1 a.e., so f € B(Lx|0,1]).

Alternatively: set A, := {z : Re(f) > 0,Im(f) > 0,|f] > 1+ L}. Then this inequality above
guarantees that m(A,) = 0 for all n, and hence so is {x : Re(f) > 0,Im(f) >0, |f| > 1} = o, A,.
The process is similar for showing that {z : Re(f) > 0,Im(f) < 0,|f] > 1} and the other two
corresponding sets when Re(f) < 0 are zero-measure sets. From this we see that || f|jc < 1 and
f € B(Lso[0,1]). O

30 August 2009

Problem 1. FEwaluate the iterated integral
/ / zexp(—z?(1+ y?)) dz dy.
o Jo
(Justify your answer.)

Proof. (Thanks to the Qual Prep course of 2022 for spotting the solution, as the compiler could

not.) For the inner integral, we use u-substitution with u = —22(1 + 3?):
/OO zexp(—z2(1+y?))dx = %,
0 2(1+y?)

so this iterated integral is equal to

l/de _lm _«
2 )y 142 T 227 1
O

Problem 2. Let f € C|0,1] be real-valued. Prove that there is a monotone increasing sequence of
polynomials (pn ()52, converging uniformly on [0,1] to f(x).

Proof. The first part of this problem can be gotten through Stone-Weierstrass treatment; to show
we can construct such a sequence to be monotone increasing will take a bit of work.

We note that [0, 1] is compact Hausdorff, the collection of polynomials P is indeed a unital algebra,
and that = — x( separates the point zg away from any other point. Since this algebra is closed under
complex conjugation, Stone-Weierstrass tells us the collection of polynomials P is uniformly dense in
o, 1].

Take f € C[0,1]. For any n € N, we note that we may find a polynomial p,, € P such that

1

(7= %) = pallos < 5

1 1
n n4+1

).
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Note that (f — %ﬂ) —(f- %) = %— %ﬂ, so this condition guarantees that p,11 > p,. What’s more,
1 1
_ <S4 —
”.f an =0 2n(n+ 1)
and this latter expression converges to zero as n — co. So (p,,) is the desired sequence. O

Problem 3. Let (f,) be a sequence of non-zero elements of L?[0,1]. Prove that there is a function
g € L?[0,1] such that for all n > 1 we have

/0 9(2) fo() dz £ 0.

Proof. This is a Baire category theorem problem. The things that lead this way: we have a “se-
quence” (i.e., countable number) of elements with which g must have nonzero L?-inner product with
at least one. This seems to suggest a contradiction proof, where we might be able to build a count-
able collection of nowhere dense sets. (Recall that (f,,,g)r2 = fol gfndz.)

To the end we suppose there does not exist such a function g. Then for all g € L?[0, 1] there must
exist an n such that (f,,g) = 0. Hence g € (f,)*, the orthogonal complement of the (closed, since
finite-dimensional) subspace generated by f,,. This is equivalent to the statement

£20,1) = |J (f)*-

These sets (f,)" are nowhere dense. To see this, first note that this set is closed by continuity of
the inner product. Fix ¢ > 0. For any g € (f,)*, note

(g +&fn) = gll2 <ellfnll2,

and (fn,g+¢efn) =(fn, fu) >0. Sog+efn ¢ <f>la yet is in any €| f,,[|2-ball around g.
Baire Category Theorem finishes the proof. O

Problem 4. Let (X,3, u) be a measure space with pu(X) < oco. Given set A; € ¥,i > 1, prove that

p([) Ai) = Jim p([) Ai).
=1 =1

Give an example to show that this need not hold when pu(X) = oo.

Proof. Setting B,, := (), A;, this is guaranteed by applying continuity from above to the collection
of (By,). (See Folland Theorem 1.8c¢,d for a proof; it is usually preferred to give a proof more than
one sentence long, so you might prove continuity from above using continuity from below using the
fact that our measure space is finite.)

For the example we consider A; := [i,00) in R. Note ()2, 4; = @, so u(N;=; 4;) = 0, but
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Problem 5. Let K be a compact subset of R™ and describe the dual space of the Banach space
C(K). (You may choose either the real or the complex Banach space.)

Let 1 € C(K) denote the constant function taking value 1 and let S be the subset of the dual space
consisting of the positive bounded linear functionals on C(K) that map 1 to 1. Show that the ex-
treme points of S are the point evaluation maps, f +— f(z).

Proof. The choice of real or complex Banach space makes not much difference. In the case of the
complex Banach space, Riesz representation theorem for C'(X) identifies the dual space of C'(K)
with the space of complex Radon measures on K. In the case of the real Banach space, these are
replaced with the space of signed Radon measures on K.

For the second problem, we quickly note that these unital positive bounded linear functionals cor-
respond with probability Radon measures Prob(K) (i.e., positive measures p such that p(K) = 1).
Also, the point evaluation maps f +— f(z) correspond to the single atomic measures

wo={, I5n

So we want to show the single atomic measures are the extreme points in Prob(K’). These are in-
deed extreme points, since if §, = tp + (1 — t)v for t € (0,1) and p,v € Prob(K), we must have
u({x}°) = v({z}°) = 0 by positivity, so g and v must be §,.

If 1 is not singly atomic, there exists a measurable set F C K such that 0 < pu(F) < 1. Then

1 1
B= N(E)[@ME] +(1 - M(E))[MMEC]

is a way to write u as a convex combinations of other probability measures. O

Problem 6. Let (2(Z) denote the real Hilbert space of square-summable functions on the inte-
gers. Let xy, (k > 1) be a sequence in (*(Z) that converges coordinate-wise to zero. i.e., such that
limg 00 2k (n) = 0 for alln € Z.

(a) Must xy, converge in norm to 0 as k — co? What about if ||z is assumed to be bounded?

(b) 1 converge weakly to 0 as k — 0o ? What about if ||zk|| is assumed to be bounded?
Justify your answers (by proof or counter-example).

Proof. (a) No to both. The counterexample in both cases is the sequence (1) = (dk)ren, where

1 n==z
6n(2)_{0 n;éz

The ¢? norm of each of these functions is 1, and z(n) is eventually zero for all n.
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(b) If ||z, | is not bounded, this is untrue. We may consider g(n) = §{:m>13(n)2 and take x4 (n) =
nd(n). Once again, each xx(n) is eventually zero, but [z,g = 1 for all k. Now fix e > 0 and g €
¢?(Z). Pick N such that f‘n|>N lg]* < e. Further pick a K such that k > K implies sup,,¢|_n v [7x(n)] <

ﬁ. Then for k > K7

/Z k] = /n|<N lx(m)g(n)] + /|n.>N fox(m)g(n)] < (upflgl} + laa(la)

So if ||zk|| is bounded, we may replace sup,,||zx(n)| with a uniform bound M. So z,, converges
weakly to 0. O

Problem 7. Let X be a second countable (that is, having a countable basis of open sets) and nor-
mal topological space. Show that there is a countable family F of continuous functions from X into
the interval [0,1] that separates points and closed sets: i.e., such that if v € X and C is closed sub-
set of X with x ¢ C, then there is f € F such that f(x) =0 and f(C) C {1}.

Proof. Let (B;)$° be a basis for X. If B; C B; C Bj for some i,j € N, then B;, B¢ are disjoint
closed sets, and Urysohn’s lemma yields a function f;; € C(X,[0,1]) such that f;;(B;) C {0},
fij(BS) C {1}.

Let F := {fi; : (i,j) € N> when B; C B; C B;}. It is clear that F is countable; we need to show JF
separates points and closed sets.

Let z € X and C C X be closed with « ¢ C. By definition of basis, there exists some B; such that
x € B; C C°. Thus by normality there are two disjoint open sets U,V such that z € U and Bf C V.
Again by definition of basis, there is some B; such that x € B; C U. Now

B;C B, cUCV‘CB;.
Hence there is some f;; € F such that f;;(B;) = {0} and f;;(B§) = {1}. Since z € B; and C C B,
we are done. [

Problem 8. Let f € L'(0,00) and define
o) = [ (a0 Wy
0

for x > 0. Show that h is differentiable at all x > 0 and show h' € L*(r, o) for every r > 0. What
about for r = 0% (Justify your answer.)

Proof. The derivative h’ can be shown to be

’ _ OO_ 1
W) = [~

in a number of ways. We use the classical derivation formula.

. h(z+k)—h(z) > -1
T ), GryrREry W
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If we let k decrease to 0, these functions are monotonically increasing, and if k£ increases to 0 it is
monotonically decreasing. In particular, when k = —3%,

/

so MCT applies and gives us the desired formula.

-1
T+y+k)(z+y

[17wl <.

2
z2

g@ﬂ<

We now want to calculate the L! norm of &’ on (r,00) for 7 > 0. We use Tonelli below to switch the
order of integration:

[ [ it = [0 [~ gt e
= [Tl

r+y
1

=§Awfwﬂ<w-

r

So b/ € L*(r,00) for r > 0. The problem of whether i’ € L(0,00) is undetermined when r = 0, as
one needs more information to determine whether

/()

Y

is integrable from the right at y = 0. O

Problem 9. Suppose X is a Banach space and Y is a normed linear space andT : X — Y is a
linear map such that for every bounded linear functional g € Y* we have goT is bounded. Show that
T is bounded.

Proof. Compare this to Exercise 37 in Chapter 5 of Folland. There are several different ways to
solve this problem - I believe one uses the closed graph theorem. Here is my favorite solution.

This problem can be rephrased as saying (T*(g) := g o T is bounded for all g € Y*) implies (T is
bounded). Let 2 — & be the inclusion map of X into X**. Note

swp T2l = sup If 0TI = 1 0TI < o

This is true pointwise for each f € Y*. Hence by Uniform Boundedness

sup |Tz| = sup ||Tz] < oo
[lz]|=1 lz]|=1

since - — * is an isometry. But this means exactly that 7" is bounded. O

Problem 10. Let X be a real Banach space and suppose C' is a closed subset of X such that

1. 14+ 29 € C for all x1,22 € C;
2. e € C forallx € C and X > 0; and

3. for all x € X there exist x1,xo € C such that x = x1 — x5.
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Prove that, for some M > 0, the unit ball of X is contained in the closure of
(o1 — 22l: € O, s < M(i =1,2)}.

Deduce that, for some K > 0, every x € X can be written as x = x1 — x2, with x; € C and
|z:|| < K||z||. (In fact, any K > M will do, but you need not show this.)

Proof. This set C' could be considered the definition of a “positive cone” - i.e., the elements of C
are the “positive part” of the set X. If X = R", then C = {(a;)?_; : a; > 0,4 € [n]} satisfies these
conditions.

Let’s define
Ay = {xl —x9:x; € C, Hxl” < K}

and note that, by condition (iii),
[ee)
X=J Ak
K=1

We claim that, if the problem statement were false, Ax (which are closed since C is closed and the
norm is continuous) has empty interior for all K. Say Ak contains some B(g,x). Let z = a2} — 2,
for some z € C, ||z}|] < K. Then

B(e,0) C Ax —x={(z1 — ) — (wy — 2%) : 2, € O, ||z;|| < K} C Agg.
Furthermore,
1
B(l,O) C EAQK C Aceil(%)'

So the Ag would have empty interior. But in this case these are nowhere dense sets, so by Baire
Category Theorem we are formced to conclude the problem statement is true.

The second part of the statement is obvious, as for any x € X, QIIJ;H € B(1,0). So K = 2M will

suffice. O

31 January 2009

Problem 1. Let F' C R™ be compact and prove that the convex hull conv(F') is compact. (You may
use without proof the theorem of Carathéodory that states that every point in the convex hull of any
subset S of R™ is a convex combination of n+ 1 or fewer points of S.)

Proof. We first prove a lemma:

Lemma. Let A be compact and let (a¥)ren be sequences in elements of A fori € [n]. Then there
k—o0

exists an infinite subset K C N such that (a¥) "=~ a; € A for each i.

Proof. This is an induction argument on the number of sequences n. For n = 1 this is true by the
definition of compactness. Assume the argument is true for n = ng and let (a¥)x be ng+1 sequences
in A. If K,,, is the guaranteed infinite subset as stated above for (a¥) for i € [ng], then by definition
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of compactness again there is a further subset K, 41 C K,, such that (a¥ @y 1 1)k converges in A as
well; this is the desired subset. O

This lemma will do the heavy lifting for us moving forward. Let x; = Z?Jrll ol fF be a sequence in

conv(F); it suffices to show that xj converges to some xz € conv(F) (since R™ is second countable,
sequential compactness is sufficient, although one can make a similar argument using nets and sub-

nets). Then by the lemma there exists an infinite subset K C N such that (o), converges for all

Kk

i € [n+1]; say af "= a; € R. Then certainly a; € [0,1] for all i since [0,1] is compact, and also

n+1 n+1 n+1

E ;= E limozi€ = lim g af =
‘ £ k k “
=1 =1 =1

Similarly by the lemma we can find a further infinite subset L C K such that (f¥); converges for all
i € [n+1]. If we set f; to be this convergent point for each ¢, then since F' is compact f; € F. Since
a; is bounded in norm we have the sequence (a¥ f¥) — a; fi, and similarly (z;,) = (307 af fF), —
Sl aifi, an element in conv(F). O

Problem 2. Let (X, M, p) be a finite measure space. Suppose 4 C M is an algebra of sets and
w o U — Cis a complex, finitely additive measure such that |u(E)| < p(E) < oo for all E €
$l. Show that there is a complex measure v : M — C, whose restriction to l is u, and such that
[V(E)| < p(E) for all E € M. (Hint: you may want to consider the set of simple functions of the

form 37 ¢ilp,.)
Proof. Although this is a problem about measures, the wording actually suggests approaching this

using the Hahn-Banach theorem (note that we want to maintain some upper bound on a measure,
possibly one we can derive from an extended linear functional). To this end, let’s define

A= {Z ¢ilg, :neN,¢ € C E; € d disjoint}.
i=1

This is a subspace of L!(p) since (X, M, p) is a finite measure space. (It is of course not necessarily
closed, but this does not matter to us.) Let us define a linear functional on A

I Zci]‘Ei — Zciu(El)
1 1

to be “integration over pu”. Clearly f is a linear functional. Also,

ZCZ].E

= e

>
3lens

by assumption. This later term is in fact |c;1g,||51(,), so if this simple function is denoted as ¢ we
have |f(¢)| < ||@|l1- Note that ||-||; is a sublinear functional.
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Now we may apply Hahn-Banach. We get a linear functional F on all of L*(p) such that |F(-)| <
[I-lli. We note that this implies F' is continuous (since ||-||; is continuous).

Define v : M — C to be
v(E):=F(1g).

Clearly v|y = p. If (E;) C M is disjoint, then

n—oo

v(UE) = F(lim 14y, 5,)
1

= lim F(lu;bzl E]')

n—oo
:ﬁﬁFQ:uﬂzﬂgéjm@»
j=1 j=1
=> v(E)).

j=1

To verify this first equality, it is sufficient to see 1U§°:1 g; has finite L(p) norm and use continuity
from below, and this is straightforward since p itself is a finite measure. O

Problem 3. Given p € [1,00) and f € LP([0,00)), prove

oo

lim flx)e ™ dx =0.

n—oo 0

Proof. You already know what it is! We want to use Lebesgue Dominated Convergence Theorem
(LDCT) to move the limit inside the integral. To do this we use a Holder inequality on the domi-

nating function fe™%:

I (@)e™ Ml < [[fllplle™[lq

where ¢ is the conjugate exponent to p (in particular, ¢ > 1), and

1

)1/4 <1.
q

([ emomyin = (e =
Hence fe=® € L([0,00)), and

lim h f(x)e " dx = /00 lim f(z)e ™" dx = /OO 0z=0f(0) dx = 0.
0 0

n— oo 0 n— oo
O

Problem 4. For each bounded, real-valued, Lebesgue measurable function f on [0,1], prove that the
sets

{(z,y)lz 0,1,y = f(2)},
L(f) == A{(z,y)lx € [0,1],y < f(2)},
{(z, f(z))]x € [0,1]}
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are Lebesque measurable subsets of [0,1] x R. (You may want to consider simple functions first.)
Then prove that G(f) is a null set (with respect to Lebesgue measure).

Proof. If f = Y7 ¢;1p, is a simple function, U(f) [resp. L(f)] is equal to |J} E; x [¢;,00) [resp.
U7 Ei x (—00,¢;]], which are clearly Lebesgue measurable as each factor is. For arbitrary bounded
Lebesgue-measurable functions f : [0,1] — R, we then apply Theorem 2.10 to get an increasing
sequence ¢,, of simple functions converging uniformly to f and take the intersection of U(¢,) to get
U(f). Note U(f) = L(—f), so this shows U(f) and L(f) are Lebesgue measurable.

Now G(f) = U(f) N L(f) is also Lebesgue measurable. To show G(f) is a null set, we evaluate
(mxm)(G(f)) = [ [ 1o dy dx (we may do this since 1) € L1 (using Lebesgue measurability of
G(f)!) and by invoking Tonelli). We write

//1G(f)(x,y) dy da: = /[0’1] m({f(x)}) dz = /M 0dz = 0.
O

Problem 5. Let ¢ : Co(R) — C be a bounded linear functional and suppose p is a complex Borel
measure on R such that ¢(f) = [ fdu for every rational function f over the field of complex num-
bers whose restriction to R belongs to Co(R). Show that the formula ¢(f) = [ fdu holds for all

€ Co(R).

Proof. The question ought to be a bit more clear: we must take the real parts of functions f before
applying ¢ to them. Otherwise we would need ¢ to be defined on a bigger set than Cy(R). We will
make the former assumption.

Although this may appear at first to be a Riesz representation problem, this is actually a Stone-
Weierstrass problem.

Let A:={f = §|R : p, ¢ polynomials in C, flg € Cy(R)}. We now go through the sequence of S-W
questions:

Is A is an algebra? Yes, since the space of rational functions and Cy(R) are both algebras - and
since the space of rational functions is closed under multiplicative inverses. It is also easy to see
that A is closed under taking complex conjugates.

Does A separate points of R? We only need the polynomials with real coefficients to do that. Since
the polynomial (z — z¢ + 1) evaluates to 1 when « = ¢ for any = € R, the closure of A in Cy(R) is
indeed all of Cy(R).

Now for any f € Cy(R) we can find f, € A converging to f uniformly. Since ¢ is bounded, it is
continuous, so

$(f) = lim ¢(f,) = lim / £ dp.

Since p is complex and Cy(R) is bounded, we may use LDCT to switch the limit and the integral
and get ¢(f) = [ fdu as desired. This is worth spelling out: there exists an N such that n > N
implies | f,,| < |fn|+ 1. Note that this latter function is an L' () function:

I/IfNHldul < |/|fN|du|+m|<R>,
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both of which are finite (the first term since ¢ is bounded, the second term by definition of complex
measure). This is our desired dominating function. O

Problem 6. Let T be a surjective linear map from a Banach space X to a Banach space Y satisfy-
mg

1
|Tx| > m“x”

for all x € X. Show that T s bounded.

Proof. Note that this norm condition implies that T is injective: if © # y, then [|[T(z — y)|| >
sa55 11z — yll > 0, so Tz # Ty. So T is a bijection between Banach spaces, and the inverse map T~
exists. Note the inverse map of a linear map is also linear. To see this, let y1 = T'(z1), y2 = T'(z2)
for x; € X and y; € Y, i € [2]. Then

Tﬁl(/\yl + y2) = TﬁlT(/\l‘l + 1‘2) = A \r] + 29
= AT (y1) + T (y2).

T~ is also bounded; in fact [|z|| > 5355 [|T @|| = |7~ 2| < 2009]|z|. So T~ is a bounded linear
map from Y to X, so as a consequence of the Open Mapping Theorem (Corollary 5.11) 7! is an
isomorphism. Hence T is bounded. O

Problem 7. Let X be an infinite-dimensional Banach space. Show

(a) the unit ball {x € X|||z| < 1} is closed in the weak topology on X,
(b) every nonempty, weakly open subset of X is unbounded, and

(c) the weak topology on X is no the topology of a complete metric on X.

Proof. Note the similarity to Problems 48 and 49 in Chapter 5 of Folland.

(a) Suppose (z,,) is a sequence in X such that ||z,|| < 1 for all n and, for any f € X*, f(z,) —
f(y) for some y € X. If ||y|| > 1, there exists a norm-one functional f € X* such that f(y) = |ly|| >
1. But this contradicts continuity of f since |f(x,)| < 1 for all n.

(b) This same proof extends to show that any norm-bounded set has a norm-bounded weak closure.
Let U be a nonempty weakly open set. Note that a basic open set in the weak topology are of the
form

U(F,x,¢e) := ﬂ {lye X : fly—x)<e}

fer

where F' C X* is finite, z € X, € > 0 (it suffices to consider a single point x since the weakest topol-
ogy making functions in X* continuous coincides with the weakest topology making functions in X*
continuous at every point x € X). Let’s say a basic open set of this form is contained in U. For any
f € X*, since the range of f has dimension < 1, the dimension of X/N(f) is < 1 as well (see Ex-
ercise 35 of Chapter 5 in Folland). So dim(X/((;cr N(f))) < oc. Since X is infinite-dimensional,
this implies dim(( ;. N(f)) = oo. We can then find a nonzero y € (\;cp N(f). Soz +ny € U
(since f([x +ny] —x) = 0) for all n, and ||z + ny|| — oo as |n| — co. So U is unbounded.
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(¢) In particular, (b) shows that B(n,0) is nowhere dense for n € N. Yet X = (J.-, B(n,0). So
if X were the topology of a complete metric on X, this would be a direct contradiction with Baire
Category Theorem. O

Problem 8. (a) Let (X, M, u) be a measure space and suppose E, € M are such that
> u(E,) < oo (1)
n=1

Show
p(limsup E,,) =0, (2)

n— 00
. o s
where limsup,, , . Fn = ﬂm:1 Un:m En.

(b) FEither prove or disprove that the conclusion (2) follows when hypothesis (1) is replaced by
(o)
Z w(Ey)?* < oo.
n=1

Proof. (a) With condition (1), we have that u({U,—, En) < Yo7, u(E,) < oo, so setting F,, :=
U2, B we have Fi has finite measure and (F},,) is decreasing. So the result follows by continuity
from above, since u(Uy—,, Em) < > opey M(Em) — 0 as m — oo.

(b) (2) does not follow with this replacement. Let F} = [0,1], and if Fy, = [«, 8] let Fr11 = [8,5 +
L] for k € N. Define Ey, = Fy, mod 1; that is, By = {z —n, : ¢ € Fg, n, s.t. * —n, € [0,1]}. Then

F+1

W(ER) = 50 Yoy m(Bn)? = 3207 5 < o0

Note in particular that (2 (J.—, E, = [0,1] for any m, since by construction these sets wrap
around the interval [0, 1] infinitely many times (3 1 = o). Hence p(limsup, E,) =1 # 0. O

Problem 9. Let K : [0,1] x [0,1] — R be continuous. If f € L'([0,1]), set
1
TN = [ Ko)fw)dy
0
for z €[0,1].

(a) Show Tf € C([0,1]).
(b) Let B be the unit ball of L'([0,1]) and show that T(B) is relatively compact in C(]0,1]).

Proof. Note the similarities between this problem and Chapter 4, Problem 63 of Folland. However,
the unit ball of L1([0,1]) is slightly larger than the set given in the problem.

(a) K is a continuous operator on a compact space, so it is uniformly continuous. Take ¢ > 0 and
find § > 0 such that

d((x1,v1), (22,92)) <0 = |K(z1,91) — K(22,52)| <.
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Then whenever |21 — z2| < 9,

(T f(z1) — T ()| < / K (21,) — K (22,9)||£ ()] dy
<e / @) dy.

Since f € LY, Tf € C([0,1]).

(b) Note in the proof above the § we chose gave us the same bound of € regardless of our choice of

f aslong as || f|l1 < 1. This gives equicontinuity of T'(B). Since |T'f(x)| < || K|l f|l1 by Holder we
find this set to be pointwise bounded as well. Hence Arzela-Ascoli I applies and this set is relatively
compact. O]

Problem 10. Let u be a finite Borel measure on R that is absolutely continuous with respect to
Lebesgue measure and show that for every Borel subset A of R, the map t — (A +t) is continuous
from R to [0,00). (Hint: you might first suppose A is an interval).

Proof. Define F(z) := u((—o0,z]). By results used in deriving the Fundamental Theorem of Calcu-
lus (Corollary 3.33), F/ € L' and F = [*_ F'(t)dt. Hence for a < a’ € R close enough,

z+a’

(00, 2] + ') — u(—o0,a] +a) = / P

is also small, using continuity of the integral limits for L' functions.

We now want to show
{AeP(X):a— u(A+ a)is continuous}

is a o-algebra. It must be closed under finite (disjoint) unions, and by finiteness of the measure one
can approximate the measure of u(|J:o, A; + a) by u(UJ;—, Ai + a), so this collection is closed under
countable unions as well. Likewise it is closed under complements since u(R) = u(A +a) + u(A°+a)
is constant. So this collection is a o-algebra containing the open one-sided rays, so it contains the
Borel o-algebra. O
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